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A B S T R A C T

Human immunodeficiency virus (HIV) can persist in infected individuals despite prolonged antiretroviral
therapy and it may spread through two modes: virus-to-cell and cell-to-cell transmissions. Understanding viral
infection dynamics is pivotal for elucidating HIV pathogenesis. In this study, we incorporate the loss term of
virions, and both virus-to-cell and cell-to-cell infection modes into a within-host HIV model, which also takes
into consideration the proliferation of healthy target cells stimulated by free viruses. By constructing suitable
Lyapunov function and applying geometric methods, we establish global stability results of the infection free
equilibrium and the infection persistent equilibrium, respectively. Our findings highlight the crucial role of
the basic reproduction number in the threshold dynamics. Moreover, we use the loss rate of virions as the
bifurcation parameter to investigate stability switches of the positive equilibrium, local Hopf bifurcation, and
its global continuation. Numerical simulations validate our theoretical results, revealing rich viral dynamics
including backward bifurcation, saddle–node bifurcation, and bistability phenomenon in the sense that the
infection free equilibrium and a limit cycle are both locally asymptotically stable. These insights contribute to
a deeper understanding of HIV dynamics and inform the development of effective therapeutic strategies.
1. Introduction

As the pathogenic agent of the acquired immunodeficiency syn-
drome (AIDS), human immunodeficiency virus (HIV) has always been a
considerable public health issue and widely spread around the world.
More than 40 million people have lost their lives for HIV so far and
there were an estimated 39 million people living with HIV at the end
of 2022 [1]. It is well known that HIV invades the immune system and
attacks the immune cells, such as CD4+ T cells, which is the main driver
of the immune response. To protect people from such sufferings, more
and more scholars dedicate on the study of finding effective strategies
for HIV prevention and treatment in their research fields [2–5].

In the past few decades, a great deal of mathematical models have
been established to explore the effects of HIV on human immune
system and characterize the mechanisms of HIV transmission [6–11].
In [6], a within-host infection model consisting of three compartments:
uninfected target cells, infected cells and free viruses was introduced to
explore the interaction between cells and viruses. A few more complex
models were also constructed to figure out the biological process of HIV
dissemination under therapy strategies. Immune system plays a crucial
role in resisting viral invasion, Nowak and Bangham [7] established a
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standard within-host model considering the CTL immune response to
examine the effects of individual variation in immune responsiveness
on virus load and diversity. They discovered a nonintuitive result that
strong and weak responders would be different in viral particles but
many have similar levels of CTL response. On the basis of these classic
models, time delays were incorporated into the biological models to
examine the delay effects on viral dynamics [12]. The results suggested
that time delays can induce Hopf bifurcation and sustained oscilla-
tions. Multiple HIV infection models were proposed to investigate the
efficiencies of highly active antiretroviral therapy (HAART) on viral
decay [13]. The conclusions showed that HIV cannot be eradicated
and persist with a low level for many years under such treatment
strategies. Great efforts have also been implemented to investigate the
viral kinetics of other epidemics, such as HBV and HCV [14–16].

The classical HIV models [6,7] only consider the virus-to-cell trans-
mission and healthy target cells are only infected by free viruses.
However, an increasing number of works have revealed that another
mode called cell-to-cell transmission also plays a significant role in
HIV infection [2,3,17,18]. During this infection process, viral particles
are transferred directly from an infected source cell to a susceptible
https://doi.org/10.1016/j.mbs.2024.109302
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target cell through the formation of virological synapses [19]. By using
mathematical analysis and calculation, Dixit and Perelson [20] discov-
ered that genetic diversities are produced more rapidly by sequential
infection than simultaneous infection via cell-to-cell transmission. To
measure the relative contribution of both two infection modes on the
growth of virions, Komarova et al. [21] fitted the existing model to
experimental data and showed that the contributions of these two
modes are comparable. In [22], Lai and Zou identified that the basic
reproduction number of the proposed HIV-1 model are weighted by
both virus-to-cell and cell-to-cell infection pathways. A general dis-
tributed delayed viral infection model involving these two transmission
mechanisms were proposed to investigate the global stability dynamics
and Hopf bifurcation [23].

