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1 Introduction

Sturm-Liouville systems are second-order linear differential equations

with boundary conditions of a particular type, and they usually arise

from separation of variables in partial differential equations which

represent physical systems. As an illustration we analyse small planar

oscillations of hanging chain.

Definition 1.1. A regular Sturm-Liouville system consists of a

differential equation on a finite interval [a, b] of R, together with

boundary conditions, of the following type

RSL :
d

dx
(p

df

dx
) + (λρ + q)f = 0, (1)

{
αf (a) + α′f (a) = 0,

βf (b) + β′f (b) = 0.
(2)

where

p, ρ and q are continuous real-valued functions on [a, b];

p and ρ are positive on [a, b];

p′ exists and is continuous on [a, b];

α, α′, β, β′ are real constants and the trivial boundary conditions

α = α′ = 0, β = β′ = 0 are both excluded.

Definition 1.2. An eigenfunction of a regular Sturm-Liouville

system corresponding to a scalar λ is a non-zero twice differen-

tiable function f which satisfies the differential equation (1) and

1



the accompanying boundary conditions. A scalar λ is said to be

an eigenvalue os the system if there exists an eigenfunction of the

system corresponding to λ.

We shall denote by L the differential operator appearing in the

Sturm-Liouville differential equation. Thus for the regular system

RSL we define D(L) to be the space of C−valued funcions f on [a, b]

such that(i) f ′′ exists and belong to L2(a, b),, and (ii) f satisfies the

boundary conditions (2). L : D(L) → L2(a, b) is given by

Lf =
d

dx
(p

df

dx
) + qf.

Theorem 1.1. Lagrange’s identity For any u, v ∈ D(L),

uLv − vLu = (p(uv′ − vu′))′.

Theorem 1.2. Self-adjointness property For any u, v ∈ D(L),

(Lu, v)− vLu = (u, Lv)

in the inner product of L2(a, b).

Theorem 1.3. The eigenvalues of a Sturm-Liouville system are

real numbers.

Theorem 1.4. Orthogonality theorem Let u, v be eigenfunc-

tions of the Sturm-Liouville systems RSL , corresponding to dis-

tinct eigenvalues. then ρ1/2u is orthogonal to ρ1/2v.

Theorem 1.5. Not every real number is an eigenvalue of RSL.

Theorem 1.6. Sturm-Liouville theorem The system RSL

has an infinite sequence (λj)
∞
1 of eigenvalues. Each eigenvalue

is real, and |λj| → ∞ as j → ∞. If ϕj is an eigenfunction of

RSL corresponding to λj, then (ρ1/2λj)
∞
1 is a complete orthogonal

system in L2(a, b).
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2 Compact Operator

Theorem 2.1. Let

k : (c, d)× (a, b) → C

be a Lebesgue measurable function such that
∫ d

c

∫ b

a

|k(t, s)|2dsdt < ∞

Then the integral operator

K : L2(a, b) → L2(c, d)

with a kernel function k is a Hilbert-Schmidt operator and is

therefore compact. Here (a, b) and (c, d) can be finite or infinite

intervals of the real line.

Lemma 2.1. Let E be a Banach space and let A,B,C be bounded

linear operators. If B is compact then so is ABC.

Theorem 2.2. Let K be a compact Hermitian operator on a

Hilbert space H. There exists a finite or infinite orthonormal

sequence (ϕn) of eigenvectors of K, with corresponding real eigen-

values (λn), such that, for all x ∈ H,

Kx =
∑

n

λn(x, ϕn)ϕn.

The sequence (λn), if infinite, tends to 0.

Corollary 2.1. Let K be a compact Hermitian operator on a

separable infinite-dimensional Hilbert space H. There exists a
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complete orthonormal sequence (en)n∈N consisting of eigenvectors

of K. For any x ∈ H,

Kx =

∞∑
n=1

λn(x, en)en,

where λn is the eigenvalue of K corresponding to en.

