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Abstract. In this paper, we obtain new results on the spreading speed and asymptotic propa-
gation properties for a diffusive Nicholson's equation with two shifting parameters. By the method
of iterative strategies of travelling wave maps, we give a priori estimates on nontrivial solutions
which play a key role in the proof of global asymptotic behavior. These estimates in combination
with proper test functions allow us to establish the spatial-temporal propagation dynamics of this
extended Nicholson's equation. These results enable us to develop a unified method for exploring
the spreading speeds and asymptotic propagation phenomena for a class of nontranslation invariant
delay reaction-diffusion equations on \BbbR N .
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1. Introduction. The mature population of a species provided with (i) an age
structure characterized by immature and mature and (ii) a spatial structure reflected
by spatial variable(s) with homogeneous environment, can be described by a reaction
diffusion equation with delay:

\partial u

\partial t
(t, x) = d\Delta u(t, x) - \mu u(t, x) + e - \delta \tau B(u(t - \tau ,x)), x\in \Omega \subset \BbbR n.(1.1)

Here u(t, x) denotes the mature population at location x and time t; and for the
constant parameters, d stands for the diffusion rate of the matured individuals, \mu 
and \delta are the death rates of the mature and immature populations respectively, the
delay \tau > 0 is the average maturation time, and B(u) is a birth rate function. In
(1.1), we have implicitly assumed that the immature individuals do not diffuse and
thus, a new born individual, if survived immature period, remains in the same lo-
cation when becoming mature. Equations of the form (1.1) have been widely stud-
ied for various birth functions with both bounded or unbounded domain \Omega . See,
e.g., [7, 11, 21, 28, 34, 35, 45, 50] and the references therein. Particularly, when
the birth function B(u) is the Ricker function B(u) = bue - u, then (1.1) reduces
to the well-known and well-studied diffusive Nicholson blowfly equation (see, e.g.,
[27, 28, 29, 30, 36, 38, 44, 45, 48]):
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ON DIFFUSIVE NICHOLSON BLOWFLY EQUATION 2881

\partial u

\partial t
(t, x) = d\Delta u(t, x) - \mu u(t, x) + e - \delta \tau bu(t - \tau ,x)e - u(t - \tau ,x), x\in \Omega \subset \BbbR n.(1.2)

In reality, generically a habitat (living environment) is spatially and temporally
inhomogeneous. In the context of (1.2), this means that the parameters \mu and b (death
rate and maximal birth rate) depend on t and x: \mu = \mu (t, x) and b= b(t, x). Among
all possible ways of dependence is the form through \nu \cdot x - \kappa t: \mu (t, x) = \mu (\nu \cdot x - \kappa t) and
b(t, x) = b(\nu \cdot x - \kappa t), where \nu is a unit vector in \BbbR n and \kappa \in \BbbR is a constant. This form
of dependence accounts for the scenario of shifting environment along the direction
\nu with constant shifting speed \kappa . In such a case the monotonicity of the profile of
\mu (\cdot ) and b(\cdot ) indicates whether the environment is improving or worsening: if \mu (\cdot ) is
increasing and b(\cdot ) is decreasing, it is improving when \kappa > 0 and it is worsening when
\kappa < 0; while if \mu (\cdot ) is decreasing and b(\cdot ) is increasing, then it is worsening when \kappa > 0
and it is improving when \kappa < 0. Here, the concurrence of opposite monotonicity for
these two functions is due to the biological meaning of these two parameters.

Assuming a shifting environment with constant shifting speed \kappa in the direction
\nu and incorporating the above mentioned type of heterogeneity into (1.2), we can
obtain a new model equation:

\partial u

\partial t
(t, x) = d\Delta u(t, x) - \mu (x \cdot \nu  - \kappa t)u(t, x)(1.3)

+ e - \delta \tau b(x \cdot \nu  - \kappa (t - \tau ))u(t - \tau ,x)e - u(t - \tau ,x), x\in \BbbR N .

Here we would particularly like to draw the reader's attention to the fact: at time t
and location x, due to the shifting nature, the death rate \mu (\cdot ) is evaluated at \nu \cdot x - \kappa t
while the birth rate term b(\cdot ) is evaluated at \nu \cdot x - \kappa (t - \tau ).

We point out that in recent years, spatial temporal dynamics for equations or sys-
tems with shifting environment has attracted the attention of many mathematicians
and ecologists. Many analytical works have been done on models with shifting envi-
ronments, mainly focusing on the extinction/persistence and the spreading speeds and
patterns. See, e.g., [1, 2, 3, 4, 5, 9, 10, 12, 13, 14, 22, 33, 41, 42, 47, 49] and the relevant
references therein. However, to the best of the authors' knowledge, these works are on
models that only have one shifting parameter. In contrast, the model equation (1.3)
has (i) two shifting parameters with solid ecological background which have opposite
monotonicity; (ii) a maturation delay in the unknown, and (iii) a shifting mediated
phase delay on the profile of the birth rate function. These three novel features make
(1.3) a novel, interesting, and yet challenging equation and brings in some challenges
in mathematics. In addition, we choose to work on a framework that allows spaces
of high dimension (in contrast to most existing works on similar topics but confined
to one-dimensional (1-D) space), because we believe that in high-dimensional spaces,
direction should play a role in one way or another, and it turns out the population
can, indeed, spread and expand with different speeds and rates in different directions,
as observed in the last section.

It is worth pointing out that, under an abstract setting, Weinberger [32] estab-
lished a theory of traveling waves and spreading speeds for monotone discrete-time
systems with spatial translation invariance. This theory has been further
extensively developed by other researchers for more general monotone and nonmono-
tone semiflows in various discrete and continuous-time evolution systems. See, e.g.,
[6, 16, 17, 18, 40, 47] and the related references therein. There are two common
features in the evolution equations in the aforementioned works: (f1) spatial trans-
lation invariance and (f2) spatial homogeneity. In general, (f1) and (f2) are related
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2882 TAISHAN YI, YURONG ZHANG, AND XINGFU ZOU

in the sense that spatial heterogeneity would lead to the lack of spatial translation
invariance. Regarding (f1), Yi and Zhao [42, 43] extended the theory of spreading
speeds and traveling waves for the monotone and nonmonotone semiflows without
spatial translation invariance in 1-D space. For (f2), there have also been some works
on spreading speeds and traveling waves for some R-D equations with certain special
types of spatial heterogeneities (also in 1-D space)---e.g., space periodic habitats in
[15, 24, 25, 26] and a jump type habitat in [48]. Shifting habitats are another spe-
cial type of spatial heterogeneity explored in the works mentioned in the preceding
paragraph, but the spatial systems in those works only allow one parameter to be of
such a heterogeneity and are in 1-D space. Here in this paper, our model arises from
age structured population dynamics and it contains two shifting parameters together
with a shifting mediated delay in addition to diffusion in higher-dimensional space.
For such an equation, the theories and methods developed in aforementioned works
cannot be, at least directly, applicable. Indeed, as far as the spreading speed and
traveling waves are concerned, we find that there is a lack of theory and method for
spatially heterogeneous (any type) systems in higher dimensions, not to mention that
there is a time delay.

In this paper, we will employ the iterative strategies of travelling wave maps in
[37, 48] to investigate the spreading speed of a class of non-translation-invariant de-
layed reaction diffusion equations (1.3) in \BbbR N . To this end, we introduce the following
auxiliary system:

\partial u

\partial t
(t, x) = d\Delta u(t, x) - \mu (x1  - \kappa t)u(t, x) + b(x1  - \kappa (t - \tau ))g(u(t - \tau ,x)),(1.4)

and establish some a priori estimates on nontrivial solution of (1.4). Then we make
use of these estimates and some test functions to investigate the heterogeneous steady
state, spreading speed, and asymptotic propagation properties for (1.3). The main
goal is to understand how the spatial-temporal dynamics are determined by some key
factors such as the shift speed \kappa , the two limiting equations (as \nu \cdot x - \kappa t\rightarrow \pm \infty ), and
the maturation delay \tau . Here, for convenience of presentation, based on the biological
background, we assume use, throughout this paper, the following properties for the
birth and death rate functions:

(H1) b(s) and \mu (s) are continuous and positive;
(H2) b(s) and \mu (s) are monotone but have opposite monotonicity;
(H3) 0< b(\pm \infty )<\infty and 0<\mu (\pm \infty )<\infty .
Also the function g(\cdot ) in (1.4) is intended to represent a class of functions that

includes the Ricker's birth function in (1.2) and (1.3). Hence, we always assume that
g(\cdot ) possesses the following properties (as the Ricker function does):

(G) g :\BbbR + \rightarrow \BbbR + is continuous and nondecreasing on \BbbR + with g being continuously
differentiable in some right neighborhood of 0 with g(0) = 0 and g(u) \leq 
g\prime (0)u \forall u\in \BbbR +; and there exists \epsilon \in [0,1) such that g\prime (0)> 1 - \epsilon ; moreover, for
such an \epsilon , there exists u\ast \in (0,\infty ) such that g(u\ast ) = (1 - \epsilon )u\ast , g(u)> (1 - \epsilon )u
for all u\in (0, u\ast ), and 0< g(u)< (1 - \epsilon )u for all u\in (u\ast ,\infty ).

Let \mu \pm = \mu (\pm \infty ) and b\pm = b(\pm \infty ). If \mu (\cdot ) is increasing and b(\cdot ) is decreasing

(leading to a decreasing e - \delta \tau b(\xi )
\mu (\xi ) ), then e - \delta \tau b+

\mu +
< e - \delta \tau b - 

\mu  - 
. It is not difficult to observe

that the environment is improving when \kappa > 0 and it is worsening when \kappa < 0. There
can be the following cases for the two limit equations:

(B-1) e - \delta \tau b+
\mu +

< 1< e - \delta \tau b - 
\mu  - 

.

(B-2) 1< e - \delta \tau b+
\mu +

< e - \delta \tau b - 
\mu  - 

.
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ON DIFFUSIVE NICHOLSON BLOWFLY EQUATION 2883

If \mu (\cdot ) is decreasing and b(\cdot ) is increasing, we have e - \delta \tau b - 
\mu  - 

< e - \delta \tau b+
\mu +

and the environ-
ment is worsening scenario when \kappa > 0 and it is improving when \kappa < 0. Accordingly,
there can be the following cases for the two limit equations:

(W-1) e - \delta \tau b - 
\mu  - 

< 1< e - \delta \tau b+
\mu +

.

(W-2) 1< e - \delta \tau b - 
\mu  - 

< e - \delta \tau b+
\mu +

.

By applying the spatial mirror transformation, the case of increasing \mu (\cdot ) and de-
creasing b(\cdot ) with (B-1) can be converted to the case of decreasing \mu (\cdot ) and increasing
b(\cdot ) with (W-1). Therefore, in the rest of this paper, unless otherwise specified (in end
of section 4), we exclusively work on the case of decreasing \mu (\cdot ) and increasing b(\cdot )
with (W-1) for \kappa \in \BbbR . The cases (B-2) and (W-2) will be investigated in forthcoming
papers.

This paper is organized as follows. In section 2, we present some notations.
In section 3, we derive some a priori traveling-like estimates on nontrivial solutions
to (1.4), which play a key role in the proof of the upward convergence and global
asymptotic behavior for (1.4). Then with these estimates and some test function,
in section 4, we establish the spatial-temporal propagation dynamics of (1.3). We
find that for the cases (W-1) and (B-1), the minimal wave speed of the better limiting
equation plays a crucial and actually decisive role in determining the spatial-temporal
dynamics of (1.3). We conclude the paper with section 5, in which we present some
discussions on the ecological implications of our main theoretical results in terms of
the spreading and expansion of populations; particularly in the two-dimensional (2-
D) case, we identify certain range of parameters within which, the spreading speed is
actually direction dependent.

2. Main results. We first introduce some notations. Let \BbbR N , \BbbR N+ := \BbbR + \times 
\BbbR N - 1, and let \BbbN be the sets of all N-dimensional real vectors, right-half real vectors,
positive integers, respectively. Let X =C(\BbbR N ,\BbbR )\cap L\infty (\BbbR N ,\BbbR ) and C =C([ - \tau ,0],X).
Equipped with the usual supremum norm | | \cdot | | X = | | \cdot | | L\infty (\BbbR N ,\BbbR ) and | | \cdot | | C = | | \cdot 
| | L\infty ([ - \tau ,0]\times \BbbR N ,\BbbR ), respectively, X and C are Banach spaces. Let X+ = \{ \phi \in X : \phi (x)\geq 
0 for all x \in \BbbR N\} , X\circ 

+ = \{ \phi \in X : \phi (x) > 0 for all x \in \BbbR N\} , C+ = \{ \varphi \in C : \varphi (\theta ,x) \geq 
0 for all (\theta ,x) \in [ - \tau ,0]\times \BbbR N\} , and C\circ 

+ = \{ \varphi \in C : \varphi (\theta ,x)> 0 for all (\theta ,x) \in [ - \tau ,0]\times 
\BbbR N\} . Clearly, X+,C+ are closed cones in X,C, respectively. For any \xi , \eta \in X (resp.,
C), we write \xi \geq \eta if \xi  - \eta \in X+ (resp., C+), \xi > \eta if \xi \geq \eta and \xi \not = \eta , \xi \gg \eta if \xi  - \eta \in X\circ 

+

(resp., C\circ 
+). Moreover, for \gamma \in X+, X\gamma = \{ \phi \in X+ : \phi (x) \leq \gamma (x) for all x \in \BbbR N\} and

C\gamma = \{ \varphi \in C+ : \varphi (\theta ,x) \leq \gamma (x) for all (\theta ,x) \in [ - \tau ,0] \times \BbbR N\} . Sometimes, we also
write BC(\scrX ,\scrY ) for C(\scrX ,\scrY )\cap L\infty (\scrX ,\scrY ), where \scrX ,\scrY are topological spaces. For any
\zeta \in BC(\scrX ,\scrY ), we denote supremum norm of \zeta by | | \zeta | | L\infty .

For readers' convenience, we shall also treat an element \varphi \in C as a function
from [ - \tau ,0] \times \BbbR N into \BbbR . For any a \in \BbbR or \phi \in X, we also use a,\phi to denote the
constant function taking constant value a,\phi in the corresponding function space, when
no confusion arises. So, we sometimes consider \BbbR ,X as subsets of X,C, respectively,
that is, \BbbR \subseteq X \subseteq C.

For an interval I \subseteq \BbbR , let I + [ - \tau ,0] = \{ t + \theta : t \in I and \theta \in [ - \tau ,0]\} . For
u : (I + [ - \tau ,0]) \times \BbbR N \rightarrow \BbbR and t \in I, we write ut(\cdot , \cdot ) for the function defined by
ut(\theta ,x) = u(t+ \theta ,x) for (\theta ,x)\in [ - \tau ,0]\times \BbbR N .

For readers' convenience, by using the traveling wave transformation, we trans-
form system (1.3) to the following initial value problem (IVP) of delayed reaction-
diffusion equations in \BbbR N with spatial switch:
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2884 TAISHAN YI, YURONG ZHANG, AND XINGFU ZOU\left\{       
\partial w

\partial t
(t, x) = d\Delta w(t, x) + \kappa \nu \cdot \nabla w(t, x) - \mu (x \cdot \nu )w(t, x) + e - \delta \tau b(x \cdot \nu + \kappa \tau )\cdot 

w(t - \tau ,x+ \kappa \tau \nu )e - w(t - \tau ,x+\kappa \tau \nu ), (t, x)\in (0,\infty )\times \BbbR N ,
w0 =\varphi \in C+.

(2.1)

For given \varphi \in C+, by the method of steps, it is easy to see (2.1) has a unique solution
which exists for all t\geq  - \tau . Denote by u\varphi (t, x) the unique solution of (2.1). Then, we
easily see that

0<u\varphi (t, x)\leq max

\biggl\{ 
| | \varphi | | L\infty ,

b+
\mu +e\delta \tau +1

\biggr\} 
for all t > \tau , \varphi \in C+ \setminus \{ 0\} .

Due to the noncompactness of the spatial domain, it is generally difficult and
inconvenient to describe the asymptotic behavior of solutions to (1.3) with respect to
the L\infty -norm. To overcome this difficulty, we use the following norms on X and C,
defined, respectively, by

| | \phi | | :=
\infty \sum 
n=1

2 - n sup\{ | \phi (x)| : | | x| | \leq n\} for all \phi \in X,

| | \varphi | | :=
\infty \sum 
n=1

2 - n sup\{ | \varphi (\theta ,x)| : \theta \in [ - \tau ,0], | | x| | \leq n\} for all \varphi \in C.