In the majority prior mathematical models, the loss of virions when
they access the healthy cells in the infection process was usually
ignored. However, some existing works revealed that loss term of free
viruses could have considerable biological interpretations [24–26]. The
basic reproduction number, viral dynamics and the infected equilib-
rium change greatly between the omission and inclusion of the virus
loss under certain conditions in [26]. HIV-induced immune activation
may trigger the proliferation of immune cells and lead to the recruit-
ment of CD4+ T cells [27,28]. During the early stages of infection, HIV
an trigger immune activation and inflammation, potentially leading to
he production of cytokines such as Interleukin 2 (IL-2) and Interleukin

(IL-7). It has been suggested in [29,30] that treating with IL-2 and
L-7 can replenish the naïve CD4+ T cell pool, thereby contributing

to an increase in naïve CD4+ T cell count. The T cells grow after
encountering specific antigens [6,31], and once activated, they can
stimulate other T cells regardless of their specificity to HIV [32]. A
nonlinear term 𝑟𝑇 𝑉 ∕(𝐶+𝑉 ) is commonly used to characterize the HIV-
stimulated proliferation of CD4+ T cells [28,32–34]. Motivated by the
earlier works, a viral infection model incorporating two transmission
modes, viral loss dynamics and the proliferation of healthy target cells
stimulated by free viruses are constructed as follows:

𝑇 ′(𝑡) = 𝑠 − 𝜇1𝑇 (𝑡) +
𝑟𝑇 (𝑡)𝑉 (𝑡)
𝑐 + 𝑉 (𝑡)

− 𝛽1𝑇 (𝑡)𝑉 (𝑡) − 𝛽2𝑇 (𝑡)𝐼(𝑡),

𝐼 ′(𝑡) = 𝛽1𝑇 (𝑡)𝑉 (𝑡) + 𝛽2𝑇 (𝑡)𝐼(𝑡) − 𝜇2𝐼(𝑡),

𝑉 ′(𝑡) = 𝑘𝐼(𝑡) − 𝜇3𝑉 (𝑡) − 𝛼𝑇 (𝑡)𝑉 (𝑡).

(1.1)

Here, 𝑇 (𝑡), 𝐼(𝑡) and 𝑉 (𝑡) are the concentrations of uninfected target
cells, actively infected cells, and free viruses at time 𝑡, respectively.
The healthy cells are produced from sources within the body, such as
the thymus, at a constant rate 𝑠, die at a per capita rate 𝜇1, and are
infected by free viruses and infected cells at a rate of 𝛽1𝑇𝑉 and 𝛽2𝑇 𝐼 ,
respectively. The parameter 𝑟 denotes the maximal proliferation rate
and 𝑐 is the half saturation constant of the proliferation process. The
viral particles are generated by infected cells at a rate 𝑘𝐼 . Parameters 𝜇2
and 𝜇3 are the per capita death rates of infected cells and free viruses,
respectively. The bilinear term 𝛼𝑇𝑉 describes the loss term of virions
when they encounter uninfected target cells. All parameters of model
(1.1) are assumed to be positive.

We arrange the rest of this paper as follows. In Section 2, we present
preliminary results interpreting the nonnegativity and boundedness of
the solutions of (1.1), as well as the existence conditions of equilib-
ria. Local and global asymptotic stability analyses of equilibria are
formulated in Section 3. In Section 4, we explore the effects of two
key parameters on the stability dynamics and conduct Hopf bifurcation
examination. Numerical simulations are carried out to show the appli-
cability of our theoretical results and reveal rich bifurcation dynamics
in Section 5. Finally, we briefly summarize the main results and discuss
future work in Section 6.