3 Green’s Function

d

dx
(p

df

dx
) + qf = g, (3)

{
αf (a) + α′f (a) = 0,

βf (b) + β′f (b) = 0.
(4)

d

dx
(p

df

dx
) + qf = 0, (5)

αf (a) + α′f (a) = 0, (6)

βf (b) + β′f (b) = 0. (7)

Theorem 3.1. Suppose that 0 is not an eigenvalue of the regular

Sturm-Liouville system RSL. Then for any g ∈ C[a, b] the cor-

responding inhomogeneous boundary value problem (3) − (4) has

the unique solution

f (x) =

∫ b

a

k(x, τ )g(τ )dτ

where

k(x, τ ) =

{
c−1v(x)u(τ ), ifa ≤ τ ≤ x ≤ b,

c−1u(x)v(τ ), ifa ≤ x ≤ τ ≤ b
(8)
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where u, v are non-zero real solutions of the homogeneous equa-

tion(5) which satisfy (6), (7) respectively, and c is the non-zero

constant value of p(uv′ − vu′). Furthermore, f ′′ exists and is

continuous on [a, b].

Thus the Green’s function for the inhomogeneous regular Sturm-

Liouville system (3)− (4) is the function (8). Since both u and v are

continuous, the functions c−1v(x)u(τ ) and c−1u(x)v(τ ) are continu-

ous on the closed triangles a ≤ τ ≤ x ≤ b, a ≤ x ≤ τ ≤ b. Since

the two functions agree on the diagonal where the two triangles meet,

k is continuous on their union, the compact rectangle [a, b] × [a, b].

Hence, k is bounded: say

|k(x, τ )| ≤ M,a ≤ x, τ ≤ b,

and so ∫ b

a

∫ b

a

|k(x, τ )|2dxdτ ≤ M(b− a)2.

By Theorem(2.1), the integral operator K with kernel function k is

Hilbert-Schmidt, and so it is compact. K is also Hermitian.

Theorem 3.2. Suppose 0 is not an eigenvalue of the regular

Sturm-Liouville system RSL. Let k be as in Theorem 3.1 and

let K be the integral operator on L2(a, b) with kernel k:

Kg(x) =

∫ b

a

k(x, τ )g(τ )dτ.

Then K is a compact Hermitian operator and, for any g ∈ C[a, b],

the solution of the inhomogeneous boundary value problem

Lf = g, f ∈ D(L)
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is

f = Kg.

Lemma 3.1. Suppose 0 is not an eigenvalue of the regular Sturm-

Liouville system RSL, and let K be the integral operator described

in Theorem 3.1. Then for any g ∈ L2(a, b), Kg is differentiable.

Theorem 3.3. Suppose 0 is not an eigenvalue of the regular

Sturm-Liouville system RSL, and let K be the integral operator

described in Theorem 3.1. Then

(i) 0 is not an eigenvalue of K, and

(ii) λ is an eigenvalue of L if and only if λ−1 is an eigenvalue of

K.

Furthermore, the eigenvectors of L corresponding to λ coincide

with the eigenvectors of K corresponding to λ−1.

4 The Proof of Sturm-Liouville Theorem and One ex-

ample

Proof. Sturm-Liouville Theorem

We need only put together the main results of section (1-3) and add

a couple of refinements. Assume to begin with that 0 is not an eigen-

value of RSL. Let D(L) and L be as in the previous three sections,

so that D(L) consists of the twice-differentiable functions on [a, b]

satisfying (2) and Lf is the left hand side of (1). According to Defini-

tion 1.2, λ is an eigenvalue of RSL if Lf = −λρf for some non-zero

f ∈ D(L). We have to watch the minus sign here as there is a alight

terminological clash with first three sections. consider first the case

that ρ is identically 1 on (a, b), then λ is an eigenvalue of RSL if

and only if −λ is an eigenvalue of L. By Theorem 3.2 and 3.3, there
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is a compact Hemitian operator K on L2(a, b) (to be thought of as

L−1) such that K and L have the same eigenfunctions, corresponding

eigenvalues being reciprocals of each other. By the spectral theo-

rem,corollary 2.1, we can choose a complete orthonormal sequence

(ϕj) of eigenvector of K, and the corresponding eigenvalues (µj) con-

stitute a sequence of real numbers tending to zero. By Theorem 3.3

the µj are all non-zero, and (µ−1
j ) is the sequence of eigenvalues of L.

The eigenvalues of RSL are thus the numbers λj = −µ−1
j , 1 ≤ j < ∞;

clearly λj is real and |λj| → ∞. Moreover ϕj is an eigenfunction of

RSL corresponding to λj, and (ϕj) is a complete orthonormal se-

quence in L2(a, b).