3. Asymptotic propagation persistence. In this section, we shall adapt the
iterative strategies of travelling wave maps in [37, 48] to study asymptotic propagation
persistence of (1.3).

3.1. Iterative strategy. Let el = (0, . . . ,0,1,0, . . . ,0) \in \BbbR N , x = (x1, x
\prime ) \in 

\BbbR \times \BbbR N - 1, and

k(t, x;\mu ) =
\mu e - \mu t

(4d\pi t)
N
2

exp

\biggl( 
 - | | x| | 2

4dt

\biggr) 
\forall (t, x,\mu )\in (0,\infty )\times \BbbR N \times \BbbR +.

Given (c, \xi , \eta , \epsilon ,\mu ) \in \BbbR + \times SN - 1 \times SN - 1 \times [0,1)\times \BbbR +, define kc,\xi ,\mu , Qc,\xi , and c
\ast 

by

kc,\xi ,\mu (x) =

\left\{   
\int 
\BbbR +

k(s,x+ cs\xi ;\mu )ds, x \not = 0,

1, x= 0,

Qc,\xi [\phi ; \epsilon ,\mu , g](x) =

\int 
\BbbR N

\Bigl[ 
\epsilon kc,\xi ,\mu (x - y)\phi (y) + kc,\xi ,\mu (x+ \tau c\xi  - y)g(\phi (y))

\Bigr] 
dy,

v\ast (c, \epsilon ,\mu , g; \xi , \eta ) = inf
\rho >0

log

\int 
\BbbR N

\Bigl[ 
\epsilon kc,\xi ,\mu (x) + g\prime (0)kc,\xi ,\mu (x+ \tau c\xi )

\Bigr] 
e\rho x\cdot \eta d x,

and

c\ast (\epsilon ,\mu , g) = inf

\left\{     \sigma \in \BbbR + :
\exists \rho \in 

\Biggl( 
0,
\sigma +

\sqrt{} 
\sigma 2 + 4d\mu 

2d

\Biggr) 
such that

\mu (\epsilon + g\prime (0)e - \sigma \tau \rho )\leq \mu + \sigma \rho  - d\rho 2

\right\}     ,

where x \in \BbbR N and \phi \in X+ = BC(\BbbR N ,\BbbR +) and g(\cdot ) is the function in the auxiliary
equation (1.4) related to (1.3), satisfying (G).
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ON DIFFUSIVE NICHOLSON BLOWFLY EQUATION 2885

Lemma 3.1. Let \xi \in SN - 1, and let v\ast (c, \epsilon ,\mu , g; \xi , \eta ), c\ast (\epsilon ,\mu , g) be defined as above.
Then the following statements are valid.

(i) For any (\gamma , \eta )\in \BbbR + \times SN - 1, we have

\int 
\BbbR N

kc,\xi ,\mu (x+ c\gamma \xi )e\rho x\cdot \eta dx=

\left\{   
\mu e - c\gamma \rho \xi \cdot \eta 

\mu + c\rho \xi \cdot \eta  - d\rho 2
, \mu + c\rho \xi \cdot \eta  - d\rho 2 > 0,

\infty , \mu + c\rho \xi \cdot \eta  - d\rho 2 \leq 0.

Hence, v\ast (c, \epsilon ,\mu , g;\eta , \eta ) = v\ast (c, \epsilon ,\mu , g; \xi , \xi ) \forall \eta \in SN - 1.
(ii) v\ast (c, \epsilon ,\mu , g; \xi , \xi )> 0 if and only if v\ast (c, \epsilon ,\mu , g; \xi , \eta )> 0 \forall \eta \in SN - 1.
(iii) c\ast (\epsilon ,\mu , g) = sup\{ c\in \BbbR + : v\ast (c, \epsilon ,\mu , g; \xi , \xi )> 0\} .
(iv) v\ast (c, \epsilon ,\mu , g; \xi , \xi )> 0 if and only if c < c\ast (\epsilon ,\mu , g).
(v) c\ast (0, \mu , g) = c\ast (1 - \mu 

\mu , \mu ,
\mu 
\mu g) \forall \mu > \mu > 0.

(vi) c\ast (0, \mu , g) = lim\gamma \rightarrow 0+ c
\ast (0, \mu + \gamma , \mu  - \gamma \mu +\gamma g) if g

\prime (0)> 1.

Proof. (i) It follows from the Fubini's theorem that for any (\rho , \gamma , \xi )\in \BbbR 2
+\times SN - 1,

there holds\int 
\BbbR N

kc,\xi ,\mu (x+ c\gamma \xi )e\rho x\cdot \eta d x

=

\int 
\BbbR N

\int 
\BbbR +

k(s,x+ c[s+ \gamma ]\xi ;\mu )dse\rho x\cdot \eta d x

=

\int 
\BbbR N

\int 
\BbbR +

\mu e - \mu s

(4d\pi s)
N
2

exp

\biggl( 
 - | | x+ c[s+ \gamma ]\xi | | 2

4ds

\biggr) 
dse\rho x\cdot \eta d x

=

\int 
\BbbR +

\mu e - \mu s

(4d\pi s)
N
2

\int 
\BbbR N

exp

\biggl( 
 - | | x+ c[s+ \gamma ]\xi | | 2

4ds
+ \rho x \cdot \eta 

\biggr) 
d xds

=

\int 
\BbbR +

\mu e[d\rho 
2 - c\rho \xi \cdot \eta  - \mu ]s - c\gamma \rho \xi \cdot \eta 

(4d\pi s)
N
2

\int 
\BbbR N

exp

\biggl( 
 - | | x+ (cs+ c\gamma )\xi  - 2ds\rho \eta | | 2

4ds

\biggr) 
d xds

=

\int 
\BbbR +

\mu e[d\rho 
2 - c\rho \xi \cdot \eta  - \mu ]s - c\gamma \rho \xi \cdot \eta ds

=

\Biggl\{ \mu 

(\mu + c\rho \xi \cdot \eta  - d\rho 2)ec\gamma \rho \xi \cdot \eta 
, \mu + c\rho \xi \cdot \eta  - d\rho 2 > 0,

\infty , \mu + c\rho \xi \cdot \eta  - d\rho 2 \leq 0.

(ii) By (i) and the definition of v\ast (c, \epsilon ,\mu , g; \xi , \eta ), we may obtain that for any
\eta \in SN - 1,

v\ast (c, \epsilon ,\mu , g; \xi , \eta ) = inf

\biggl\{ 
log

\mu (\epsilon + g\prime (0)e - c\tau \rho \xi \cdot \eta )

\mu + c\rho \xi \cdot \eta  - d\rho 2
: \rho > 0 and \mu + c\rho \xi \cdot \eta  - d\rho 2 > 0

\biggr\} 
\geq inf

\biggl\{ 
log

\mu (\epsilon + g\prime (0)e - c\tau \rho )

\mu + c\rho  - d\rho 2
: \rho > 0 and \mu + c\rho  - d\rho 2 > 0

\biggr\} 
= v\ast (c, \epsilon ,\mu , g; \xi , \xi ),

which yields (ii).
(iii) By the proof of (ii), we have

v\ast (c, \epsilon ,\mu , g; \xi , \xi ) = inf

\Biggl\{ 
log

\mu (\epsilon + g\prime (0)e - c\tau \rho )

\mu + c\rho  - d\rho 2
: \rho \in 

\Biggl( 
0,
c+

\sqrt{} 
c2 + 4d\mu 

2d

\Biggr) \Biggr\} 
,(3.1)
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2886 TAISHAN YI, YURONG ZHANG, AND XINGFU ZOU

and thus \BbbR + \ni c \mapsto \rightarrow v\ast (c, \epsilon ,\mu , g; \xi , \xi )\in \BbbR is nonincreasing. If

\sigma < sup\{ c\in \BbbR + : v\ast (c, \epsilon ,\mu , g; \xi , \xi )> 0\} ,
then v\ast (\iota , \epsilon , \mu , g; \xi , \xi )> 0 for all \iota \in [0, \sigma ]. It follows from (3.1) that

\mu (\epsilon + g\prime (0)e - \iota \tau \rho )>\mu + \iota \rho  - d\rho 2 \forall \rho \in 

\Biggl( 
0,
\iota +
\sqrt{} 
\iota 2 + 4d\mu 

2d

\Biggr) 
, \iota \in [0, \sigma ].

This and the definition of c\ast (\epsilon ,\mu , g) lead to c\ast (\epsilon ,\mu , g)\geq \sigma and thus

c\ast (\epsilon ,\mu , g)\geq sup\{ c\in \BbbR + : v\ast (c, \epsilon ,\mu , g; \xi , \xi )> 0\} .
If \sigma > sup\{ c\in \BbbR + : v\ast (c, \epsilon ,\mu , g; \xi , \xi )> 0\} , then v\ast (\sigma , \epsilon ,\mu , g; \xi , \xi )\leq 0. This, together

with

lim
\rho \rightarrow 0+

\mu (\epsilon + g\prime (0)e - \sigma \tau \rho )

\mu + \sigma \rho  - d\rho 2
= \epsilon + g\prime (0)> 1

and

lim
\rho \rightarrow (

\sigma +
\surd 
\sigma 2+4d\mu 
2d ) - 

\mu (\epsilon + g\prime (0)e - c\tau \rho )

\mu + c\rho  - d\rho 2
=\infty ,

implies that \mu (\epsilon +g\prime (0)e - \sigma \tau \rho )\leq \mu +\sigma \rho  - d\rho 2 for some \rho \in (0,
\sigma +

\surd 
\sigma 2+4d\mu 

2d ). As a result,
c\ast (\epsilon ,\mu , g)\leq \sigma , and by the arbitrariness of \sigma , we have

c\ast (\epsilon ,\mu , g)\leq sup\{ c\in \BbbR + : v\ast (c, \epsilon ,\mu , g; \xi , \xi )> 0\} .
(iv) If c < c\ast (\epsilon ,\mu , g), then v\ast (c, \epsilon ,\mu , g; \xi , \xi ) > 0 follows from (iii) and the mono-

tonicity of \BbbR + \ni c \mapsto \rightarrow v\ast (c, \epsilon ,\mu , g; \xi , \xi )\in \BbbR . Suppose that v\ast (c, \epsilon ,\mu , g; \xi , \xi )> 0. Then

\mu (\epsilon + g\prime (0)e - c\tau \rho )>\mu + c\rho  - d\rho 2 \forall \rho \in 

\Biggl[ 
0,
c+

\sqrt{} 
c2 + 4d\mu 

2d

\Biggr] 
due to g\prime (0)> 1 - \epsilon and (3.1). It follows that

\mu (\epsilon + g\prime (0)e - (c+\delta 0)\tau \rho )>\mu + (c+ \delta 0)\rho  - d\rho 2 \forall \rho \in 

\Biggl[ 
0,
c+ \delta 0 +

\sqrt{} 
(c+ \delta 0)2 + 4d\mu 

2d

\Biggr] 
for some \delta 0 > 0. Again, by the monotonicity of \BbbR + \ni c \mapsto \rightarrow v\ast (c, \epsilon ,\mu , g; \xi , \xi ) \in \BbbR , we
easily see that

\mu (\epsilon + g\prime (0)e - \sigma \tau \rho )>\mu + \sigma \rho  - d\rho 2 \forall \rho \in 

\Biggl[ 
0,
\sigma +

\sqrt{} 
\sigma 2 + 4d\mu 

2d

\Biggr] 
,

and hence v\ast (\sigma , \epsilon ,\mu , g; \xi , \xi ) > 0 \forall \sigma \in [0, c+ \delta 0]. Consequently, (iii) gives c\ast (\epsilon ,\mu , g) \geq 
c+ \delta 0 > c.

(v) In view of the definition of c\ast (\epsilon ,\mu , g) and the fact that \mu + \sigma \rho  - d\rho 2 \leq 0 for

all \rho \in [
\sigma +

\surd 
\sigma 2+4d\mu 

2d ,
\sigma +

\surd 
\sigma 2+4d\mu 

2d ], we may obtain that for any \mu > \mu > 0, there holds

c\ast 
\biggl( 
1 - \mu 

\mu 
,\mu ,

\mu 

\mu 
g

\biggr) 
= inf

\Biggl\{ 
\sigma \in \BbbR + : \mu 

\biggl( 
1 - \mu 

\mu 
+

\mu 

\mu 
g\prime (0)e - \sigma \tau \rho 

\biggr) 
\leq \mu + \sigma \rho  - d\rho 2,\exists \rho \in 

\Biggl( 
0,

\sigma +
\sqrt{} 

\sigma 2 + 4d\mu 

2d

\Biggr) \Biggr\} 

= inf

\Biggl\{ 
\sigma \in \BbbR + : \mu g\prime (0)e - \sigma \tau \rho \leq \mu + \sigma \rho  - d\rho 2,\exists \rho \in 

\Biggl( 
0,

\sigma +
\sqrt{} 

\sigma 2 + 4d\mu 

2d

\Biggr) \Biggr\} 
= c\ast (0, \mu , g).
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ON DIFFUSIVE NICHOLSON BLOWFLY EQUATION 2887

(vi) By the definition of c\ast (\epsilon ,\mu , g), we have

c\ast 
\biggl( 
0, \mu + \gamma ,

\mu  - \gamma 

\mu + \gamma 
g

\biggr) 
= inf

\Biggl\{ 
\sigma \in \BbbR + : (\mu  - \gamma )g\prime (0)e - \sigma \tau \rho \leq \mu + \gamma + \sigma \rho  - d\rho 2,\exists \rho \in 

\Biggl( 
0,

\sigma +
\sqrt{} 

\sigma 2 + 4d(\mu + \gamma )

2d

\Biggr) \Biggr\} 

\leq inf

\Biggl\{ 
\sigma \in \BbbR + : \mu g\prime (0)e - \sigma \tau \rho \leq \mu + \sigma \rho  - d\rho 2,\exists \rho \in 

\Biggl( 
0,

\sigma +
\sqrt{} 

\sigma 2 + 4d\mu 

2d

\Biggr) \Biggr\} 
= c\ast (0, \mu , g) \forall \gamma > 0.

So, it suffices to prove that lim inf\gamma \rightarrow 0+ c
\ast (0, \mu + \gamma , \mu  - \gamma \mu +\gamma g) \geq c\ast (0, \mu , g); otherwise,

there exists \sigma 0 \in \BbbR + such that lim inf\epsilon \rightarrow 0+ c
\ast (0, \mu + \gamma , \mu  - \gamma \mu +\gamma g) < \sigma 0 < c\ast (0, \mu , g). The

latter inequality and (iv) imply v\ast (\sigma 0,0, \mu , g; \xi , \xi ) > 0. Then, by (3.1), we have

\mu g\prime (0)e - \sigma 0\tau \rho > \mu + \sigma 0\rho  - d\rho 2 \forall \rho \in [0,
\sigma 0+

\surd 
\sigma 2
0+4d\mu 

2d ]. Thus, there exists \delta 0 > 0 such

that for any \gamma \in [0, \delta 0] and \rho \in [0,
\sigma 0+\delta 0+

\surd 
(\sigma 0+\delta 0)2+4d(\mu +\gamma )

2d ], there holds

(\mu  - \gamma )g\prime (0)e - (\sigma 0+\delta 0)\tau \rho >\mu + \gamma + (\sigma 0 + \delta 0)\rho  - d\rho 2.

Hence, by (3.1), we know that v\ast (\sigma 0 + \delta 0,0, \mu + \gamma , \mu  - \gamma \mu +\gamma g; \xi , \xi )> 0 and by (iv), we see

that c\ast (0, \mu + \gamma , \mu  - \gamma \mu +\gamma g)\geq \sigma 0 + \delta 0 \forall \gamma \in [0, \delta 0]. Therefore,

lim inf
\gamma \rightarrow 0+

c\ast 
\biggl( 
0, \mu + \gamma ,

\mu  - \gamma 

\mu + \gamma 
g

\biggr) 
\geq \sigma 0 + \delta 0 >\sigma 0,

a contradiction.

The following lemma itemizes some properties of these maps Qnc,\xi [\cdot ; \epsilon ,\mu , g].