2. Preliminaries and basic dynamics

In this section, we investigate the well-posedness of model (1.1).
Let 𝜙(𝑡, 𝑡0, 𝜙0) be the solution of (1.1) with the initial condition 𝜙0 =
(𝑇 , 𝐼 , 𝑉 ) ∈ R3 at 𝑡 = 𝑡 .
0 0 0 + 0

2 
Theorem 2.1. System (1.1) with nonnegative initial condition 𝜙0 at 𝑡 = 𝑡0
admits a unique global solution 𝜙(𝑡, 𝑡0, 𝜙0) that is nonnegative for 𝑡 ≥ 0.
Furthermore, if 𝑟 < (

√

𝜇1 +
√

𝛽1𝑐)2, then solutions are ultimately uniformly
ounded in R3

+.

roof. The local existence and uniqueness of the solution follow from
he standard theory of ordinary differential equations. The nonneg-
tiveness of the solution can be proved by a simple contradictory
rgument.

Now, we denote by 𝑡𝑚𝑎𝑥 > 0 the largest time for the existence of
olution; namely, the solution exists for all 𝑡 ∈ [0, 𝑡𝑚𝑎𝑥), and either
𝑡𝑚𝑎𝑥 = ∞ or the solution blows up as 𝑡 → 𝑡−𝑚𝑎𝑥. We claim that the second
case is impossible. Otherwise, assuming 𝑡𝑚𝑎𝑥 < ∞, we obtain from the
nonnegativeness of the solution and a linear combination of the three
equations in (1.1) that

𝑇 ′(𝑡) + 𝐼 ′(𝑡) + 𝑉 ′(𝑡) ≤ 𝑠 + 𝑟𝑇 (𝑡) + 𝑘𝐼(𝑡)

≤ 𝑠 + (𝑟 + 𝑘)[𝑇 (𝑡) + 𝐼(𝑡) + 𝑉 (𝑡)],

which implies 𝑇 (𝑡) + 𝐼(𝑡) + 𝑉 (𝑡) are uniformly bounded by a constant
epending on the initial values and 𝑡𝑚𝑎𝑥 for all 𝑡 ∈ [0, 𝑡𝑚𝑎𝑥), a contra-

diction to the assumption that 𝑇 (𝑡) + 𝐼(𝑡) + 𝑉 (𝑡) → ∞ as 𝑡 → 𝑡−𝑚𝑎𝑥. This
roves the global existence of the solution.

Assume 𝑟 < 𝑟̆ ∶= (
√

𝜇1 +
√

𝛽1𝑐)2. Define 𝑔1(𝑉 ) = 𝑟𝑉 ∕(𝑐 + 𝑉 ) − 𝛽1𝑉 .
bviously,

ax
𝑉 ≥0

𝑔1(𝑉 ) =

{

0, 𝑟 ∈ (0, 𝛽1𝑐],
(
√

𝑟 −
√

𝛽1𝑐)2, 𝑟 ∈ (𝛽1𝑐, 𝑟̆).

enote 𝜇̂1 = 𝜇1 − max𝑉 ≥0 𝑔1(𝑉 ), then

̂1 =

{

𝜇1, 𝑟 ∈ (0, 𝛽1𝑐],
𝜇1 − (

√

𝑟 −
√

𝛽1𝑐)2, 𝑟 ∈ (𝛽1𝑐, 𝑟̆).

ince 𝑟 < 𝑟̆, we have 𝜇̂1 > 0. It then follows from the first equation of
1.1) that
′(𝑡) = 𝑠 − 𝜇1𝑇 + 𝑔1(𝑉 )𝑇 − 𝛽2𝑇 𝐼 ≤ 𝑠 − 𝜇̂1𝑇 .

hus, lim sup𝑡→∞ 𝑇 (𝑡) ≤ 𝑇 ∶= 𝑠
𝜇̂1

. There exists 𝑡1 > 0 such that 𝑇 (𝑡) <

𝑇 + 1 for all 𝑡 ≥ 𝑡1. Adding the first two equations of (1.1) gives

(𝑇 (𝑡) + 𝐼(𝑡))′ = 𝑠 − 𝜇1𝑇 (𝑡) +
𝑟𝑇 (𝑡)𝑉 (𝑡)
𝑐 + 𝑉 (𝑡)

