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Motivation

oo-categories are a semantic interpretation of Directed Type
Theory.



Motivation
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Goal for today

Directed univalence holds in simplicial sets.



Fibrations



Fibrations in simplicial sets
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Examples

Let C be an oco-category then

» The target projection CA" L Cis a cocartesian fibration
1 s
_>

» The source projection CA C is a cartesian fibration

» The source-target projection cA! ﬂ C x C is a two-sided
fibration.
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Universes

There are several universes we can define in simplicial sets:
» The universe classifying small Kan fibrations $~
» The universe classifying small left fibrations S
» The universe classifying small cocartesian fibrations Q@

The n-simplices are given by small fibrations (with some extra
coherence data)
X

|

An

In particular, the O-simplices of S~ and S are co-groupoids and the
0-simplices of @ are given by oco-categories.



Theorem (Kapulkin-Lumsdaine-Voevodsky, Cisinski, N.)

The simplicial set S= is an co-groupoid and the simplicial sets S
and @ are co-categories.



Universes

We have the following pullback diagram whose vertical maps are
the universal Kan, left and cocartesian fibration respectively

S Se Qe
RN
S= S Q

The map S~ — S is the inclusion of the maximal co-groupoid and
the map S — Q@ is the inclusion of the full subcategory of spaces
into the oo-category of co-categories. Dh,c\ygv(%
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Univalence

The univalence axiom asserts an equivalence between the identity
type of the universe and the type of equivalences between types,
i.e. that the map

Idy(A,B) = A~ B

induced by path induction is an equivalence.



Univalence

Convention

The term fibration will mean either Kan, left or cocartesian
fibration. A map of fibrations is assumed to preserve the
appropriate structure and an equivalence of fibrations is the
appropriate notion of equivalence.



Univalence

In simplicial sets this translates as follows: Given a fibration
p: X — A there is an object of equivalences Eqa(X) whose
n-simplices are given by maps f,g : A" — A and an equivalence of

fibrations
*X = g X
\ N /




Univalence

The object Eqa(X) comes with canonical maps
A— Eqa(X) > Ax A

factorizing the diagonal.
Definition
The fibration p is univalent if this is a path object in the

Kan-Quillen model structure (Kan fibrations), respectively in the
Joyal model structure (left fibrations and cocartesian fibrations).



Univalence

There is a canonical choice of path object in these model
structures. Let J be the nerve of the free walking isomorphism

J:N(./““.)

~ —

This induces the path object
Ao Al S AxA

Path induction defines a lift in the commutative square

A —— Eqa(X)

l A l

Al L AXA

and the fibration p : X — A is univalent if and only if this lift is an
equivalence.



Univalence

Theorem(K.-L.-V.,C., C.-N.)

The universal fibrations

S S.
bk
S, S,

are univalent.
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Q
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Univalence

In homotopy type theory this is all we can express. The universe of
oo-groupoids is itself an co-groupoid, so it only sees equivalences
between types.

On the other hand, the universes S and Q, being oo-categories,
also see non-invertible functions between types.
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Directed univalence

Since S and Q are oco-categories, we want to express a directed
univalence axiom.

The identity type should then be replaced by a hom type. Directed
univalence then should assert an equivalence between hom types
and function types.



The hom type

Given an oo-category C, we have a factorization of the diagonal

N SN,

The source-target map is a two-sided fibration and in particular an
isofibration.

However, this does not define a path object in the Joyal model
structure.



The hom type

Taking fibers at a point (a, b) of C x C defines the mapping space
of C

Mapc(a, b) — CA'

| j(s,t)

A0 @D s



The function type

Given a fibration p : X — A there is an object of morphisms
Hom 4, 4(X%, X1) whose n-simplices are given by maps
f,g: A" — A and a map of fibrations

X y g* X

NS

AI‘I
We obtain a canonical factorization of the diagonal

A — Hom 4, (X% X1) = Ax A



The function type

Definition
We call
Homg, o(Q2, QJ)

|

QxQ
the universal morphism classifier.

Indeed, a map K — Homg, o(Q?, Q1) is determined by
cocartesian fibrations

and a map preserving cocartesian edges.