Lemma 3.2. Let (\epsilon ,\mu , c, \xi ) \in [0,1)\times \BbbR + \times \BbbR + \times SN - 1, Q :=Qnc,\xi [\cdot ; \epsilon ,\mu , g] :X+ \rightarrow 
X+, and m(y,dy) = [\epsilon kc,\xi ,\mu (y) + g\prime (0)kc,\xi ,\mu (\tau c\xi + y)]dy \forall y \in \BbbR N . Then the following
statements hold:

(i) Q is a continuous and compact map on X+ in sense of Q| Xr :Xr \rightarrow X+ is a
continuous and compact map with the compact-open topology;

(ii) Q is order preserving in the sense that Q[\phi ] \geq Q[\psi ] for all \phi ,\psi \in X+ with
\phi \geq \psi ;

(iii) Q is spatial translation invariant in the sense that Q[\phi ](x+y) =Q[\phi (\cdot +y)](x)
for all (x, y,\phi )\in \BbbR N \times \BbbR N \times X+;

(iv) Q[0] = 0,Q[u\ast ] = u\ast , Q[\alpha ]>\alpha \forall \alpha \in (0, u\ast ), and Q[\alpha ]<\alpha ,\forall \alpha \in (u\ast ,\infty );
(v) Q and m(y,dy) satisfy the inequalities in [47].

Based on Theorem 3.6 in [47], and Lemmas 3.1 and 3.2, we easily verify the
following results.

Proposition 3.3. If (c, \xi ) \in \BbbR + \times SN - 1 and c < c\ast (\epsilon ,\mu , g), then for any \phi \in 
BC(\BbbR N ,\BbbR +) \setminus \{ 0\} , we have limn\rightarrow \infty | | Qnc,\xi [\phi ; \epsilon ,\mu , g] - u\ast | | = 0.

Lemma 3.4. Let c\in [0, c\ast (\epsilon ,\mu , g)), and let \phi \in C(\BbbR N , [0, u\ast ))\setminus \{ 0\} have a compact
support. Then, for any \gamma \in (1, u\ast 

| | \phi | | L\infty (\BbbR N )
), there is an n = n(c,\phi , \gamma ) \in \BbbN such that

Qn\sigma ,\xi [\phi ; \epsilon ,\mu , g]\geq \gamma \phi for all (\sigma , \xi )\in [0, c]\times SN - 1.

Proof. Clearly, by Proposition 3.3, for any (\sigma , \xi ) \in [0, c]\times SN - 1, \gamma \in (1, u\ast 

| | \phi | | L\infty ),

there is an N :=N (\sigma , \xi ,\phi , \gamma )\in \BbbN such that QN
\sigma ,\xi [\phi ; \epsilon ,\mu , g]\gg \gamma \phi . Note that

[0, c]\times SN - 1 \times \BbbR N \ni (\sigma , \xi , x) \mapsto \rightarrow QN
\sigma ,\xi [\phi ; \epsilon ,\mu , g](x)\in \BbbR 
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2888 TAISHAN YI, YURONG ZHANG, AND XINGFU ZOU

is continuous at (\sigma , \xi , x)\in [0, c]\times SN - 1\times \BbbR N due to the definition of QN
\sigma ,\xi [\phi ; \epsilon ,\mu , g](x).

This, together with the compactness of supp(\phi ), yields that there is \delta = \delta (\sigma , \xi ,\phi , \gamma )> 0
such that QN

\varsigma ,\eta [\phi ; \epsilon ,\mu , g] \gg \gamma \phi for all \varsigma \in [0, c] \cap (\sigma  - \delta ,\sigma + \delta ) and \eta \in SN - 1 \cap B\delta (\xi ).
Clearly, by the compactness of [0, c]\times SN - 1, there exist (c1, \xi 1), (c2, \xi 2), . . ., (cl, \xi l)\in 
[0, c]\times SN - 1 such that

[0, c]\times SN - 1 \subseteq 
l\bigcup 
i=1

(ci  - \delta (ci, \xi i\phi ,\gamma ), ci + \delta (ci, \xi i, \phi , \gamma ))\times B\delta (ci,\xi i,\phi ,\gamma )(\xi i).

Let n := nc,\phi ,\gamma =
\prod l
i=1 N (ci, \xi i, \phi , \gamma ). Then, by \gamma > 1, the choice of n, and the

monotonicity of Q\sigma ,\xi , we have Qn\sigma ,\xi [\phi ; \epsilon ,\mu , g]\geq \gamma \phi for all (\sigma , \xi )\in [0, c]\times SN - 1.

For any (c, \xi )\in \BbbR + \times SN - 1, and \alpha , \beta > 0, we define linear operators

Qc,\xi ,\alpha [\cdot ; \epsilon ,\mu , g] :C([ - \alpha ,\alpha ]N ,\BbbR )\rightarrow C([ - \alpha ,\alpha ]N ,\BbbR )

and

Q\infty 
c,\xi [\cdot ; \epsilon ,\mu , g],Q\infty 

c,\xi ,\beta [\cdot ; \epsilon ,\mu , g] :BC(\BbbR N+ ,\BbbR ) :=C(\BbbR N+ ,\BbbR )\cap L\infty (\BbbR N+ ,\BbbR )\rightarrow BC(\BbbR N+ ,\BbbR ),

respectively, by

Qc,\xi ,\alpha [\phi ; \epsilon ,\mu , g](x) =

\int 
[ - \alpha ,\alpha ]N

\Bigl[ 
\epsilon kc,\xi ,\mu (x - y)\phi (y) + kc,\xi ,\mu (x+ \tau c\xi  - y)g(\phi (y))

\Bigr] 
dy,

x\in [ - \alpha ,\alpha ]N ,

Q\infty 
c,\xi [\zeta ; \epsilon ,\mu , g](x) =

\int 
\BbbR N+

\Bigl[ 
\epsilon kc,\xi ,\mu (x - y)\phi (y) + kc,\xi ,\mu (x+ \tau c\xi  - y)g(\phi (y))

\Bigr] 
dy, x\in \BbbR N+ ,

Q\infty 
c,\xi ,\beta [\zeta ; \epsilon ,\mu , g](x) =

\int \beta 

0

\int 
\BbbR N+

\Bigl[ 
\epsilon k(s,x+ cs\xi  - y;\mu )\zeta (y)

+ k(s,x+ c(s+ \tau )\xi  - y;\mu )g(\zeta (y))
\Bigr] 
dyds, x\in \BbbR N+ .

Here, \phi \in C([ - \alpha ,\alpha ]N ,\BbbR ), \zeta \in C(\BbbR N+ ,\BbbR ), and y \in \BbbR N+ . It is easy to verify that these
operators are order preserving.

Lemma 3.5. If c \in [0, c\ast (\epsilon ,\mu , g)), k \in \BbbN , and \phi 1, \phi 2, . . . , \phi k \in BC(\BbbR N ,\BbbR +) \setminus 
\{ 0\} have compact supports, then there exist nc,k := nc,\phi 1,\phi 2,...,\phi k \in \BbbN and \alpha \ast 

c,k :=

\alpha \ast 
c,\phi 1,\phi 2,...,\phi k

> 0 such that Q
nc,k
\sigma ,\xi ,\alpha [\phi j ; \epsilon ,\mu , g](0)\geq 

2u\ast 

3 for all (\sigma , \xi , j) \in [0, c]\times SN - 1 \times 
(\BbbN \cap [1, k]) and \alpha \geq \alpha \ast 

c,k.

Proof. Take \beta \ast > 0 and \varphi \in C(\BbbR N , [0, u\ast )) \setminus \{ 0\} with compact support such
that | | \varphi | | L\infty (\BbbR N ) = \varphi (0), supp\varphi \subseteq [ - \beta \ast , \beta \ast ]N , and \varphi \leq Q\sigma ,\xi ,\beta \ast [\phi j ] for all (\sigma , \xi , j) \in 
[0, c]\times SN - 1 \times (\BbbN \cap [1, k]).

By Lemma 3.4 with

\gamma =
max

\Bigl\{ 
1, 2u\ast 

3\varphi (0)

\Bigr\} 
+ u\ast 

\varphi (0)

2
,

we know that there is n1 \in \BbbN such that Qn1

\sigma ,\xi [\varphi ; \epsilon ,\mu , g]\geq \gamma \varphi for all (\sigma , \xi )\in [0, c]\times SN - 1.

According to lim\alpha \rightarrow \infty Qn1

\sigma ,\xi ,\alpha [\varphi ; \epsilon ,\mu , g](0) = Qn1

\sigma ,\xi [\varphi ; \epsilon ,\mu , g](0) >
2u\ast 

3 for all (\sigma , \xi ) \in 
[0, c]\times SN - 1, we know that for any (\sigma , \xi ) \in [0, c]\times SN - 1, there exists \alpha \sigma ,\xi > 0 such
that Qn1

\sigma ,\xi ,\alpha \sigma ,\xi 
[\varphi ; \epsilon ,\mu , g](0)> 2u\ast 

3 . Based on the continuity of
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ON DIFFUSIVE NICHOLSON BLOWFLY EQUATION 2889

[0, c]\times SN - 1 \ni (\sigma , \xi ) \mapsto \rightarrow Qn1

\sigma ,\xi ,\alpha [\varphi ; \epsilon ,\mu , g](0)\in \BbbR \forall \alpha \in (0,\infty ),

we know that there exist l \in \BbbN and (c1, \xi 1, \delta 1), (c2, \xi 2, \delta 2), . . ., (cl, \xi l, \delta l) \in [0, c] \times 
SN - 1 \times (0,1) with [0, c]\times SN - 1 \subseteq 

\bigcup l
i=1(ci  - \delta i, ci + \delta i)\times B\delta i(\xi i) such that

Qn1

\sigma ,\xi ,\alpha ci,\xi i
[\varphi ; \epsilon ,\mu , g](0)\geq 2u\ast 

3

for all (\sigma , \xi )\in (ci - \delta i, ci+\delta i)\times (B\delta i(\xi i)
\bigcap 
SN - 1) and i\in [0, l]\cap \BbbN . Let \alpha \ast =max\{ \alpha ci,\xi i :

i \in [0, l] \cap \BbbN \} . Then Qn1

\sigma ,\xi ,\alpha [\varphi ; \epsilon ,\mu , g](0)\geq 
2u\ast 

3 for all (\sigma , \xi ) \in [0, c]\times SN - 1 and \alpha \geq \alpha \ast 

due to the monotonicity of Qn1

\sigma ,\xi ,\alpha [\varphi ; \epsilon ,\mu , g](0) with respect to \alpha \in [0,\infty ).
Thus, by the choice of \varphi and the monotonicity of Q\sigma ,\xi ,\alpha [\cdot ; \epsilon ,\mu , g], we have

Qn1+1
\sigma ,\xi ,\alpha [\phi j ; \epsilon ,\mu , g](0)\geq Qn1

\sigma ,\xi ,\alpha [\varphi ; \epsilon ,\mu , g](0)\geq 
2u\ast 

3

for all (\sigma , \xi , j)\in [0, c]\times SN - 1 \times (\BbbN \cap [1, k]) and \alpha \geq \alpha \ast 
c,k :=max\{ \alpha \ast , \beta \ast \} .

Lemma 3.6. Let c \in [0, c\ast (\epsilon ,\mu , g)), \alpha \in (0,\infty ), \phi \in C([ - \alpha ,\alpha ]N ,\BbbR +), \psi \in 
BC(\BbbR N+ ,\BbbR +), and \eta \in \BbbR N with \eta \geq \alpha e1. If \psi (x + \eta ) \geq \phi (x) for all x \in [ - \alpha ,\alpha ]N ,
then Q\infty 

c,\xi [\psi ; \epsilon ,\mu , g](x + \eta ) \geq Qc,\xi ,\alpha [\phi ; \epsilon ,\mu , g](x) and hence (Q\infty 
c,\xi )

n[\psi ; \epsilon ,\mu , g](x + \eta ) \geq 
Qnc,\xi ,\alpha [\phi ; \epsilon ,\mu , g](x) for all (x, \xi )\in [ - \alpha ,\alpha ]N \times SN - 1 and n\in \BbbN .

Proof. By the definitions of Q\infty 
c,\xi [\cdot ; \epsilon ,\mu , g] and Qc,\xi ,\alpha [\cdot ; \epsilon ,\mu , g], we can conclude

that for any (x, \xi )\in [ - \alpha ,\alpha ]N \times SN - 1,

Q\infty 
c,\xi [\psi ; \epsilon ,\mu , g](x+ \eta )

=

\int 
\BbbR N+

\Bigl[ 
\epsilon kc,\xi ,\mu (x+ \eta  - y)\psi (y) + kc,\xi ,\mu (x+ \eta + \tau c\xi  - y)g(\psi (y))

\Bigr] 
dy

=

\int 
 - \eta +\BbbR N+

\Bigl[ 
\epsilon kc,\xi ,\mu (x - y)\psi (y+ \eta ) + kc,\xi ,\mu (x+ \tau c\xi  - y)g(\psi (y+ \eta ))

\Bigr] 
dy

\geq 
\int 
[ - \alpha ,\alpha ]N

\Bigl[ 
\epsilon kc,\xi ,\mu (x - y)\psi (y+ \eta ) + kc,\xi ,\mu (x+ \tau c\xi  - y)g(\psi (y+ \eta ))

\Bigr] 
dy

\geq 
\int 
[ - \alpha ,\alpha ]N

\Bigl[ 
\epsilon kc,\xi ,\mu (x - y)\phi (y) + kc,\xi ,\mu (x+ c\tau \xi  - y)g(\phi (y))

\Bigr] 
dy

=Qc,\xi ,\alpha [\phi ; \epsilon ,\mu , g](x).

This completes the proof.

Let Br(x) = \{ y \in \BbbR N | \| y  - x\| < r\} and Br := Br(0), for simplicity. For any
x\in \BbbR N , let us denote U(x) = \{ z \in \BbbR N | B9 \supseteq z +A(x)\} , where

A(x) =

\Biggl\{ 
B1( - 3x

\| x\| ), x\in \BbbR N\setminus \{ 0\} ,
B1, x= 0.

Lemma 3.7. If A(x) and U(x) as shown above, then the following statements are
true:

(i) x+A(x)\subseteq B9 and thus x\in U(x) for all x\in B10.
(ii) U(x) is a nonempty open set for all x\in B10.
(iii) There exist k0 \in \BbbN and x1, . . . , xk0 \in \BbbR N such that

\bigcup k0
j=1U(xj)\supseteq B10.

Proof. (i) Fix x \in B10 and y \in A(x). Clearly, we only consider the case of x \not = 0.
Then | | x| | \leq 10 and | | y+ 3x

| | x| | | | \leq 1. It follows that | | x+y| | \leq | | y+ 3x
| | x| | | | + | | x - 3x

| | x| | | | \leq 
1 + | | | x| |  - 3| < 9, which yields (i).
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2890 TAISHAN YI, YURONG ZHANG, AND XINGFU ZOU

(ii) follows from (i) and the definition of U(x), while (iii) follows from (i), (ii),
and the compactness of B10.

For any r \in (0,\infty ), define hr, \zeta j :\BbbR N \rightarrow \BbbR by

hr(x) =

\left\{   1, x\in Br,
0, x\in \BbbR N \setminus Br+1,
r+ 1 - | | x| | , x\in Br+1 \setminus Br,

and

\zeta j(x) =

\left\{   
max\{ 1 - \| x\| ,0\} , xj = 0,

max

\biggl\{ 
1 - 

\bigm\| \bigm\| \bigm\| \bigm\| x+ 3xj
\| xj\| 

\bigm\| \bigm\| \bigm\| \bigm\| ,0\biggr\} , xj \not = 0,

where j = 1,2, . . . , k0 and (k0, xj) is defined as in Lemma 3.7.

Lemma 3.8. For any r \in [19,\infty ) and z \in Br+1, there is j := jr,z \in \{ 1,2, . . . , k0\} 
such that hr(y+ z)\geq \zeta j(y) for all y \in \BbbR N , where k0 is defined as in Lemma 3.7.

Proof. Fix r \in [19,\infty ) and z \in Br+1. By applying Lemma 3.7-(iii) and letting

z\ast =

\left\{   0, z = 0,
10

| | z| | 
z z \not = 0,

we know that there exists j \in \{ 1,2, . . . , k0\} such that z\ast \in U(xj). It follows that for
any y \in A(xj), there holds

| | y+ z| | = | | z  - z\ast + z\ast + y| | 
\leq | | z  - z\ast | | + 9

\leq 
\bigm| \bigm| | | z| |  - 10

\bigm| \bigm| + 9

\leq max\{ 19, r\} = r.

This, together with the definitions of hr, \xi j , implies hr(y + z) \geq 1 \geq \zeta j(y) for all
y \in A(xj) and thus hr \geq \zeta j .

For any given T > 1, define the function hT :\BbbR N \rightarrow \BbbR + by

hT (x) = hT (x - (2T,0, . . . ,0)tr) \forall x\in \BbbR N .