− 𝜇2𝐼(𝑡)

≤ 𝑠 + 𝑟(𝑇 + 1) − min{𝜇1, 𝜇2}(𝑇 (𝑡) + 𝐼(𝑡)),

or all 𝑡 ≥ 𝑡1. Then lim sup𝑡→∞(𝑇 (𝑡)+𝐼(𝑡)) ≤ 𝐼 ∶= 𝑠+𝑟(𝑇+1)
min{𝜇1 ,𝜇2}

. Hence, there
exists 𝑡2 > 𝑡1 such that 𝑇 (𝑡) + 𝐼(𝑡) < 𝐼 + 1 for all 𝑡 ≥ 𝑡2. This, together
with the third equation of (1.1), implies that 𝑉 ′(𝑡) ≤ 𝑘(𝐼 + 1) − 𝜇3𝑉 (𝑡)
for all 𝑡 ≥ 𝑡2. Hence, lim sup𝑡→∞ 𝑉 (𝑡) ≤ 𝑉 ∶= 𝑘(𝐼+1)

𝜇3
. The proof is

completed. □

System (1.1) admits a unique infection free equilibrium (IFE) 𝐸0 =
(𝑇0, 0, 0), where 𝑇0 = 𝑠∕𝜇1. It may also have infection persistent
equilibrium (IPE) 𝐸∗ = (𝑇 ∗, 𝐼∗, 𝑉 ∗), where 𝑇 ∗ is the unique positive
zero of the quadratic polynomial

𝑓 (𝑇 ) = 𝛼𝛽2𝑇
2 + (𝑘𝛽1 + 𝜇3𝛽2 − 𝜇2𝛼)𝑇 − 𝜇2𝜇3, (2.1)

iven by

∗ =
𝜇2𝛼 − 𝑘𝛽1 − 𝜇3𝛽2 +

√

(𝑘𝛽1 + 𝜇3𝛽2 − 𝜇2𝛼)2 + 4𝛼𝛽2𝜇2𝜇3
2𝛼𝛽2

,

nd 𝑉 ∗ is the positive zero of another quadratic polynomial

𝑔(𝑉 ) = 𝑉 2 +
(

𝑝1 − 𝑝2 + 𝑐
)

𝑉 + 𝑝1𝑐, (2.2)

here

1 =
𝑘𝜇1(𝑇 ∗ − 𝑇0) , 𝑝2 =

𝑘𝑟𝑇 ∗
.

𝜇2(𝜇3 + 𝛼𝑇 ∗) 𝜇2(𝜇3 + 𝛼𝑇 ∗)
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It follows from the third equation of (1.1) that

𝐼∗ =
(𝜇3 + 𝛼𝑇 ∗)𝑉 ∗

𝑘
. (2.3)

Denote

𝑅(𝑇 ) =
𝑘𝛽1𝑇

𝜇2(𝜇3 + 𝛼𝑇 )
+

𝛽2𝑇
𝜇2

,

then we can conclude from the expression of 𝑇 ∗ that 𝑅(𝑇 ∗) = 1. Using
the next generation matrix method, the basic reproduction number of
(1.1) can be directly calculated as follows:

𝑅0 = 𝑅(𝑇0) =
𝑘𝛽1𝑠

𝜇2(𝜇1𝜇3 + 𝛼𝑠)
+

𝛽2𝑠
𝜇1𝜇2

. (2.4)

Note that 𝑓 (𝑇0) = 𝜇2(𝜇3 + 𝛼𝑇0)(𝑅0 − 1) and 𝑓 (𝑇 ∗) = 0. Integrating these
equations with 𝑝1 leads to

Sign{𝑝1} = Sign{𝑇 ∗ − 𝑇0} = Sign{1 − 𝑅0}. (2.5)