Now, consider general ρ, continuous and positive on [a, b]. Infor-

mally speaking, λ is an eigenvalue of RSL with eigenfunction ϕ

⇔ Lϕ = −λρϕ ⇔ −λ−1ϕ = Kρϕ

⇔ −λ−1ρ1/2ϕ = ρ1/2Kρϕ

⇔ −λ−1ρ1/2ϕ = (ρ1/2Kρ1/2)ρ1/2ϕ

⇔ −λ−1 is an eigenvalue of ρ1/2Kρ1/2 with eigenfunction ρ1/2ϕ. More

precisely, let M denote the operator on L2(a, b) given by Mf = ρ1/2f .

Since ρ1/2 is real, M ∗ = M . Thus

(MKM)∗ = M ∗K∗M ∗ = MKM,

and so MKM is a compact Hermitian operator. By the spectral

theorem we can pick a complete orthonormal sequence (fj) in L2(a, b)

consisting of eigenvectors of MKM . Let µj be he eigenvalues of

MKM corresponding to (fj) and let ϕj = ρ1/2fj. Since both M and

K are injective, MKM is also, and so the µj are all non-zero. Since ρ

is positive and continuous on [a, b], it is bounded away from zero (i.e.

ρ(x) ≥ c > 0 for some c and all x ∈ [a, b]), so that ρ−1/2 is bounded

7



and so ϕj = (ρ−1/2fj) belongs to L2(a, b). We must show that ϕj is

an eigenfunction of RSL with corresponding eigenvalue λj = −µ−1
j .

We have

MKMfj = µjfj

which, in terms of ϕj, becomes

K(ρϕj) = µjϕj.

By Lemma 3.1, K(ρϕj) is continuous, and so ϕj is also. Thus ρϕj is

continuous, and so, by Theorem 3.2, the equation

Lf = ρϕj

has the unique solution

f = K(ρϕj)

= µjϕj.

Hence

Lµjϕj = ρϕj

and so

Lϕj = −(−µ−1
j )K(ρϕj)

= −λjK(ρϕj).

The λj are real, |λj| → ∞ and (ρ1/2ϕj) = (fj) is a complete or-

thonormal sequence.

We have proved all the conclusions of Theorem 1.6 subject to the

hypothesis that 0 is not an eigenvalue of RSL. To remove this hy-

pothesis pick a real number µ which is not an eigenbalue of RSL :

this is possible by Theorem 1.5,. Let RSLµ be the Sturm-Liouville

system obtained by by replacing q by q + µρ in RSL. Then f is an
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eigenfunction of RSLµ corresponding to the eigenvalue λ if and only

if

(pf ′)′ + (q + µρ + λρ)f = 0,

which is possible if and only if λ + µ is an eigenvalue of RSL. Thus

0 is not an eigenvalue of RSLµ, and so the conclusions of Theorem

1.6 hold for RSLµ. It follows that they hold for RSL also.

Example 4.1. On [0, π] consider the RSL system

f ′′ + λf = 0, (4.1)

f (0) = f (π) = 0. (4.2)

Let us find all eigenvalues and eigenfunctions. Suppose first that

λ < 0. Let µ = |λ|1/2, then the general solution of (4.1) is

f (x) = Aeµx + Be−µx,

and this function satisfies the boundary conditions (4.2) if and

only if

A+B = 0,

Aeµπ + Be−µπ = 0.

Since µ > 0, eµπ 6= ±1 and hence the only solution of these equa-

tions is

A = B = 0.

This shows that there is no non-zero solution of (4.1) and (4.2)

when λ < 0, in other words (4.1) and (4.2) has no negative eigen-

values. Similar reasoning shows that 0 is not a eigenvalue. For

λ > 0, the general solution of (4.1) is

f (x) = A cos(
√

λx) + B sin(
√

λx),
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the boundary conditions (4.2) become

A = 0, B sin(
√

λπ) = 0.

For f to be an eigenfunction, B must be non-zero, and hence

sin(
√

λπ) = 0, which is satisfied if and only if
√

λ ∈ N. Thus

the eigenvalues of the system comprise the set {k2 : k ∈ N}, and

the eigenfunctions corresponding to k2 are the non-zero scalar

multiples of the function sin(kx).
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