Proposition 3.9. If c \in [0, c\ast (\epsilon ,\mu , g)) and \varepsilon \in (0,1], then there exist n0 =
n0(c, \varepsilon ) \in \BbbN and t0 = t0(c, \varepsilon ) > 19 such that (Q\infty 

\sigma ,\xi ,\beta )
n0 [\varepsilon hT ; \epsilon ,\mu , g] \geq u\ast 

2 h
T for all

\beta ,T \geq t0, and (\sigma , \xi )\in [0, c]\times SN - 1.

Proof. By applying Lemma 3.5 to \phi j = \zeta j and k= k0, there exist n
\ast \in \BbbN and \alpha \ast >

1+\tau c such that Qn
\ast 

\sigma ,\xi ,\alpha \ast [g;\varepsilon ,\mu , \zeta j ](0)\geq 2u\ast 

3 for all (\sigma , \xi , j)\in [0, c]\times SN - 1\times (\BbbN \cap [1, k0]).

It follows from Lemma 3.8 and the definitions of hT , h
T that for any T \geq 19 + 2\alpha \ast and

z \in B1+T , there exists jT,z \in \BbbN 
\bigcap 
[1, k0] such that hT (x+z+(2T,0, . . . ,0)tr)\geq \zeta jT,z (x)

for all x \in \BbbR N . This, together with Lemma 3.6, implies that for all T > 19 + 2\alpha \ast ,
z \in B1+T , and (\sigma , \xi )\in [0, c]\times SN - 1, we have

(Q\infty 
\sigma ,\xi )

n\ast 
[\varepsilon hT ; \epsilon ,\mu , g](z + (2T,0, . . . ,0)tr)\geq Qn

\ast 

\sigma ,\xi ,\alpha \ast [g;\varepsilon ,\mu , \zeta jT,z ](0)\geq 
2u\ast 

3
.
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ON DIFFUSIVE NICHOLSON BLOWFLY EQUATION 2891

To complete the proof, we define a new map R\infty 
\sigma ,\xi ,\beta :BC(\BbbR N+ ,\BbbR )\rightarrow BC(\BbbR N+ ,\BbbR ) by

R\infty 
\sigma ,\xi ,\beta [\zeta ; \epsilon ,\mu , g](x)

=

\int \infty 

\beta 

\int 
\BbbR N+

\Bigl[ 
\epsilon k(s,x+ \sigma \xi  - y)\zeta (y) + k(s,x+ \sigma (s+ \tau )\xi  - y)g(\zeta (y))

\Bigr] 
dyds

for all (x, \xi )\in \BbbR N+ \times SN - 1 and \zeta \in BC(\BbbR N+ ,\BbbR ).
Based on the definitions of Q\infty 

\sigma ,\xi ,R
\infty 
\sigma ,\xi ,\beta and the conditions of g, we easily check

that

| | Q\infty 
\sigma ,\xi [\zeta ; \epsilon ,\mu , g]| | L\infty \leq (1 + \epsilon )max\{ u\ast , | | \zeta | | L\infty \} ,

| | R\infty 
\sigma ,\xi ,\beta [\zeta ; \epsilon ,\mu , g]| | L\infty \leq (1 + \epsilon )max\{ u\ast , | | \zeta | | L\infty \} e - \mu \beta ,

where \sigma ,\beta \in \BbbR +, \xi \in SN - 1, and \zeta \in BC(\BbbR N+ ,\BbbR ).
By taking n0 := n0(c, \varepsilon ) = n\ast \in \BbbN and t0 = t0(c, \varepsilon )> 19 + 2\alpha \ast such that

4n0 max\{ \varepsilon ,u\ast \} e - \mu t0 \leq u\ast 

6
,

we may obtain that for any \beta ,T \geq t0, \sigma \in [0, c], \xi \in SN - 1, and x \in (2T,0, . . . ,0)tr +
B1+T , there holds

(Q\infty 
\sigma ,\xi ,\beta )

n0 [\varepsilon hT ; \epsilon ,\mu , g](x)

= [Q\infty 
\sigma ,\xi  - R\infty 

\sigma ,\xi ,\beta ]
n0 [\varepsilon hT ; \epsilon ,\mu , g](x)

\geq [Q\infty 
\sigma ,\xi ]

n0 [\varepsilon hT ; \epsilon ,\mu , g](x) - 
n0\sum 
l=1

Cln0
(1 + \epsilon )n0 - 1| | R\infty 

\sigma ,\xi ,\beta [max\{ \varepsilon ,u\ast \} ; \epsilon ,\mu , g]| | L\infty 

\geq [Q\infty 
\sigma ,\xi ]

n0 [\varepsilon hT ; \epsilon ,\mu , g](x) - 2n0(1 + \epsilon )n0 max\{ \varepsilon ,u\ast \} e - \mu \beta 

\geq [Q\infty 
\sigma ,\xi ]

n0 [\varepsilon hT ; \epsilon ,\mu , g](x) - 4n0 max\{ \varepsilon ,u\ast \} e - \mu \beta 

\geq u\ast 

2
,

which, combining with the definition of hT , yields the proof.

3.2. Propagation persistence. The relation between solution mapping and
integral operator Q\infty 

\sigma ,\xi ,\beta [\cdot ; \epsilon ,\mu , g] will be given below, which will contribute to the
propagation persistence with parameters, as well as upward convergence properties in
the next section.

Let \mu \pm = \mu (\pm \infty ), b\pm = b(\pm \infty ), \mu = 1 + sups\in \BbbR \mu (s), and let u\varphi (t, x;\mu (\cdot ), b(\cdot ), g)
denote the mild solutions of the following initial value problem for the auxiliary equa-
tion (1.4):\left\{           

\partial u

\partial t
(t, x) = d\Delta u(t, x) - \mu (x1  - \kappa t)u(t, x) + b(x1  - \kappa (t - \tau ))g(u(t - \tau ,x)),

(t, x)\in (0,\infty )\times \BbbR N ,

u(t, x) =\varphi (t, x), (t, x)\in [ - \tau ,0]\times \BbbR N .

(3.2)

Now, let T (t) be the semigroup generated by the linear system,\Biggl\{ 
\partial u

\partial t
(t, x) = d\Delta u(t, x), t > 0,

u(0, x) = \phi (x), x\in \BbbR N ,

that is, for (x,\phi )\in \BbbR \times X,
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2892 TAISHAN YI, YURONG ZHANG, AND XINGFU ZOU\left\{   
T (0)[\phi ](x) = \phi (x),

T (t)[\phi ](x) =
1

(4d\pi t)N/2

\int 
\BbbR N

\phi (y) exp

\biggl( 
 - | | x - y| | 2

4dt

\biggr) 
dy, t > 0.

(3.3)

The following result gives the comparative relationships between the solutions of
(3.2) and the operators Q\infty 

c,\xi ,\beta [\cdot ; \epsilon ,\mu , g].

Lemma 3.10. Assume that \gamma , \alpha , t0, \beta > 0, \sigma \geq 0, \xi \in SN+ := SN
\bigcap 
\BbbR N+ , \varphi \in C+,

and \zeta \in BC(\BbbR N+ ,\BbbR +) such that b(s - \sigma \tau )\geq b+ - \gamma > 0, \mu (s)\leq \mu ++\gamma < \mu for all s\geq \alpha .
Suppose

u\varphi (t, x+ [\sigma \xi + \kappa e1]t+ \alpha e1;\mu (\cdot ), b(\cdot ), g)\geq \zeta (x) for all (t, x)\in [t0  - \tau , t0 + \beta ]\times \BbbR N+ .

Then

u\varphi (t, x+ [\sigma \xi + \kappa e1]t+ \alpha e1;\mu (\cdot ), b(\cdot ), g)\geq Q\infty 
c,\xi ,t - t0

\biggl[ 
\zeta ;
\mu  - \mu +  - \gamma 

\mu 
,\mu ,

b+  - \gamma 

\mu 
g

\biggr] 
(x)

for all (t, x)\in [t0, t0 + \beta ]\times \BbbR N+ . Here, c= | | \sigma \xi + \kappa e1| | and

\xi =

\left\{   
\sigma \xi + \kappa e1

| | \sigma \xi + \kappa e1| | 
, | | \sigma \xi + \kappa e1| | \not = 0,

e1, | | \sigma \xi + \kappa e1| | = 0.

Proof. Let u(t, x) = u\varphi (t, x;\mu (\cdot ), b(\cdot ), g) for all (t, x) \in [ - \tau ,\infty ) \times \BbbR N . Then by
(3.2), we know that for any (t, x)\in [t0, t0 + \beta ]\times \BbbR N+ , there holds

u(t, x+ \sigma t\xi + (\kappa t+ \alpha )e1)

\geq 
\int t

t0

e - \mu (t - s)T (t - s)
\Bigl[ 
(\mu  - \mu ([\cdot ]1  - \kappa s))u(s, \cdot )

+ b([\cdot ]1  - \kappa s+ \kappa \tau )g(u(s - \tau , \cdot ))
\Bigr] 
(x+ \sigma t\xi + (\kappa t+ \alpha )e1)ds

=

\int t

t0

\int 
\BbbR N

1

\mu 
k(t - s,x+ \sigma t\xi + (\kappa t+ \alpha )e1  - y;\mu )

\Bigl[ 
(\mu  - \mu (y1  - \kappa s))u(s, y)

\Bigr] 
dyds

+

\int t

t0

\int 
\BbbR N

1

\mu 
k(t - s,x+ \sigma t\xi + (\kappa t+ \alpha )e1  - y;\mu )

\Bigl[ 
b(y1  - \kappa s+ \kappa \tau )g(u(s - \tau , y))

\Bigr] 
dyds

\geq 
\int t

t0

\int 
\sigma s\xi +(\kappa s+\alpha )e1+\BbbR N+

k(t - s,x+ \sigma t\xi + (\kappa t+ \alpha )e1  - y;\mu )

\mu 

\biggl[ 
(\mu  - \mu (y1  - \kappa s))u(s, y)

\biggr] 
dyds

+

\int t

t0

\int 
\sigma (s - \tau )\xi +(\kappa s - \kappa \tau +\alpha )e1+\BbbR N+

1

\mu 
k(t - s,x+ \sigma t\xi + (\kappa t+ \alpha )e1  - y;\mu )

\times 
\Bigl[ 
b(y1  - \kappa s+ \kappa \tau )g(u(s - \tau , y))

\Bigr] 
dyds

\geq 
\int t - t0

0

\int 
\BbbR N+

1

\mu 
k(s,x+ \sigma s\xi + \kappa se1  - y;\mu )

\Bigl[ 
(\mu  - \mu +  - \gamma )u(t - s, y+ [\sigma \xi + \kappa e1](t - s)

+ \alpha e1)
\Bigr] 
dyds+

\int t - t0

0

\int 
\BbbR N+

1

\mu 
k(s,x+ \sigma (s+ \tau )\xi + \kappa (s+ \tau )e1  - y;\mu )

\times [(b+  - \gamma )g(u(t - s - \tau , y+ [\sigma \xi + \kappa e1](t - s - \tau ) + \alpha e1))] dyds
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ON DIFFUSIVE NICHOLSON BLOWFLY EQUATION 2893

\geq 
\int t - t0

0

\int 
\BbbR N+

1

\mu 
k(s,x+ \sigma s\xi + \kappa se1  - y;\mu )

\bigl[ 
(\mu  - \mu +  - \gamma )\zeta (y)

\bigr] 
dyds

+

\int t - t0

0

\int 
\BbbR N+

1

\mu 
k(s,x+ \sigma (s+ \tau )\xi + \kappa (s+ \tau )e1  - y;\mu )

\bigl[ 
(b+  - \gamma )g(\zeta (y))

\bigr] 
dyds

=Q\infty 
c,\xi ,t - t0

\biggl[ 
\zeta ;
\mu  - \mu +  - \gamma 

\mu 
,\mu ,

b+  - \gamma 

\mu 
g

\biggr] 
(x).

The following result produces comparative relationships between solutions of (3.2)
and iterations of Q\infty 

c,\xi ,\beta [\cdot ; \epsilon ,\mu , g], which will be used to derive a priori estimates on
nontrivial solutions to (3.2) under the travelling wave transformation.

Lemma 3.11. Assume that \gamma , \alpha , t0, \beta > 0, \sigma \geq 0, \xi \in SN+ , \varphi \in C+, and \zeta \in 
BC(\BbbR N+ ,\BbbR +) such that b(s  - \sigma \tau ) \geq b+  - \gamma > 0, \mu (s) \leq \mu + + \gamma < \mu for all s \geq \alpha .
Suppose

u\varphi (t, x+ [\sigma \xi + \kappa e1]t+ \alpha e1;\mu (\cdot ), b(\cdot ), g)\geq \zeta (x) for all (t, x)\in [t0  - \tau , t0 + \beta ]\times \BbbR N+ .

Then, for any I \in \BbbN and i\in [1, I]\cap \BbbN , we have

u\varphi (t, x+ [\sigma \xi + \kappa e1]t+ \alpha e1;\mu (\cdot ), b(\cdot ), g)\geq (Q\infty 
c,\xi , \beta 

1+I

)i
\biggl[ 
\zeta ;
\mu  - \mu +  - \gamma 

\mu 
,\mu ,

b+  - \gamma 

\mu 
g

\biggr] 
(x)

for all (t, x) \in [t0 +
i\beta 
1+I + (i - 1)\tau , t0 + \beta ]\times \BbbR N+ with i\beta 

1+I + (i - 1)\tau < \beta . Here, c, \xi is
defined as in Lemma 3.10.

Proof. First, note that the case where i= 1 follows from Lemma 3.10. Now, let

\^I = sup

\biggl\{ 
i\in [1, I]\cap \BbbN :

i\beta 

1 + I
+ (i - 1)\tau < \beta 

\biggr\} 
,

u(t, x) = u\varphi (t, x;\mu (\cdot ), b(\cdot ), g), and Qt[\psi ] =Q\infty 
c,\xi ,t

[\psi ; \mu  - \mu + - \gamma 
\mu , \mu , b+ - \gamma 

\mu g]. Define

i\ast = sup

\Biggl\{ 
i\in [1, \^I]\cap \BbbN :

u(t, x+ [\sigma \xi + \kappa e1]t+ \alpha e1)\geq (Q \beta 
1+I

)j [\zeta ](x) for all

j \in [1, i] and (t, x)\in [t0 +
j\beta 
1+I + (j  - 1)\tau , t0 + \beta ]\times \BbbR N+

\Biggr\} 
.

Then i\ast \geq 1. It suffices to prove i\ast = \^I. Otherwise, for any (t, x) \in [t0 +
(1+i\ast )\beta 

1+I +

i\ast \tau , t0 + \beta ]\times \BbbR N+ , it follows from Lemma 3.10 and the choice of i\ast that

u(t, x+ [\sigma \xi + \kappa e1]t+ \alpha e1)

\geq Q
t - t0 - i\ast \beta 

1+I - i\ast \tau 
[(Q \beta 

1+I
)i

\ast 
[\zeta ]](x)

\geq Q \beta 
1+I

[(Q \beta 
1+I

)i
\ast 
[\zeta ]](x)

= (Q \beta 
1+I

)i
\ast +1[\zeta ](x),

which yields a contradiction with the choice of i\ast . This proves the claim and hence
the proof is complete.

The following result produces asymptotic propagation persistence, that is, some
a priori traveling-like estimates on nontrivial solutions to (3.2), which play a key role
in the proof of the upward convergence and global asymptotic behavior to (3.2).
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2894 TAISHAN YI, YURONG ZHANG, AND XINGFU ZOU

Proposition 3.12. Suppose that g is nondereasing and subhomogeneous with
g\prime (0) > \mu +

b+
. Let c \in [0, c\ast (0, \mu +,

b+
\mu +
g)). Then there exist \alpha 0 > 0, \varepsilon 0 > 0, T0 > 19,

and T \ast > T0 such that, for all \alpha \in [\alpha 0,\infty ), \varepsilon \in (0, \varepsilon 0], T \in [T0,\infty ), \sigma \in [0, c],
\xi \in SN - 1, and solutions u : [ - \tau ,\infty )\times \BbbR N \rightarrow \BbbR + of (3.2) satisfying \sigma \xi \in \kappa e1+\BbbR N+ and
u(t, \sigma t\xi + \alpha e1 + \cdot )\geq \varepsilon hT for all t \in [ - \tau ,T \ast ], we have u(t, \sigma t\xi + \alpha e1 + \cdot )\geq \varepsilon hT for all
t\in \BbbR + and u(t, \sigma t\xi + \alpha e1 + \cdot )\gg \varepsilon hT for all t\in (T \ast ,\infty ).