Next, we study the existence of the IPE. If 𝑅0 > 1, that is 𝑝1 < 0, 𝑔(𝑉 )
ossesses a unique positive zero, then model (1.1) admits a unique IPE
∗. If 𝑅0 = 1, then there exists a unique 𝐸∗ if and only if 𝑟 > 𝑟̄, where

̄ =
𝑐𝜇2(𝜇3 + 𝛼𝑇 ∗)

𝑘𝑇 ∗ > 𝛽1𝑐. (2.6)

If 𝑅0 < 1, then model (1.1) have two IPE following 𝐸∗
1 = (𝑇 ∗, 𝐼∗1 , 𝑉

∗
1 )

and 𝐸∗
2 = (𝑇 ∗, 𝐼∗2 , 𝑉

∗
2 ), provided that 𝑝1 − 𝑝2 + 𝑐 < 0 and 𝑝̄ = (𝑝1 − 𝑝2 +

𝑐)2 − 4𝑝1𝑐 > 0, where

𝑉 ∗
1 =

𝑝2 − 𝑝1 − 𝑐 +
√

𝑝̄
2

, 𝑉 ∗
2 =

𝑝2 − 𝑝1 − 𝑐 −
√

𝑝̄
2

. (2.7)

Additionally, a convergence of these two IPE occurs when 𝑝̄ = 0, which
s equivalent to 𝑅0 = 1 − 𝜉, where

𝜉 =
𝜇2𝜇3 + 𝛼𝛽2𝑇0𝑇 ∗

𝜇1𝜇2(𝜇3 + 𝛼𝑇0)

(

√

𝑟 −
√

𝑟̄
)2

. (2.8)

For convenience, we also denote

̂ ∶=
⎛

⎜

⎜

⎝

√

𝑟̄ +

√

𝜇1𝜇2(𝜇3 + 𝛼𝑇0)
𝜇2𝜇3 + 𝛼𝛽2𝑇0𝑇 ∗

⎞

⎟

⎟

⎠

2

> 𝑟̄. (2.9)

It then follows that 𝜉 ≥ 1 when 𝑟 ≥ 𝑟̂ and 𝜉 ∈ (0, 1) when 𝑟 ∈ (𝑟̄, 𝑟̂).
The existence of equilibria of model (1.1) can be categorized as

follows.

Lemma 2.1. Let 𝑅0, 𝑟̄, 𝜉, and 𝑟̂ be defined in (2.4), (2.6), (2.8), and
(2.9), respectively. Considering system (1.1), the IFE 𝐸0 always exists.

(i) Assume 𝑟 ≤ 𝑟̄. If 𝑅0 ≤ 1, then the IFE 𝐸0 is the unique equilibrium.
If 𝑅0 > 1, then besides 𝐸0, system (1.1) admits a unique IPE 𝐸∗.

(ii) Assume 𝑟 ∈ (𝑟̄, 𝑟̂). If 𝑅0 < 1 − 𝜉, then the IFE 𝐸0 is the unique
equilibrium. If 𝑅0 ∈ (1 − 𝜉, 1), then besides 𝐸0, system (1.1) admits
two IPE 𝐸∗

1 = (𝑇 ∗, 𝐼∗1 , 𝑉
∗
1 ) and 𝐸∗

2 = (𝑇 ∗, 𝐼∗2 , 𝑉
∗
2 ) with 𝑉 ∗

1 > 𝑉 ∗
2 . If

either 𝑅0 = 1 − 𝜉 or 𝑅0 ≥ 1, then besides 𝐸0, system (1.1) admits a
unique IPE.

(iii) Assume 𝑟 ≥ 𝑟̂. If 𝑅0 < 1, then besides 𝐸0, system (1.1) admits two
IPE 𝐸∗

1 = (𝑇 ∗, 𝐼∗1 , 𝑉
∗
1 ) and 𝐸∗

2 = (𝑇 ∗, 𝐼∗2 , 𝑉
∗
2 ) with 𝑉 ∗

1 > 𝑉 ∗
2 . If

𝑅0 ≥ 1, then besides 𝐸0, system (1.1) admits a unique IPE.

