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Practice Term Test 2
Problems from Problem Sets 5 and 6.
State the Monotone Convergence Theorem, Dominated Convergence Theorem and Fatou’s Lemma.
State the definitions of product o-algebra and product measure.

Prove or give a counterexample:
If f : R — R are Lebesque measurable and pointwise convergent to a function f, then [ f=lmy oo [ fn-

Prove or give a counterexample:
If f, : R — [0,00) are Lebesgue integrable and lim, o [ fn = [ f for some function f : R — R, then
fn— f ae.

. Prove or give a counterexample:

If (X, M, 1) is a measure space with u(X) < oo, and (f,)52 is a sequence of bounded real-valued measurable

functions that converge uniformly to a function f, then lim fandu= | fdu.

. Let (X, M, ) be a o-finite measure space, and let f : X — R be integrable. Prove that for every € > 0 there

exists § > 0 such that
J1r@ldutz) <

whenever A € M satisfies pu(A) < 4.

. Suppose f: R — R is integrable, m denotes the Lebesgue measure on R, a € R, and we define F': R — R as

F(z) = / f(z) dm(x),

where I, , denotes the closed interval with endpoints @ and z. Show that F' is continuous.

. Suppose (X,M, ) is a measure space, f and each f, is integrable and non-negative, f, — f a.e., and

Jfn — [f as n — co. Prove that, for each A € M,

lim /fndu:/fdu.

. Prove that the limit exists and find its value:

1 2
1
nh_)ngo ; (1::% In(2 + cos(z/n)) dx .
Let g : R — R be Lebesgue integrable and let f : R — R be bounded, Lebesgue measurable, and continuous at

1. Prove that the limit exists and find its value:
n

lim f(l + %) g(z)dx.

n—oo J_ .

Suppose i is a finite measure on a measurable space (X, M). Prove that a measurable function f : X — [0, c0)
is integrable if and only if Z p{zr e X : f(z) >n}) < co.

n=1
Suppose f : [0,1]> — R is integrable with respect to the 2-dimensional Lebesgue measure m on [0,1]%, and

fdm =0 for all a,b € [0,1]. Prove that f =0 a.e.
[0,a] x[0,b]

Let (X,M, 1) be a o-finite measure space, and let f : X — R be an M-measurable function. Define the
distribution function of f by
ur(t) = p{m € X 1f(@)] > 1), ¢ >0.

Show that ps : (0,00) — [0, u(X)] is non-increasing and Borel measurable, and / |f(z)|du(z) = / py(t)dt.
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