The function type

The function type should be a dependent type. It is easy to see
that we always get an isofibration, but more is true:

Theorem

The isofibration
Hom 4, 4(X%, X1)

|

Ax A

is a two-sided fibration.



Directed univalence

We always have a lift in the square

A——— HomAXA(XO,Xl)

Definition
A fibration is called directed univalent if this lift is an equivalence
of co-categories.



Directed Univalence

Remark
The lift

A—— HomAXA(XO,Xl)

2
-
-
-
-
-
-
-
-

-

AAY T L AXA

can be constructed directly from the lifting properties of fibrations.
It can also be viewed as an instance of directed path induction.



Directed univalence

Let's unpack this for the universal cocartesian fibration.

Q@ —— Homg, o(Q2, Q)

J/ - J

-

QA — - QxQ

A point in Q x Q is given by a pair of co-categories (C, D). The
fiber of the universal morphism classifier at (C, D) is given by
Fun(C, D)~. Thus the induced map on fibers is

Mapg(C, D) — Fun(C, D)~



Theorem(Cisinski-N.)

The universal left fibration and the universal cocartesian fibration

S Q
ol
g Q,

are directed univalent.



Sketch of proof

Since the hom space and the universal morphism classifier are
two-sided fibrations, it is enough to check fiberwise that the
comparison map

Q@ —— Homg, (@2, Q1)

J/ 1 J

QM ——— QxQ
is an equivalence. Hence we need to show that
Mapg(C, D) — Fun(C, D)~

is an equivalence of co-groupoids.



Sketch of proof

To proof this, we consider the functor
ho(Q) — ho(sSet?®¥?)

It sends an object A® — @ to the fibration that it classifies, i.e. to
a small co-category C. On morphisms we simply take o of

Mapg(C, D) — Fun(C, D)~

One checks that this is compatible with composition.



Sketch of proof
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The essential result needed is:

Theorem
There is an equivalence of categories ﬁw (4( o %\ku(\& o
ho(Fun(A, Q)) = coCart(A)
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Sketch of proof

This theorem implies that we have for all simplicial sets A an
isomorphism

mo(Fun(A, Mapg(C, D))) — mo(Fun(A, Fun(C, D)~))
which implies the desired equivalence of spaces

Mapg(C, D) ~ Fun(C, D)~



Fun fact
The proof of directed univalence uses univalence in an essential
way: univalence implies that the functor

ho(Fun(A, Q)) — coCart(A)

is fully faithful.



Remark

The proof shows a close connection between directed univalence
and straightening/unstraightening. In fact it is easy to see that
directed univalence is equivalent to the equivalence of categories

ho(Fun(A, Q) ~ coCart(A)

With some effort this can be improved to the full
straightening/unstraightening equivalence, which in particular
implies that @ is equivalent to the localization of simplicial sets at
the Joyal equivalences.

K led) = Tl )



Directed univalent fibrations



Directed univalent fibrations

Recall that a fibration p : X — A is directed univalent if the lift in
the square

A—— HomAxA(XO,Xl)

l 7 l

A L AXA

is an equivalence.



Directed univalent fibrations

Theorem (Cisinski-N.)

A small cocartesian fibration

X

|r

A
is directed univalent if and only if its classifying map
F:A—=Q

is fully faithful.



Proof

Fun(Al,A) Fun(A1 Q)

T \

HomAXA(XO,Xl) HomQXQ QO Ql)

| |

AxA QxQ

T fha ¢ e ok -S



Directed univalent fibrations

Corollary

The classifying map of the universal left fibration
S—=+Q

is fully faithful.



e e w e Q\&\g\ @/\/O\Q\B(A\&MLNG /L,w\\n/o(/tb\x\(\wb %\WV&«(-QANCL
%‘NLLLU\ \- Gk

&

T (T sSek 7 ) —- s S g

/
QAM\W O_LL\M \/u(bt/t '

(seh T W T ggw&\ét//&/@\ — CQQU\/\“ <A >
\C

o Tunl T R (A QY)

Ty \s o kQCu\\Umd\/\'M‘

Now Wl U o &Sgdv*/kge =\ N(S&]&Y/Ar}p > — (FMKA\Q)



(b aneduad e

L K‘%&CA//% » ) \MKAV Q>
/ﬂ
N/er Usw\t\ra\ﬂw\



Thank Youl