3. Stability analysis

3.1. Stability analysis of the IFE

We now explore the stability of the IFE 𝐸0. By analyzing the root
distribution in the characteristic equation and employing the center
manifold theory, we establish the local asymptotic stability of 𝐸0.

Theorem 3.1. Consider system (1.1).

(i) If 𝑅 < 1, then the IFE 𝐸 is locally asymptotically stable.
0 0 (

3 
(ii) If 𝑅0 > 1, then the IFE 𝐸0 is unstable.
(iii) If 𝑅0 = 1, then the IFE 𝐸0 is locally asymptotically stable when 𝑟 ≤ 𝑟̄,

but 𝐸0 is unstable when 𝑟 > 𝑟̄.

Proof. Linearizing system (1.1) at 𝐸0 = (𝑇0, 0, 0) gives the characteristic
equation (𝜆 + 𝜇1)𝐹0(𝜆) = 0 with

𝐹0(𝜆) = 𝜆2 +
(

𝑘𝛽1𝑇0
𝜇3 + 𝛼𝑇0

+ 𝜇3 + 𝛼𝑇0 − 𝜇2(𝑅0 − 1)
)

𝜆

− 𝜇2(𝜇3 + 𝛼𝑇0)(𝑅0 − 1).

f 𝑅0 > 1, then there exists a positive eigenvalue, indicating that 𝐸0
s unstable. If 𝑅0 < 1, then all eigenvalues have negative real parts,
hus 𝐸0 is locally asymptotically stable. If 𝑅0 = 1, then there are two

negative eigenvalues and a simple eigenvalue of 0. We can then analyze
the local stability of 𝐸0 using the center manifold theory and normal
form. Let

𝜔(𝑡) = (𝜔1(𝑡), 𝜔2(𝑡), 𝜔3(𝑡))𝑇 = (𝑇 (𝑡) − 𝑇0, 𝐼(𝑡), 𝑉 (𝑡))𝑇 ,

hen model (1.1) can be rewritten as

𝜔̇ = 𝐴𝜔 + 𝐹 (𝜔), (3.1)

here

=
⎛

⎜

⎜

⎝

−𝜇1 −𝛽2𝑇0 𝑟𝑇0∕𝑐 − 𝛽1𝑇0
0 −𝜇2 + 𝛽2𝑇0 𝛽1𝑇0
0 𝑘 −𝜇3 − 𝛼𝑇0

⎞

⎟

⎟

⎠

,

nd

(𝜔) =

⎛

⎜

⎜

⎜

⎝

−𝛽1𝜔1𝜔3 − 𝛽2𝜔1𝜔2 +
𝑟𝜔3(𝑐𝜔1 − 𝑇0𝜔3)

𝑐(𝑐 + 𝜔3)
𝛽1𝜔1𝜔3 + 𝛽2𝜔1𝜔2

−𝛼𝜔1𝜔3

⎞

⎟

⎟

⎟

⎠

.

he right and left eigenvectors of the linear matrix 𝐴 with respect to
= 0 are 𝑞 = (𝑞1, 𝑞2, 1)𝑇 and 𝑞∗ = 𝑄(0, 1, 𝑞∗3 ), respectively, and

𝑞1 =
𝑘𝑟𝑇0 − 𝑐𝜇2(𝜇3 + 𝛼𝑇0)

𝑐𝑘𝜇1
, 𝑞2 =

𝜇3 + 𝛼𝑇0
𝑘

,

𝑄 = 𝑘
𝜇2 − 𝛽2𝑇0 + 𝜇3 + 𝛼𝑇0

, 𝑞∗3 =
𝜇2 − 𝛽2𝑇0

𝑘
,

(3.2)

here the constant 𝑄 is chosen such that the inner product ⟨𝑞∗, 𝑞⟩ = 1.
ince 𝑅0 = 1, we obtain from (2.4) that