Proof. Define

G :\BbbR + \times (0,\infty )\ni (u,\gamma ) \mapsto \rightarrow (b+  - \gamma )g\prime (0)

\mu + + \gamma 
min\{ u,\gamma \} \in \BbbR .

According to the definition of G and Lemma 3.1-(v), (vi), we know that there exists
\gamma \in (0,min\{ \mu  - \mu +, b+\} ) such that

\partial G(0, \gamma )

\partial u
> 1,

b+  - \gamma 

\mu + + \gamma 
g\geq G(\cdot , \gamma ), and c\in 

\biggl[ 
0, c\ast 

\biggl( 
\mu  - \mu +  - \gamma 

\mu 
,\mu ,

\mu + + \gamma 

\mu 
G(\cdot , \gamma )

\biggr) \biggr) 
.

By applying Proposition 3.9, we know that there exist n0 \in \BbbN and t0 > 19 such that

(Q\infty 
\sigma ,\xi ,\beta )

n0

\biggl[ 
\varepsilon \ast hT ;

\mu  - \mu +  - \gamma 

\mu 
,\mu ,

\mu + + \gamma 

\mu 
G(\cdot , \gamma )

\biggr] 
\geq 2\varepsilon \ast hT

with \varepsilon \ast = (b+  - \gamma )g\prime (0)\gamma /5(\mu + + \gamma ) for all \beta ,T \geq t0, and (\sigma , \xi )\in [0, c]\times SN - 1.
Take \alpha 0 > 0 with b(s - \sigma \tau ) \geq b+  - \gamma > 0, \mu (s) \leq \mu + + \gamma for all s \geq \alpha 0, and let

\varepsilon 0 =
\varepsilon \ast 

2 , T0 = t0, and T
\ast = (1+ n0)t0 + n20\tau .

Suppose that \alpha \in [\alpha 0,\infty ), \varepsilon \in (0, \varepsilon 0], T \in [T0,\infty ), \sigma \in [0, c], \xi \in SN - 1, and
u : [ - \tau ,\infty )\times \BbbR N \rightarrow \BbbR + is a bounded solution of (3.2) satisfying \sigma \xi \in \kappa e1 + \BbbR N+ and
u(t, \sigma t\xi +\alpha e1+ \cdot )\geq \varepsilon hT for all t\in [ - \tau ,T \ast ]. Let T \ast \ast = sup\{ t\geq 0 : u(t, \sigma t\xi +\alpha e1+ \cdot )\geq 
\varepsilon hT for all s \in [0, t]\} . Then T \ast \ast \geq T \ast . We claim that T \ast \ast =\infty . Otherwise, T \ast \ast <\infty .
It follows from Lemma 3.11 that, for any t\in [n0T

\ast \ast 

n0+1 + (n0  - 1)\tau ,T \ast \ast ], we have

u(t, \sigma t\xi + \alpha e1 + \cdot )\geq (Q\infty 
\sigma ,\xi , T\ast 

n0+1

)n0

\biggl[ 
\varepsilon hT ;

\mu  - \mu +  - \gamma 

\mu 
,\mu ,

\mu + + \gamma 

\mu 
G(\cdot , \gamma )

\biggr] 
\geq (Q\infty 

\sigma ,\xi ,T0
)n0

\biggl[ 
\varepsilon 

\varepsilon \ast 
\varepsilon \ast hT ;

\mu  - \mu +  - \gamma 

\mu 
,\mu ,

\mu + + \gamma 

\mu 
G(\cdot , \gamma )

\biggr] 
\geq \varepsilon 

\varepsilon \ast 
(Q\infty 

\sigma ,\xi ,T0
)n0

\biggl[ 
\varepsilon \ast hT ;

\mu  - \mu +  - \gamma 

\mu 
,\mu ,

\mu + + \gamma 

\mu 
G(\cdot , \gamma )

\biggr] 
\geq 2\varepsilon hT .

In particular, u(T \ast \ast , \sigma T \ast \ast \xi + \alpha e1 + \cdot ) \gg \varepsilon hT , and thus there exists \delta > 0 such that
u(t, \sigma t\xi + \alpha e1 + \cdot ) \geq \varepsilon hT for all t \in [T \ast \ast , T \ast \ast + \delta ], a contradiction with the choice of
T \ast \ast . So, T \ast \ast =\infty .

4. Main results. In this section, we shall obtain our main results about propa-
gation dynamics of (1.3). Without loss of generality, we first consider the case \nu = e1
in subsections 4.1, 4.2, and 4.3. Then in subsection 4.4, we will establish some results
for (1.3) with a general direction \nu .

With \nu = e1, (1.3) reads

\partial u

\partial t
(t, x) = d\Delta u(t, x) - \mu (x1  - \kappa t)u(t, x) + e - \delta \tau b(x1  - \kappa (t - \tau ))u(t - \tau ,x)e - u(t - \tau ,x).

(4.1)
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ON DIFFUSIVE NICHOLSON BLOWFLY EQUATION 2895

For convenience, by the travelling wave transformation w(t, x) = u(t, x + \kappa e1t), we
introduce the auxiliary equations:

\partial w

\partial t
(t, x) = d\Delta w(t, x) + \kappa wx1

 - \mu (x1)w(t, x)(4.2)

+ e - \delta \tau b(x1 + \kappa \tau )w(t - \tau ,x+ \kappa \tau e1)e
 - w(t - \tau ,x+\kappa \tau e1),

as well as the associated auxiliary equations:

\partial w

\partial t
(t, x) = d\Delta w(t, x) + \kappa wx1  - \mu (x1)w(t, x) + b(x1 + \kappa \tau )g\scrM (w(t - \tau ,x+ \kappa \tau e1)).

(4.3)

Here, g\scrM :\BbbR + \rightarrow \BbbR is defined by

g\scrM (u) = e - \delta \tau min\{ ue - u,\scrM e - \scrM \} (4.4)

with \scrM > 0, where u\in \BbbR +. Then, for any \scrM > 0, we know that g\scrM is nondecreasing
and subhomogeneous on [0,\scrM ], g\scrM (u) \leq e - \delta \tau ue - u for all u \in [0,\scrM ], and g\scrM (u) =
e - \delta \tau ue - u for all small nonnegative u.

Note that c\ast (0, \mu +,
b+
\mu +
g\scrM ) = c\ast (0, \mu +,

b+
\mu +
e - \delta \tau Id\BbbR +) for all \scrM in (0,\infty ). As a

result, we may always denote c\ast (0, \mu +,
b+
\mu +
g\scrM ) by c\ast . Clearly,

c\ast = inf

\Biggl\{ 
\sigma \in \BbbR + : b+e

 - \delta \tau e - \sigma \tau \rho \leq \mu + + \sigma \rho  - d\rho 2,\exists \rho \in 

\Biggl( 
0,
\sigma +

\sqrt{} 
\sigma 2 + 4d\mu +

2d

\Biggr) \Biggr\} 
.

(4.5)

We point out that this c\ast is nothing but the minimal wave speed and the spreading
speed of the limiting equation of (1.3) (including (4.1)) with the two shifting parame-
ters replaced by \mu + and b+, respectively, under the assumption W1. By the definition
of c\ast , we see that the speed of c\ast depends on the delay \tau and it is decreasing in \tau .

For given \varphi \in C+, by the method of steps, is easy to see (4.2) and (4.3) have mild
solutions w\varphi (t, x),w\varphi ;g\scrM (t, x) \in \BbbR + with the initial value w0 = \varphi which exists for all
t\geq 0. Clearly, mild solutions w\varphi (t, x),w\varphi ;g\scrM (t, x) are also classical solutions of (4.2),
(4.3), respectively, for all t > \tau (see, e.g., [19, 20, 31, 34]).

Denote by \Phi the solution semiflow of (4.2), that is, \Phi :\BbbR + \times C+ \rightarrow C+ is defined
by \Phi (t,\varphi ) = (w\varphi )t for all (t,\varphi )\in \BbbR +\times C+. Simarly, we write \Phi (t,\varphi ;g\scrM ) for (w\varphi ;g\scrM )t
if there is a need.

The following result shows that any nontrivial solution of (4.3) is far away from the
trivial equilibrium, which is key to proving upward convergence of nontrivial solutions
and the existence of force steady states.

Proposition 4.1. Assume that \scrM > 0 and \kappa \in \BbbR , and let c\ast and g\scrM be given,
respectively, by (4.5) and (4.4). Then, for any c\in [0, c\ast )\cap (\kappa ,\infty ), \varphi \in C+ \setminus \{ 0\} , there
exist \varepsilon 

c,\varphi 
> 0 and \alpha c,\varphi > 0 such that w\varphi ;g\scrM (t, x)\geq \varepsilon c,\varphi for all (t, x)\in \Omega \ast 

c,\alpha c,\varphi , where

\Omega \ast 
c,\alpha = \{ (t, x)\in \BbbR + \times \BbbR N : t\geq \alpha ,x\geq \alpha e1, and | | x+ \kappa e1t| | \leq ct\} 

for all \alpha \in \BbbR +. Hence, if | \kappa | < c, then \psi (\cdot , x) \geq \varepsilon c,\varphi for all \psi \in \omega (\varphi ;g\scrM ) :=
\omega (\varphi ;\Phi (\cdot , \cdot ;g\scrM )), x \in \alpha c,\varphi e1 + \BbbR N+ . Moreover, if | \kappa | < c, then for any \gamma > 0, there
exists \varepsilon \gamma ,c,\varphi > 0 such that \psi (\cdot , x)\geq \varepsilon \gamma ,c,\varphi for all \psi \in \omega (\varphi ;g\scrM ), x\in  - \gamma e1 +\BbbR N+ .
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2896 TAISHAN YI, YURONG ZHANG, AND XINGFU ZOU

Proof. Take \~c= c+c\ast 

2 and select \alpha 0, \varepsilon 0, T0, and T
\ast with \~c as in Proposition 3.12.

Without loss of generality, we may assume that u(t, x) := w\varphi ;g\scrM (t, x - \kappa e1t) > 0 for
all (t, x)\in [ - \tau ,\infty )\times \BbbR N . Define

\varepsilon 1 = inf\{ u(t, x) : t\in [ - \tau ,T \ast ] and | | x| | \leq 1 + \alpha 0 + (\~c+ 6)T \ast \} ,

and let \varepsilon c,\varphi =min\{ \varepsilon 0, \varepsilon 1\} . Then \varepsilon 1 > 0, \varepsilon c,\varphi > 0, and u(t, \sigma t\xi +\alpha 0e1+\cdot )\geq \varepsilon c,\varphi h
T for all

t\in [ - \tau ,T \ast ], T \in [T0,2T0], \sigma \in [0, \~c], and \xi \in SN - 1 with \sigma \xi \in \kappa e1+\BbbR N+ . It follows from
Proposition 3.12 and the choices of \alpha 0, \varepsilon 0, T0, and T

\ast that u(t, \sigma t\xi +\alpha 0e1+\cdot )\geq \varepsilon c,\varphi h
T

for all t \in \BbbR +, T \in [T0,2T0], \sigma \in [0, \~c], \xi \in SN - 1 with \sigma \xi \in \kappa e1 + \BbbR N+ . In particular,
u(t, \sigma t\xi + \alpha 0e1 + T0e1)\geq \varepsilon c,\varphi for all t \in \BbbR +, \sigma \in [0, \~c], \xi \in SN - 1 with \sigma \xi \in \kappa e1 +\BbbR N+ .
Letting

\alpha c,\varphi :=max

\biggl\{ 
T0 + \alpha 0,1 +

2(\alpha 0 + T0)

c\ast  - c

\biggr\} 
,

we easily check that

(t, x)\in \Omega \ast 
c,\alpha c,\varphi implies x - \alpha 0e1 - T0e1 \in \BbbR N+ and

| | x+\kappa e1t - \alpha 0e1  - T0e1| | 
t

\in [0, \~c].

As a result, w\varphi ;g\scrM (t, x) = u(t, x+ \kappa e1t)\geq \varepsilon c,\varphi for all (t, x) \in \Omega \ast 
c,\alpha c,\varphi . This, combined

with the definition of \omega (\varphi ;g\scrM ), implies \psi (\cdot , x)\geq \varepsilon c,\varphi for all \psi \in \omega (\varphi ;g\scrM ), x\in \alpha c,\varphi e1+
\BbbR N+ .

Next, let us fix \gamma > 0 and take

\varepsilon \gamma ,c,\varphi =
\varepsilon c,\varphi e

 - \mu 
\surd 
\pi 

\int \infty 

\alpha c,\varphi +c+\gamma 
\surd 

4d

exp
\bigl( 
 - s2

\bigr) 
ds > 0.

According to the definition of the mild solutions of (4.3), we know that for any (x,\psi )\in 
\BbbR N \times \omega (\varphi ;g\scrM ), there holds

w\psi ;g\scrM (1, x)\geq e - \mu T (1)[\psi (0, \cdot )](x+ \kappa e1)

=

\int 
\BbbR N

e - \mu 

(4d\pi )
N
2

exp

\biggl( 
 - | | x+ \kappa e1  - y| | 2

4d

\biggr) 
\psi (0, y)dy

\geq 
\int 
\alpha c,\varphi e1+\BbbR N+

e - \mu 

(4d\pi )
N
2

exp

\biggl( 
 - | | x+ \kappa e1  - y| | 2

4d

\biggr) 
\varepsilon c,\varphi dy

= \varepsilon c,\varphi e
 - \mu 
\int \infty 

\alpha c,\varphi 

1\surd 
4d\pi 

exp

\biggl( 
 - | x1 + \kappa  - y1| 2

4d

\biggr) 
dy1

=
\varepsilon c,\varphi e

 - \mu 
\surd 
\pi 

\int \infty 

\alpha c,\varphi  - \kappa  - x1\surd 
4d

exp
\bigl( 
 - s2

\bigr) 
ds.

This, together with the invariance of \omega (\varphi ;g\scrM ), implies that

\psi (\cdot , x)\geq \varepsilon \gamma ,c,\varphi 

for all \psi \in \omega (\varphi ;g\scrM ), x\in  - \gamma e1 +\BbbR N+ . The proof is complete.

4.1. Asymptotic extinction. In this subsection, we will study the asymptotic
extinction properties of (4.2) by constructing some appropriate test functions. We
first confirm the asymptotic extinction in the direction  - e1.
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ON DIFFUSIVE NICHOLSON BLOWFLY EQUATION 2897

Theorem 4.2. For any \varphi \in C+, there holds

lim
\alpha \rightarrow \infty 

\bigl[ 
sup\{ w\varphi (t, x) : (t, x)\in \BbbR + \times \BbbR N with t, - x1 \in [\alpha ,\infty )\} 

\bigr] 
= 0.

Hence, limt\rightarrow \infty [supx1\leq  - \varepsilon tw
\varphi (t, x)] = 0 \forall \varepsilon > 0.

Proof. Fix (\varphi , \epsilon 0) \in C+ \times (0, \mu  -  - b - e - \delta \tau 
1+e - \delta \tau 

). Then, there exist \alpha 0, \lambda 0, \gamma 0 > 0 such
that \left\{   \lambda 0  - \mu  - + \epsilon 0 + e - \delta \tau (b - + \epsilon 0)e

 - \lambda 0\tau = 0,
d(\gamma 0)

2 + \kappa \gamma 0  - \mu  - + \epsilon 0 + e - \delta \tau (b - + \epsilon 0)e
\gamma 0\kappa \tau = 0,

\mu (\alpha  - \alpha 0) - \mu  - + \epsilon 0 \geq 0, b(\alpha  - \alpha 0 + \kappa \tau ) - b -  - \epsilon 0 \leq 0 \forall \alpha \in ( - \infty ,0].

Define Z : [ - \tau ,\infty )\times \BbbR N \rightarrow \BbbR by

Z(t, x) =w\varphi (t, x - \alpha 0e1) - M0e
 - \lambda 0t  - M0e

\gamma 0x1 \forall (t, x)\in [ - \tau ,\infty )\times \BbbR N ,

where M0 = sup(t,x)\in [ - \tau ,\infty )\times \BbbR N | w\varphi (t, x)| . It follows from (4.2) that\left\{     
\partial Z

\partial t
(t, x)\leq d\Delta Z(t, x) + \kappa Zx1

 - (\mu  -  - \epsilon 0)Z(t, x)

+e - \delta \tau (b - + \epsilon 0)Z(t - \tau ,x+ \kappa \tau e1), (t, x)\in \BbbR + \times (( - \infty ,0]\times \BbbR N - 1),
Z(t, x)\leq 0, (t, x)\in [ - \tau ,0]\times \BbbR N

\bigcup 
[ - \tau ,\infty )\times \BbbR N+ .

By applying the step arguments and the Phragm\'en--Lindel\"of type maximum principle
[23], we may obtain that Z(t, x) \leq 0 for all (t, x) \in [ - \tau ,\infty ) \times \BbbR N . This and the
definition of Z directly lead to our results. The proof is now complete.

Next, we show the asymptotic extinction beyond a moving hyperplane in the
direction e1.

Theorem 4.3. If \varepsilon > 0 and \varphi \in C+ with \varphi (\cdot , x) being zero for all sufficiently
positive x1, then

lim
t\rightarrow \infty 

\bigl[ 
sup\{ w\varphi (t, x) : (t, x)\in \BbbR + \times \BbbR N with x1 \geq t(\varepsilon + c\ast  - \kappa )\} 

\bigr] 
= 0.

Proof. In view of the definition of c\ast , there exist \epsilon 0 \in (0, \varepsilon 2 ) and \lambda > 0 such that

 - d\lambda 2 + (c+ \kappa )\lambda + \mu + = b+e
 - \delta \tau e - \lambda (c+\kappa )\tau with c := c\ast  - \kappa + \epsilon 0.

Let M = e\lambda \tau | c| supx\in \BbbR N (| | \varphi (\cdot , x)| | e\lambda x1) and define Z : [ - \tau ,\infty )\times \BbbR N \rightarrow \BbbR by

Z(t, x) =w\varphi (t, x) - Me - \lambda (x1 - ct) \forall (t, x)\in [ - \tau ,\infty )\times \BbbR N .

It follows from (4.2) that\left\{     
\partial Z

\partial t
(t, x)\leq d\Delta Z(t, x) + \kappa Zx1

 - \mu +Z(t, x)

+e - \delta \tau b+Z(t - \tau ,x+ \kappa \tau e1), (t, x)\in (0,\infty )\times \BbbR N ,
Z(t, x)\leq 0, (t, x)\in [ - \tau ,0]\times \BbbR N .

By applying the step arguments and the Phragm\'en--Lindel\"of type maximum principle
[23], we may obtain that Z(t, x) \leq 0 for all (t, x) \in [ - \tau ,\infty ) \times \BbbR N . This and the
definition of Z directly lead to our results. The proof is now complete.

Now, we explore asymptotic extinction in other directions by using similar argu-
ment to Theorem 4.3.
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2898 TAISHAN YI, YURONG ZHANG, AND XINGFU ZOU

Theorem 4.4. If \varepsilon > 0, \xi \in SN - 1, \varphi \in C+ with \varphi (\cdot , x) being zero for all suffi-
ciently positive x \cdot \xi , then

lim
t\rightarrow \infty 

\bigl[ 
sup\{ w\varphi (t, x) : (t, x)\in \BbbR + \times \BbbR N with x \cdot \xi \geq t(\varepsilon + c\ast  - \kappa \xi 1\} 

\bigr] 
= 0.

Proof. In view of the definition of c\ast that there exist \epsilon 0 \in (0, \epsilon 2 ) and \lambda > 0 such
that

 - d\lambda 2 + (c+ \kappa \xi 1)\lambda + \mu + = b+e
 - \delta \tau e - \lambda (c+\kappa \xi 1)\tau with c= c\ast  - \kappa \xi 1 + \varepsilon 0.

Let M = e\lambda \tau | c| supx\in \BbbR N (| | \varphi (\cdot , x)| | e\lambda x\cdot \xi ) and define Z : [ - \tau ,\infty )\times \BbbR N \rightarrow \BbbR by

Z(t, x) =w\varphi (t, x) - Me - \lambda (x\cdot \xi  - ct) \forall (t, x)\in [ - \tau ,\infty )\times \BbbR N .

It follows from (4.2) that\left\{     
\partial Z

\partial t
(t, x)\leq d\Delta Z(t, x) + \kappa Zx1

 - \mu +Z(t, x)

+e - \delta \tau b+Z(t - \tau ,x+ \kappa \tau e1), (t, x)\in (0,\infty )\times \BbbR N ,
Z(t, x)\leq 0, (t, x)\in [ - \tau ,0]\times \BbbR N .

By applying the step arguments and the Phragm\'en--Lindel\"of type maximum principle
[23], we may obtain that Z(t, x) \leq 0 for all (t, x) \in [ - \tau ,\infty ) \times \BbbR N . This and the
definition of Z directly lead to our results. The proof is now completed.

4.2. Upward convergence. In this subsection, we are ready to derive upward
convergence of nontrivial solutions of (4.2) in space-time region.

Theorem 4.5. Assuming that b+
\mu +
e - \delta \tau \leq e2. If \kappa < c\ast and \varphi \in C+\setminus \{ 0\} , then for

any c\in (max\{ \kappa ,0\} , c\ast ), there holds

lim
\alpha \rightarrow \infty 

[inf\{ w\varphi (t, x) : (t, x)\in \Omega \ast 
c,\alpha \} ] = lim

\alpha \rightarrow \infty 
[sup\{ w\varphi (t, x) : (t, x)\in \Omega \ast 

c,\alpha \} ] =w\ast ,

where \Omega \ast 
c,\alpha is defined as in Proposition 4.1 and w\ast = log( b+e

 - \delta \tau 

\mu +
). Hence, if | \kappa | < c\ast ,

then limx1\rightarrow \infty \psi (\cdot , x) =w\ast for all \psi \in \omega (\varphi ).
Proof. Suppose that \kappa < c\ast , \varphi \in C+\setminus \{ 0\} , and c \in (max\{ \kappa ,0\} , c\ast ). By Proposi-

tion 4.1, there exist \varepsilon \ast , \alpha \ast > 0 such that

w(t, x) :=w\varphi (t, x)\leq M\ast :=max

\biggl\{ 
| | \varphi | | L\infty ,

b+
\mu +e\delta \tau +1

\biggr\} 
for all (t, x) \in [ - \tau ,\infty ) \times \BbbR N and w(t, x) \geq \varepsilon \ast for all (t, x) \in \Omega \ast 

c+c\ast 
2 ,\alpha \ast . For any

\varepsilon \in [0, c
\ast  - c
2 ], define

W - (\varepsilon ) = lim
\alpha \rightarrow \infty 

[inf\{ w(t, x) : (t, x)\in \Omega \ast 
c+\varepsilon ,\alpha \} ]

and

W+(\varepsilon ) = lim
\alpha \rightarrow \infty 

[sup\{ w(t, x) : (t, x)\in \Omega \ast 
c+\varepsilon ,\alpha \} ].

Then \varepsilon \ast \leq W - (\varepsilon ) \leq W+(\varepsilon ) \leq M\ast for all \varepsilon \in [0, c
\ast  - c
2 ]. Since W\pm (\varepsilon ) are monotone

in \varepsilon \in [0, c
\ast  - c
2 ], we may assume, without loss of generality, that W - and W+ are

continuous at some \varepsilon 1 \in [0, c
\ast  - c
2 ].
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ON DIFFUSIVE NICHOLSON BLOWFLY EQUATION 2899

To complete the proof, we only prove W - (\varepsilon 1) = W+(\varepsilon 1) = w\ast . Otherwise,
W - (\varepsilon 1) < W+(\varepsilon 1) or W - (\varepsilon 1) = W+(\varepsilon 1) \not = w\ast . By letting f\gamma (w) = b+ - \gamma 

\mu ++\gamma we
 - w - \delta \tau 

and applying Lemma 2.3 in [44], we easily see that either (I) f0([W - (\varepsilon 1),W+(\varepsilon 1)])\subseteq 
(0,W+(\varepsilon 1)) or (II) f0([W - (\varepsilon 1),W+(\varepsilon 1)]) \subseteq (W - (\varepsilon 1),\infty ). It suffices to consider case
(II) since case (I) can be dealt by similar arguments. In view of (II) and the definition
of f\gamma , we know that

f\gamma 0([W - (\varepsilon 1) - \gamma 0,W+(\varepsilon 1) + \gamma 0])\subseteq (W - (\varepsilon 1) + \gamma 0,\infty ) for some \gamma 0 > 0.

According to the definitions b+, \mu +,W\pm (\varepsilon 1), we may obtain that there exists \alpha 0 >\alpha 
\ast 

such that \biggl\{ 
W+(\varepsilon 1) + \gamma 0 \geq w(t, x)\geq W - (\varepsilon 1) - \gamma 0 \forall (t, x)\in \Omega \ast 

c+\varepsilon 1,\alpha 0,,
\mu (x1)<\mu + + \gamma 0, b(x1 + \kappa \tau )> b+  - \gamma 0 \forall x1 \in [\alpha 0,\infty ).

Take \varrho >max\{ 1, c\ast , | \kappa | , \tau \} such that
\int \varrho 
0

\int 
| | y| | \leq \varrho k(s, y;\mu ++\gamma 0)dyds >

W+(\varepsilon 1)+
2\gamma 0
3

W+(\varepsilon 1)+\gamma 0
. Fix

\zeta \in (0, \varepsilon 1) and choose \alpha 1 > 1 +max\{ \alpha 0 + 3\varrho 2, 7\varrho 2

\varepsilon 1 - \zeta \} with

\mu  - M
\ast 

2(\mu + + \gamma 0)
exp

\Biggl( 
 - 
\sqrt{} 
\mu + + \gamma 0

d
(\alpha 1  - \alpha 0  - | \kappa | \varrho )

\Biggr) 
<
\gamma 0
3
.

As a result, we may verify that for any (t, x)\in \Omega \ast 
c+\zeta ,\alpha 1

, there holds

| | x+ \kappa e1s - y| | \leq \varrho implies y1 \geq \alpha 0 and (t - s - \tau , y+ \kappa \tau e1)\in \Omega \ast 
c+\varepsilon 1,\alpha 0

\forall s\in [0, \varrho ].

By letting T\mu ++\gamma 0(s)[\phi ](x) = e - (\mu ++\gamma 0)sT (s)[\phi ](x+\kappa e1s) \forall (s,x,\phi )\in \BbbR +\times \BbbR N\times X,
it follows from (4.2), Fubini's theorem, and Lemma 2.1-(iv) in [39] that for any (t, x)\in 
\Omega \ast 
c+\zeta ,\alpha 1

, there holds

w(t, x) =wwt - \varrho (\varrho ,x)

= T\mu ++\gamma 0(\varrho )[w(t - \varrho , \cdot )](x) +
\int \varrho 

0

T\mu ++\gamma 0(\varrho  - s)
\Bigl[ 
[\mu + + \gamma 0  - \mu (\cdot \cdot e1)]w(s+ t - \varrho , \cdot )

+
\mu + + \gamma 0
b+  - \gamma 0

b(\cdot \cdot e1 + \kappa \tau )f\gamma 0(w(s+ t - \varrho  - \tau , \cdot + \kappa \tau e1))
\Bigr] 
(x)ds

\geq 1

\mu + + \gamma 0

\int \varrho 

0

\int 
\BbbR N

k(\varrho  - s,x+ \kappa e1(\varrho  - s) - y;\mu + + \gamma 0)(\mu + + \gamma 0  - \mu (y1))

\times w(s+ t - \varrho , y)dyds+
1

\mu + + \gamma 0

\int \varrho 

0

\int 
\BbbR N

k(\varrho  - s,x+ \kappa e1(\varrho  - s) - y;\mu + + \gamma 0)

\times \mu + + \gamma 0
b+  - \gamma 0

b(y1 + \kappa \tau )f\gamma 0(w(s+ t - \varrho  - \tau , y+ \kappa \tau e1))dyds

\geq  - \mu  - M
\ast 

\mu + + \gamma 0

\int \varrho 

0

\int 
( - \infty ,\alpha 0]\times \BbbR N - 1

k(\varrho  - s,x+ \kappa e1(\varrho  - s) - y;\mu + + \gamma 0)dyds

+ (W - (\varepsilon 1) + \gamma 0)

\int \varrho 

0

\int 
| | x+\kappa e1s - y| | \leq \varrho 

k(s,x+ \kappa e1s - y;\mu + + \gamma 0)dyds
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2900 TAISHAN YI, YURONG ZHANG, AND XINGFU ZOU

\geq W - (\varepsilon 1) +
2\gamma 0
3

 - \mu  - M
\ast 

\mu + + \gamma 0

\int \alpha 0

 - \infty 

\int \varrho 

0

(\mu + + \gamma 0)e
 - (\mu ++\gamma 0)s

\surd 
4d\pi s

\times exp

\biggl( 
 - (x1  - | \kappa | \varrho  - y1)

2

4ds

\biggr) 
dsdy1

\geq W - (\varepsilon 1)+
2\gamma 0
3

 - \mu  - M
\ast 

2(\mu ++\gamma 0)

\int \alpha 0

 - \infty 

\sqrt{} 
\mu ++\gamma 0
d

exp

\Biggl( 
 - 
\sqrt{} 
\mu ++\gamma 0
d

| x1 - | \kappa | \varrho  - y1| 

\Biggr) 
dy1

\geq W - (\varepsilon 1) +
2\gamma 0
3

 - \mu  - M
\ast 

2(\mu + + \gamma 0)
exp

\Biggl( 
 - 
\sqrt{} 
\mu + + \gamma 0

d
(\alpha 1  - | \kappa | \varrho  - \alpha 0)

\Biggr) 
\geq \gamma 0

3
+W - (\varepsilon 1).

This, together with the definition of W - (\zeta ), implies W - (\zeta ) \geq W - (\varepsilon 1) +
\gamma 0
3 \forall \zeta \in 

(0, \varepsilon 1), a contradiction with the continuity ofW - (\cdot ) at \varepsilon 1. This completes the proof.

4.3. Existence/nonexistence and attractivity of forced steady states.
In this subsection, we shall establish the existence, nonexistence, and attractivity of
forced steady states of (4.2). First, we shall prove the existence and attractivity of
forced steady states of (4.2) when | \kappa | < c\ast .

Theorem 4.6. Assume that | \kappa | < c\ast . Then (4.2) has a positive steady state w+.

Moreover, if either (\kappa = 0 and b+
\mu +
e - \delta \tau \leq e2) or (\kappa \not = 0 and b+e

 - \delta \tau 

\mu +
\leq 2e), then (4.2) has

a unique positive steady state w+ which attracts all solutions of (4.2) with the initial
value \varphi \in C+ \setminus \{ 0\} , in the sense that limt\rightarrow \infty | | (w\varphi )t  - w+| | = 0 for all \varphi \in C+ \setminus \{ 0\} .

Proof. First, we shall establish the existence of w+. Let \scrM = b+

\mu + e
 - \delta \tau  - 1, and

let \varepsilon c,\scrM 3
, \alpha c,\scrM 3

defined as in Proposition 4.1 with c = | k| +c\ast 
2 . Then \omega (\scrM 3 ;g\scrM ) \geq \varepsilon \scrM 

3

for all x \in \alpha c,\scrM 3
e1 + \BbbR N+ . Note that 0 \leq \Phi (t,\psi ;g\scrM ) \leq \Phi (t,\varphi ;g\scrM ) \leq \Phi (t,\varphi ) for all

(t,\varphi ,\psi )\in \BbbR + \times C\scrM \times C\scrM with \psi \leq \varphi . Let

\scrA =

\biggl\{ 
\varphi \in C+ : \omega 

\biggl( 
\scrM 
3
;g\scrM 

\biggr) 
\leq \varphi \leq \scrM 

\biggr\} 
.

Clearly, \scrA is a nonempty, closed, and convex subset in C such that \scrA \subseteq C\circ 
+ and

\Phi (t,\scrA ) \subseteq \scrA for all t \geq 0. This, together with the compactness of \Phi and Theorem
3.4.7 in [8], implies that \Phi has a positive steady state w+ \in \scrA , located in C\circ 

+ \cap C\scrM .
Next, the uniqueness will be a consequence of the global attractiveness of w+ in

C+ \setminus \{ 0\} . So, we need to show that w+ attracts all solutions of (4.2) with the initial
value \varphi \in C+\setminus \{ 0\} . Fix \varphi \in C+\setminus \{ 0\} . Let \gamma 0 := 1+\scrM + | | \varphi | | L\infty ([ - \tau ,0]\times \BbbR N ,\BbbR ). It follows
from Theorem 4.2 and the conditions of \mu (\cdot ), b(\cdot ) there exist \mu 0, b0, \lambda 0 > 0, and \rho 0 > 1
such that\left\{     

w+(x)\leq 1,\psi (\cdot , x)\leq 1 \forall x\in ( - \infty , - \rho 0 + \kappa \tau ]\times \BbbR N - 1,\psi \in \omega (\varphi ),
\mu (x1  - \rho 0)>\mu 0, b(x1 + \kappa \tau  - \rho 0)< b0 \forall x1 \leq 0,

\lambda 0  - \mu 0 + e - \delta \tau b0e
\lambda 0\tau = 0.

Let

a\ast  - = sup\{ a\in \BbbR :\psi (\theta ,x)\geq aw+(x) \forall (\theta ,x,\psi )\in [ - \tau ,0]\times ([ - \rho 0,\infty )\times \BbbR N - 1)\times \omega (\varphi )\} 

and

a\ast + = inf\{ a\in \BbbR :\psi (\theta ,x)\leq aw+(x) \forall (\theta ,x,\psi )\in ([ - \tau ,0]\times ([ - \rho 0,\infty ))\times \BbbR N - 1)\times \omega (\varphi )\} .
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ON DIFFUSIVE NICHOLSON BLOWFLY EQUATION 2901

Then 0 < a\ast  - \leq 1 \leq a\ast + < \infty due to Proposition 4.1 and Theorem 4.5. For any
\psi \in \omega (\varphi ), set

v(t, x) =\Phi [t+ \tau ,\psi ](0, x - \rho 0e1) - a\ast  - w+(x - \rho 0e1) + \gamma 0e
 - \lambda 0t \forall (t, x)\in [ - \tau ,\infty )\times \BbbR N .

By (4.2) and the choices of a\ast  - , \rho 0, \gamma 0, and \lambda 0, it follows that v(t, x) satisfies the
following equation:\left\{                 

\partial v

\partial t
(t, x)\geq d\Delta vxx(t, x) + \kappa vx1

(t, x) - \mu (x1  - \rho 0)v(t, x)

+e - \delta \tau b(x1 + \kappa \tau  - \rho 0)p(t, x)v(t - \tau ,x+ \kappa \tau e1),

(t, x)\in (0,\infty )\times (( - \infty ,0]\times \BbbR N - 1),

v(t, x)\geq 0, (t, x)\in [0,\infty )\times \BbbR N+ ,
v(\theta ,x)\geq 0, (\theta ,x)\in [ - \tau ,0]\times \BbbR N ,

where

p(t, x) :=

\int 1

0

(1 - sw\psi (t, x - \rho 0e1 + \kappa \tau e1) - (1 - s)a\ast  - w+(x - \rho 0e1 + \kappa \tau e1))

\times e - sw
\psi (t,x - \rho 0e1+\kappa \tau e1) - (1 - s)a\ast  - w+(x - \rho 0e1+\kappa \tau e1)ds\in [0,1]

for all (t, x) \in \BbbR + \times ( - \infty ,0] \times \BbbR N - 1. By the step arguments and the Phragm\'en--
Lindel\"of type maximum principle [23], it follows that v(t, x) \geq 0 for all (t, x) \in 
[ - \tau ,\infty )\times \BbbR N . By the arbitrariness of \psi , we then have

\omega (\varphi )\geq a\ast  - w+  - \gamma 0e
 - \lambda 0t \forall t\in \BbbR +,

and hence, \omega (\varphi )\geq a\ast  - w+. Similarly, we can obtain \omega (\varphi )\leq a\ast +w+. Thus, it suffices to
prove that a\ast + = a\ast  - = 1. Assume, by contradiction, that \{ a\ast +, a\ast  - \} \not = \{ 1\} . By Lemma
3.3-(iii) in [46], we easily check that either (I) ke(1 - k)u >a\ast  - \forall (u,k)\in (0,2]\times [a\ast  - , a

\ast 
+]

or (II) ke(1 - k)u <a\ast + \forall (u,k)\in (0,2]\times [a\ast  - , a
\ast 
+].

We only consider the case of (I) since the case of (II) can be dealt with in a similar
way. Note that w+, \omega (\varphi ) \leq 2, and thus (I) implies a\ast  - \in (0,1) and \psi (\theta ,x)e - \psi (\theta ,x) >
a\ast  - w+(x)e

 - w+(x) \forall (\theta ,x,\psi )\in [ - \tau ,0]\times \BbbR N \times \omega (\varphi ). By letting

Z\psi (t, x) =w\psi (t, x) - a\ast  - w+(x) \forall (t, x,\psi )\in [ - \tau ,\infty )\times \BbbR N \times \omega (\varphi ),

it follows from (4.2) and Theorem 4.5 that there exist \epsilon 0, \alpha 0 > 0 such that\left\{       
\partial Z\psi 

\partial t
(t, x)>d\Delta Z\psi (t, x) + \kappa Z\psi x1

(t, x) - \mu  - Z
\psi (t, x), (t, x)\in (0,\infty )\times \BbbR N ,

Z\psi (t, x)\geq 0, (t, x)\in [ - \tau ,\infty )\times \BbbR N ,
Z\psi (t, x)\geq \epsilon 0, (t, x)\in [ - \tau ,\infty )\times (\alpha 0e1 +\BbbR N+ ).

As a result, Z\psi (0, x)\geq \epsilon 0 \forall x\geq \alpha 0e1 and

Z\psi (t, x)\geq e - \mu  - tT (t)[Z\psi (0, \cdot )](x+ \kappa e1) \forall (t, x,\psi )\in (0,\infty )\times \BbbR N \times \omega (\varphi ).

These, together with the second paragraph in the proof of Proposition 4.1, implies
Z\psi (1, x) \geq \epsilon 1 \forall (x,\psi ) \in ([ - \rho 0, \alpha 0] \times \BbbR N - 1) \times \omega (\varphi ) for some \epsilon 1 > 0. Hence, by the
arbitrariness of \psi and the properties of \omega (\varphi ), we easily see that

\psi  - a\ast  - w+ \geq min\{ \epsilon 0, \epsilon 1\} , x\in [ - \rho 0,\infty )\times \BbbR N - 1,

a contradiction to the definition of a\ast  - . This completes the proof.

By slightly adapting the proof of Theorems 4.5 and 4.6, we may verify the follow-
ing corollary.
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2902 TAISHAN YI, YURONG ZHANG, AND XINGFU ZOU

Corollary 4.7. Assume that | \kappa | < c\ast and \varphi \in C+ \setminus \{ 0\} . If either (\kappa = 0 and
b+
\mu +
e - \delta \tau \leq e2) or (\kappa \not = 0 and b+e

 - \delta \tau 

\mu +
\leq 2e), then

lim
t\rightarrow \infty 

sup

\biggl\{ 
| | (w\psi )t  - w+| | :\psi \in C+ with \varphi \leq \psi \leq b+

\mu +
e - \delta \tau 

\biggr\} 
= 0.

Second, we shall give the existence of forced steady states of (4.2) when \kappa \geq c\ast .

Theorem 4.8. Assume that \kappa \geq c\ast . Then (4.2) has positive steady states w+ in
C\circ 

+.

Proof. Let \~b(s) = min\{ b(s), \mu +e
1+\delta \tau \} for all s \in \BbbR , and let \~w\varphi ,\~\kappa (t, x) be the

solution of (4.2) by replacing (b(\cdot ), \kappa ) with (\~b(\cdot ), \~\kappa ). Clearly, c\ast \geq c\ast (0, \mu +,
\~b+
\mu +
g\scrM )> 0

with \scrM := b+
\mu +e\tau \delta +1 . Choose \alpha 0 > 1 such that

g\alpha 0,\scrM (u)\leq g\scrM \leq e - \delta \tau ue - u \forall u\in [0,\scrM ]

and g\alpha 0,\scrM (u) is nondecreasing in u\in \BbbR +, where g\alpha 0,\scrM :\BbbR + \rightarrow \BbbR + is defined by

g\alpha 0,\scrM (u) =

\left\{       
e - \delta \tau ue - \alpha 0u, u\in 

\biggl[ 
0,

1

\alpha 0

\biggr] 
,

1

\alpha 0e1+\delta \tau 
u\in 

\biggl( 
1

\alpha 0
,\infty 
\biggr) 
.

By applying Theorem 4.6 to \~w\varphi ,0(t, x), there exists W+ \in C(\BbbR N , (0,1]) such that

\~wW+,0(t, x) =W+(x) \forall (t, x)\in [ - \tau ,\infty )\times \BbbR N

and \~w1,0(t, x)\rightarrow W+, locally uniform in x, as t\rightarrow \infty . According to the monotonicity
of \~b(\cdot ), \mu (\cdot ), we easily check that for any t > 0, \~w1,0(t, x), and hence W+(x) are
nondecreasing in x1 \in \BbbR , which implies \partial W+

\partial x1
\geq 0 for all \BbbR N . As a result, we know

that

w\varphi (t, x)\geq w
W+
\alpha 0 (t, x;g\alpha 0,\scrM ,\~b(\cdot ))\geq 1

\alpha 0
W+(x)

for all (t, x,\varphi ) \in [ - \tau ,\infty ) \times \BbbR N \times \scrA with \scrA := \{ \varphi \in C+ : W+

\alpha 0
\leq \varphi \leq \scrM \} , where

w
W+
\alpha 0 (t, x;g\alpha 0,\scrM ,\~b(\cdot )) represents the solution of (4.3) with (\phi , b, g\scrM ) be replaced by

(W+

\alpha 0
,\~b, g\alpha 0,\scrM ). Using the same discussions as in the first paragraph of the proof of

Theorem 4.6, we may get the existence of forced steady states w+. This completes
the proof.

Finally, we shall give the nonexistence of forced steady states of (4.2) when \kappa <
 - c\ast .

Theorem 4.9. Let \kappa <  - c\ast . Then (4.2) has no nontrival steady state w+ \in 
C+ \setminus \{ 0\} .

Proof. Suppose that (4.2) has nonnegative steady state w+ \in C+ \setminus \{ 0\} . Then
w+ \in C(\BbbR N , (0, b+

\mu +e\delta \tau +1 )). Take c = c\ast +\kappa 
2 . It follows from the definition of c\ast that

there exists \lambda > 0 such that

 - d\lambda 2 + (c - \kappa )\lambda + \mu + = b+e
 - \delta \tau e - \lambda (c - \kappa )\tau .
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ON DIFFUSIVE NICHOLSON BLOWFLY EQUATION 2903

Let h(\gamma , \epsilon ) = d(\gamma )2+\kappa \gamma  - \mu  - +\epsilon +e - \delta \tau (b - +\epsilon )e\gamma \kappa \tau for all (\gamma , \epsilon )\in \BbbR +\times (0, \mu  -  - b - e - \delta \tau 
1+e - \delta \tau 

).
Then h(0,0)< 0 and lim\gamma \rightarrow \infty h(\gamma ,0)> 0, which imply h(\gamma 0, \epsilon 0) = 0 for some (\gamma 0, \epsilon 0)\in 
(\lambda ,\infty ) \times (0, \mu  -  - b - e - \delta \tau 

1+e - \delta \tau 
). By using the proof of Theorem 4.2, there exists M0 =

sup(t,x)\in [ - \tau ,\infty )\times \BbbR N | w\varphi (t, x)| such that w+(x)\leq M0e
\gamma 0x1 , and hence, w+(x)\leq M0e

\lambda x1

for all x\in \BbbR N .
Define Z : [ - \tau ,\infty )\times \BbbR N \rightarrow \BbbR by

Z(t, x) =w+(x) - M0e
\lambda (x1+ct) \forall (t, x)\in [ - \tau ,\infty )\times \BbbR N .

It follows from (4.2) that\left\{       
\partial Z

\partial t
(t, x)\leq d\Delta Z(t, x) + \kappa Zx1

 - \mu +Z(t, x)

+e - \delta \tau b+Z(t - \tau ,x+ \kappa \tau e1), (t, x)\in (0,\infty )\times \BbbR N ,
Z(t, x)\leq 0, (t, x)\in [ - \tau ,0]\times \BbbR N .

By applying the step arguments and the Phragm\'en--Lindel\"of type maximum principle
[23], we may obtain that Z(t, x)\leq 0 for all (t, x) \in [ - \tau ,\infty )\times \BbbR N . By letting t\rightarrow \infty ,
we easily get w+ = 0, a contradiction. This completes the proof.

4.4. Asymptotic propagation and spreading speed. In this subsection, we
shall turn our attention to (1.3) with general direction \nu and reorganize results of the
above three subsections to obtain propagation dynamics for (1.3). To this end, we
first note that the c\ast defined in (4.5) only depends on the limit equation with \mu + and
b+ and is independent of the direction \nu . In what follows, we will see this c\ast also
plays an important role for (1.3) with general direction \nu .

Theorem 4.10. Let u\varphi (t, x) be the solution of (1.3). Then the following state-
ments hold.

(i) Asymptotic extinction. If \varphi \in C+, then

lim
\alpha \rightarrow \infty 

(sup\{ u\varphi (t, x) : (t, x)\in \BbbR + \times \BbbR N with x \cdot \nu \leq \kappa t - \alpha , t\geq \alpha \} ) = 0.

Moreover, if \xi \in SN - 1 and \varphi (\cdot , x) is zero for all sufficiently positive x \cdot \xi , then

lim
t\rightarrow \infty 

\bigl[ 
sup\{ u\varphi (t, x) : (t, x)\in \BbbR + \times \BbbR N with x \cdot \xi \geq t(\varepsilon + c\ast )\} 

\bigr] 
= 0 \forall \varepsilon > 0.

Additionally, if \varphi has a compact support, then

lim
t\rightarrow \infty 

(sup\{ u\varphi (t, x) : | | x| | \geq t(c\ast + \varepsilon )\} ) = 0.

(ii) Upward convergence. If \varphi \in C+ \setminus \{ 0\} , \kappa < c\ast , and b+
\mu +
e - \delta \tau \leq e2, then, for

any \varepsilon \in (0,min\{ c\ast , c\ast  - \kappa \} ),

lim
\alpha \rightarrow \infty 

\biggl( 
sup

\biggl\{ \bigm| \bigm| \bigm| \bigm| u\varphi (t, x) - log

\biggl( 
b+e

 - \delta \tau 

\mu +

\biggr) \bigm| \bigm| \bigm| \bigm| : t\geq \alpha ,

\| x\| \leq t(c\ast  - \varepsilon ), x \cdot \nu \geq (\alpha + \kappa t)

\biggr\} \biggr) 
= 0.

Hence,

lim
t\rightarrow \infty 

\biggl( 
sup

\biggl\{ \bigm| \bigm| \bigm| \bigm| u\varphi (t, x) - log

\biggl( 
b+
\mu +

e - \delta \tau 
\biggr) \bigm| \bigm| \bigm| \bigm| : | | x| | 

\leq t(c\ast  - \varepsilon ), and x \cdot \nu \geq t(\varepsilon + \kappa )\} ) = 0.
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2904 TAISHAN YI, YURONG ZHANG, AND XINGFU ZOU

(iii) Existence and nonexistence. When \kappa > - c\ast and b+
\mu +
e - \delta \tau \leq e2, then (1.3)

has a forced wave w+(x  - \kappa \nu t) \in C+ \setminus \{ 0\} with limx\cdot \nu \rightarrow  - \infty w+(x) = 0 and
limx\cdot \nu \rightarrow \infty w+(x) = log( b+\mu +

e - \delta \tau ); while when \kappa < - c\ast , (1.3) has no nontrivial

waves of the form w+(x - \kappa \nu t) with speed \kappa .
(iv) Spreading phenomenon. If \varphi \in C+ \setminus \{ 0\} and | \kappa | < c\ast with either (\kappa = 0

and b+
\mu +
e - \delta \tau \leq e2) or (\kappa \not = 0 and b+e

 - \delta \tau 

\mu +
\leq 2e), then

lim
t\rightarrow \infty 

(sup\{ | u\varphi (t, x) - w+(x - \kappa \nu t)| : | | x| | \leq t(c\ast  - \varepsilon )\} ) = 0 \forall \varepsilon > 0.

(v) Uniformly extinction. If \kappa > c\ast and \varphi \in C+ \setminus \{ 0\} with \varphi (\cdot , x) being zero
for all sufficiently positive x \cdot \nu , then

lim
t\rightarrow \infty 

(sup\{ u\varphi (t, x) : x\in \BbbR N\} ) = 0.

Proof. Without loss of generality, we may assume \nu = e1. For any given \varphi \in C+,
we should realize that u\varphi (t, x) = w \~\varphi (t, x - \kappa e1t) for all (t, x) \in [ - \tau ,\infty )\times \BbbR N , where
\~\varphi (\theta ,x) =\varphi (\theta ,x+ \kappa \theta e1) \forall (\theta ,x)\in [ - \tau ,0]\times \BbbR N .

Clearly, (i) follows from Theorems 4.2--4.4, (ii) follows from Theorem 4.5, and (iii)
follows from Theorems 4.6--4.9.

(iv) To finish the proof, it suffices to prove that

lim
t\rightarrow \infty 

(sup\{ | w\varphi (t, x) - w+(x)| : | | x+ \kappa e1t| | \leq t(c\ast  - \varepsilon )\} ) = 0 \forall \varepsilon > 0,\varphi \in C+ \setminus \{ 0\} .

Suppose that \varphi \in C+ \setminus \{ 0\} , \gamma \in (0, log( b+e
 - \delta \tau 

\mu +
)), and let c = c\ast  - \varepsilon \forall \varepsilon > 0. Without

loss of generality, we may assume c > | \kappa | and \varphi \leq b+e
 - \delta \tau 

\mu +
. According to Theorems 4.2

and 4.5, we know that there exists \alpha 0 > 0 such that\left\{       
w+(x) +w\varphi (t, x)<\gamma \forall t, - x \cdot e1 \in [\alpha 0,\infty ),

| w+(x) - log
\Bigl( 
b+e

 - \delta \tau 

\mu +

\Bigr) 
| + | w\varphi (t, x) - log

\Bigl( 
b+e

 - \delta \tau 

\mu +

\Bigr) 
| <\gamma \forall t, x \cdot e1 \in [\alpha 0,\infty )

with | | x+ \kappa e1t| | \leq tc.

This leads to

| w+(x) - w\varphi (t, x)| <\gamma \forall t, | x \cdot e1| \in [\alpha 0,\infty ) with | | x+ \kappa e1t| | \leq tc.(4.6)

In view of the uniqueness of w+, we easily see w+(x) = w+(x1e1) := \phi +(x1)
for all x \in \BbbR N . Take \delta 0 = c\ast  - c

3 . Again, by applying Theorems 4.5, there exists
\alpha 1 >max\{ \alpha 0,

2
\delta 0
\} such that

w+(x), (w
\varphi )t(\cdot , x)\geq W0 :=

1

3
log

\biggl( 
b+e

 - \delta \tau 

\mu +

\biggr) 
\forall (t, x)\in \Omega \ast 

c+\delta 0,\alpha 1
.

Choose \phi \in C(\BbbR N , [0,W0]) \setminus \{ 0\} with

supp(\phi )\subseteq B1(e1 + \alpha 1e1) := \{ x\in \BbbR N : | | x - (1 + \alpha 1)e1| | < 1\} .

By Corollary 4.7, there exists \alpha 2 > 0 such that | | (w\psi )t(\cdot , x)  - w+(x)| | < \gamma for all
(t, x,\psi )\in [\alpha 2,\infty )\times [ - \alpha 0, \alpha 0]e1 \times C+ with \phi \leq \psi \leq b+

\mu +
e - \delta \tau .
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ON DIFFUSIVE NICHOLSON BLOWFLY EQUATION 2905

Let \alpha 3 = 2(1+\delta 0+c+| \kappa | )(1+\tau +\alpha 1+\alpha 2)
\delta 0

. According to the definition of \Omega \ast 
c+\delta 0,\alpha 1

, we
easily check that

(t, x)\in [\alpha 3,\infty )\times \BbbR N , | | x+ \kappa te1| | \leq ct, | x \cdot e1| \leq \alpha 0

(\~\theta , \~x)\in [ - \tau ,0]\times B1(e1 + \alpha 1e1)

\Biggr\} 
\Rightarrow (t+ \~\theta  - \alpha 2, x - x1e1 + \~x)\in \Omega \ast 

c+\delta 0,\alpha 1
.

This, together with the choice of \phi , implies that

(w\varphi )t - \alpha 2
(\cdot , \cdot + x - x1e1)\geq \phi \forall (t, x)\in [\alpha 3,\infty )\times \BbbR N

with | x1| \leq \alpha 0 and | | x+\kappa te1| | \leq ct. It follows from (4.2) and the choice of \alpha 2 that for
any (t, x)\in [\alpha 3,\infty )\times \BbbR N , with | x1| \leq \alpha 0 and | | x+ \kappa te1| | \leq ct, there holds

| | w\varphi (t, x) - w+(x)| | 
= | | w(w\varphi )t - \alpha 2 (\alpha 2, x) - w+(x)| | 
= | | w(w\varphi )t - \alpha 2 (\cdot ,\cdot +x - x1e1)(\alpha 2, x1e1) - w+(x1e1)| | <\gamma ,

which, together with (4.6), implies (iv).
(v) follows from Theorems 4.2 and 4.3 with \varepsilon = \kappa  - c\ast 

2 . This completes the
proof.

As a direct corollary, we easily obtain the propagation dynamics for (1.3) on \BbbR .

Corollary 4.11. Let u\varphi (t, x) be the solution of (1.3) with N = 1. Then the
following statements hold.

(i) If \varphi \in C+, then

lim
\alpha \rightarrow \infty 

(sup\{ u\varphi (t, x) : (t, x)\in \BbbR + \times \BbbR with x\leq \kappa t - \alpha , t\geq \alpha \} ) = 0.

Moreover, if \varphi (\cdot , x) is zero for all sufficiently positive x, then

lim
t\rightarrow \infty 

[sup\{ u\varphi (t, x) : (t, x)\in \BbbR + \times \BbbR with x\geq t(\varepsilon + c\ast )\} ] = 0 \forall \varepsilon > 0.

(ii) If \varphi \in C+ \setminus \{ 0\} , \kappa < c\ast , and b+
\mu +
e - \delta \tau \leq e2, then, for all \varepsilon \in (0,min\{ c\ast , c\ast  - \kappa \} ),

lim
\alpha \rightarrow \infty 

\biggl( 
sup

\biggl\{ \bigm| \bigm| \bigm| \bigm| u\varphi (t, x) - log

\biggl( 
b+
\mu +

e - \delta \tau 
\biggr) \bigm| \bigm| \bigm| \bigm| : t\geq \alpha ,\alpha + \kappa t\leq x\leq t(c\ast  - \varepsilon )

\biggr\} \biggr) 
= 0.

Hence,

lim
t\rightarrow \infty 

\biggl( 
sup

\biggl\{ \bigm| \bigm| \bigm| \bigm| u\varphi (t, x) - log

\biggl( 
b+
\mu +

e - \delta \tau 
\biggr) \bigm| \bigm| \bigm| \bigm| : t(\varepsilon + \kappa )\leq x\leq t(c\ast  - \varepsilon )

\biggr\} \biggr) 
= 0.

(iii) Equation (1.3) has forced waves w+(x - \kappa t)\in C+\setminus \{ 0\} with limx\rightarrow  - \infty w+(x) =
0 and limx\rightarrow \infty w+(x) = log( b+\mu +

e - \delta \tau ), when \kappa >  - c\ast and b+
\mu +
e - \delta \tau \leq e2. Also,

(4.2) has no nontrivial waves w+(x - \kappa t), when \kappa < - c\ast .
(iv) If \varphi \in C+ \setminus \{ 0\} and | \kappa | < c\ast with either (\kappa = 0 and b+

\mu +
e - \delta \tau \leq e2) or (\kappa \not = 0

and b+e
 - \delta \tau 

\mu +
\leq 2e), then

lim
t\rightarrow \infty 

(sup\{ | u\varphi (t, x) - w+(x - \kappa t)| : x\leq t(c\ast  - \varepsilon )\} ) = 0 \forall \varepsilon > 0.
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2906 TAISHAN YI, YURONG ZHANG, AND XINGFU ZOU

(v) If \kappa > c\ast and \varphi \in C+ \setminus \{ 0\} with \varphi (\cdot , x) being zero for all sufficiently positive
x, then

lim
t\rightarrow \infty 

(sup\{ u\varphi (t, x) : x\in \BbbR \} ) = 0.

Note that all of the above results are for the case (W-1). As mentioned in the
end of the introduction, by applying the mirror transform, the case (B-1) can be con-
verted to case (W-1), and accordingly, parallel conclusions can be drawn by applying
Theorem 4.10 for the case (B-1). This immediately leads to the following corollary.

Corollary 4.12. Assume that \mu (\cdot ) is increasing, b(\cdot ) is decreasing and (B-1)
holds, and let

c\ast  - = inf

\Biggl\{ 
\sigma \in \BbbR + : b - e

 - \delta \tau e - \sigma \tau \rho \leq \mu  - + \sigma \rho  - d\rho 2,\exists \rho \in 

\Biggl( 
0,
\sigma +

\sqrt{} 
\sigma 2 + 4d\mu 

2d

\Biggr) \Biggr\} 
.

If u\varphi (t, x) is the solution of (1.3), then the following statements hold:
(i) If \varphi \in C+, then

lim
\alpha \rightarrow \infty 

(sup\{ u\varphi (t, x) : (t, x)\in \BbbR + \times \BbbR N with x \cdot \nu \geq \kappa t+ \alpha , t\geq \alpha \} ) = 0.

If \xi \in SN - 1 and \varphi (\cdot , x) is zero for all sufficiently negative x \cdot \xi , then

lim
t\rightarrow \infty 

\bigl[ 
sup\{ u\varphi (t, x) : (t, x)\in \BbbR + \times \BbbR N with x \cdot \xi \leq  - t(\varepsilon + c\ast )\} 

\bigr] 
= 0 \forall \varepsilon > 0.

Additionally, if \varphi has a compact support, then

lim
t\rightarrow \infty 

(sup\{ u\varphi (t, x) : | | x| | \geq t(c\ast + \varepsilon )\} ) = 0.

(ii) If \varphi \in C+ \setminus \{ 0\} , \kappa > - c\ast  - , and
b - 
\mu  - 
e - \delta \tau \leq e2, then, for all \varepsilon \in (0,min\{ c\ast  - , c\ast  - +

\kappa \} ),

lim
\alpha \rightarrow \infty 

\biggl( 
sup

\biggl\{ \bigm| \bigm| \bigm| \bigm| u\varphi (t, x) - log

\biggl( 
b - 
\mu  - 

e - \delta \tau 
\biggr) \bigm| \bigm| \bigm| \bigm| : t\geq \alpha , | | x| | \leq t(c\ast  -  - \varepsilon ),

and x \cdot \nu \leq (\kappa t - \alpha )

\biggr\} \biggr) 
= 0.

Hence,

lim
t\rightarrow \infty 

\biggl( 
sup

\biggl\{ \bigm| \bigm| \bigm| \bigm| u\varphi (t, x) - log

\biggl( 
b - 
\mu  - 

e - \delta \tau 
\biggr) \bigm| \bigm| \bigm| \bigm| : | | x| | \leq t(c\ast  - \varepsilon ),

and x \cdot \nu \leq t(\kappa  - \varepsilon )

\biggr\} \biggr) 
= 0.

(iii) Equation (1.3) has forced waves w - (x  - \kappa \nu t) \in C+ \setminus \{ 0\} with limx\cdot \nu \rightarrow \infty 
w - (x) = 0 and limx\cdot \nu \rightarrow  - \infty w - (x) = log( b - \mu  - 

e - \delta \tau ), when \kappa < c\ast  - and b - 
\mu  - 
e - \delta \tau \leq 

e2. Also, (4.2) has no nontrivial waves w - (x - \kappa \nu t), when \kappa > c\ast  - .

(iv) If \varphi \in C+ \setminus \{ 0\} and | \kappa | < c\ast  - with either (\kappa = 0 and b - 
\mu  - 
e - \delta \tau \leq e2) or (\kappa \not = 0

and b - e
 - \delta \tau 

\mu  - 
\leq 2e), then

lim
t\rightarrow \infty 

(sup\{ | u\varphi (t, x) - w - (x - \kappa \nu t)| : | | x| | \leq t(c\ast  - \varepsilon )\} ) = 0 \forall \varepsilon > 0.

(v) If \kappa <  - c\ast  - and \varphi \in C+ \setminus \{ 0\} with \varphi (\cdot , x) is zero for all sufficiently negative
x \cdot \nu , then

lim
t\rightarrow \infty 

(sup\{ u\varphi (t, x) : x\in \BbbR N\} ) = 0.
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5. Discussion on ecological implications. In this section, we explore the
implications of the main results in Theorem 4.10 in terms of population spreading.
Since the parameter \varepsilon in Theorem 4.10 can be arbitrarily small, we can explain the
results more conveniently by letting \varepsilon \rightarrow 0. Then, by Theorem 4.10-(i)--(ii), for large t
(asymptotically), the population only persists in the time varying region \Omega n(t) given
by

\Omega n(t) = \{ x\in \BbbR n : | | x| | < c\ast t and x \cdot \nu > \kappa t\} .(5.1)

For the 1-D space \BbbR , this time dependent region becomes

\Omega 1(t) = \{ x\in \BbbR : | x| < c\ast t and x> \kappa t\} ,(5.2)

which is illustrated in Figure 1 for the cases (a) 0 < \kappa < c\ast ; (b)  - c\ast < \kappa < 0; (c)
\kappa < - c\ast . From the Figure 1, we can conveniently distinguish the three cases for \kappa as
below:

(1-a) For the case 0 < \kappa < c\ast , the population spreads to the right with speed c\ast 

with domain expansion rate c\ast  - \kappa .
(1-b) For the  - c\ast < \kappa < 0, the population spreads to both directions, with a right

speed c\ast and a left speed  - \kappa ; the domain expansion rate is still given by c\ast  - \kappa .
(1-c) For the cases \kappa <  - c\ast , the population spreads to both directions with the

same speed c\ast ; the domain expansion rate is 2c\ast .
For the 2-D space \BbbR 2, denoting \nu = (cos\theta 0, sin\theta 0), the time dependent persistence

region becomes

\Omega 2(t) = \{ (x, y)\in \BbbR : x2 + y2 < c\ast t and x cos\theta 0 + y sin\theta 0 >\kappa t\} .(5.3)

For convenience of demonstration and yet without loss of generality, we choose \nu =
e1 = (1,0); accordingly, we illustrate the corresponding \Omega 2(t) in Figure 2, also for the
three cases (a) 0< \kappa < c\ast ; (b)  - c\ast < \kappa < 0; and (c) \kappa < - c\ast . From Figure 2, we can
observe the following:

(2-a) For the case 0 < \kappa < c\ast , the population spreads with speed c\ast in every
direction \theta between  - \^\theta and \^\theta where \^\theta = arccos(\kappa /c\ast ); the population does
not spread in other directions. Moreover, by calculating the area of the shaded
region, we can obtain a time dependent domain expansion rate as

2t
\Bigl[ 
(c\ast )2 arccos

\Bigl( \kappa 
c\ast 

\Bigr) 
 - \kappa 
\sqrt{} 

(c\ast )2  - \kappa 2
\Bigr] 
.

x

t

x = κt
x = c∗t

Ω1(t) = (κt, c∗t)

(a) 0 < κ < c∗.

x

t

x = κt

x = c∗t

x = c∗t

Ω1(t) = (κt, c∗t)

(b) −c∗ < κ < 0.

x

t

x = −c∗t x = c∗t

x = κt

Ω1(t) = (−c∗t, c∗t)

(c) κ < −c∗.

Fig. 1. Time varying persistence region \Omega 1(t) for the 1-D space, demonstrated by the solid bold
line on x-axis.
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x

y
c∗t

c∗t

*
R(t)

*
r(t)

θθ̂

-θ̂
κt

(a) 0 < κ < c∗.

x

y
c∗t

c∗t

r(t)
* *

R(t)

θ1

θ̂

θ1
θ2

κt

(b) −c∗ < κ < 0.

x

y
c∗t

c∗tκt

*
R(t)

θ

(c) κ < −c∗.

Fig. 2. When the direction v = e1 = (1,0), time varying existence region \Omega 2(t) for the 2-D
space is demonstrated by the shaded portion inside the circle with radius c\ast t.

(2-b) For the case  - c\ast <\kappa < 0, we present the following:
(i) The population spreads with the same speed c\ast in every direction \theta 1 between

 - \^\theta and \^\theta where \^\theta = \pi  - arccos(| \kappa | /c\ast ).
(ii) In every direction \theta 2 \in ( - \pi , - \^\theta ) \cup (\^\theta ,\pi ), the population also spreads but

with a direction dependent speed c(\theta 2) = | \kappa | / cos\theta 2.
(iii) The domain expansion rate is also time dependent and is given by

2t
\Bigl[ 
(c\ast )2 arccos

\Bigl( \kappa 
c\ast 

\Bigr) 
+ | \kappa | 

\sqrt{} 
(c\ast )2  - \kappa 2

\Bigr] 
,

where arccos
\bigl( 
\kappa 
c\ast 

\bigr) 
> \pi 

2 .
(2-c) For the cases \kappa < - c\ast , the population spreads with the same speed c\ast in all

directions and the habitat domain expands at the rate 2\pi (c\ast )2t.
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