2 − 𝛽2𝑇0 =
𝑘𝛽1𝑇0

𝜇3 + 𝛼𝑇0
> 0,

nd consequently, 𝑄 > 0 and 𝑞∗3 > 0. Following [35, Section 5.4.1],
e let 𝜔 = 𝑥𝑞 + 𝑦 such that ⟨𝑞∗, 𝑦⟩ = 0, where 𝑥 = ⟨𝑞∗, 𝜔⟩ is small,
nd 𝑦 = 𝑎𝑥2 + 𝑂(𝑥3) with 𝑎 = (𝑎1, 𝑎2, 𝑎3)𝑇 ; see [36, Theorem 2.12.1].
ince 𝑤3 > 0 for all 𝑡 > 0, we have 𝑥 > 0 for all 𝑡 > 0. By taking
erivatives with respect to 𝑡, we obtain from (3.1), 𝐴𝑞 = 0 and 𝑞∗𝐴 = 0
hat 𝑥̇ = ⟨𝑞∗, 𝜔̇⟩ = ⟨𝑞∗, 𝐹 (𝑥𝑞 + 𝑦)⟩. A simple calculation gives the normal
orm

̇ =
𝑘𝛽1𝜇3 + 𝛽2(𝜇3 + 𝛼𝑇0)2

𝑘𝛽1𝑇0 + (𝜇3 + 𝛼𝑇0)2
𝑞1𝑥

2 +𝑄𝜑𝑥 + 𝑂(𝑥4)

with 𝜑 = (𝛽1−𝑞∗3𝛼)(𝑞1𝑦3+𝑦1)+𝛽2(𝑞1𝑦2+𝑞2𝑦1) = 𝑂(𝑥2). If 𝑞1 < 0, then the
FE 𝐸0 is locally asymptotically stable. If 𝑞1 > 0, then 𝐸0 is unstable.

Now, we consider the critical case 𝑞1 = 0. Since 𝑦1 = 𝑎1𝑥2 + 𝑂(𝑥3),
e have

̇ =
𝑘𝛽1𝜇3 + 𝛽2(𝜇3 + 𝛼𝑇0)2

𝑘(𝜇3 + 𝛼𝑇0)
𝑄𝑎1𝑥

3 + 𝑂(𝑥4). (3.3)

he stability of 𝑥 is determined by the sign of 𝑎1. To compute 𝑎1, we
irst note from 𝑦 = 𝑎𝑥2 + 𝑂(𝑥3) and 𝑥̇ = 𝑂(𝑥3) that 𝑦̇ = 𝑂(𝑥4). Then, we
btain from 𝑦 = 𝑤 − 𝑥𝑞 = 𝑤 − ⟨𝑞∗, 𝜔⟩𝑞 and (3.1) that

𝑦̇ = 𝜔̇ − ⟨𝑞∗, 𝜔̇⟩𝑞 = 𝐴𝑦 + 𝐹 (𝑥𝑞 + 𝑦) − ⟨𝑞∗, 𝐹 (𝑥𝑞 + 𝑦)⟩𝑞.

ince 𝑞1 = 0, we further calculate 𝑦̇ = (𝐴𝑎 + 𝜌)𝑥2 + 𝑂(𝑥3) with 𝜌 =
−𝑟𝑇 ∕𝑐2, 0, 0)𝑇 . Coupling this with 𝑦̇ = 𝑂(𝑥4) yields 𝐴𝑎 + 𝜌 = 0. Recall
0
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that 𝐴 is not invertible and 𝐴𝑞 = 0, where 𝑞 = (𝑞1, 𝑞2, 1)𝑇 with 𝑞1 = 0.
particular solution to the equation 𝐴𝑢 + 𝜌 = 0 is 𝑢 = (𝑢1, 0, 0)𝑇 with

1 = −𝑟𝑇0∕(𝑐2𝜇1) < 0. The general solution to the equation 𝐴𝑎+𝜌 = 0 is
iven by 𝑎 = 𝑢 + 𝑐0𝑞 with 𝑐0 being an arbitrary constant. Since 𝑞1 = 0,
e have 𝑎1 = 𝑢1 + 𝑐0𝑞1 = −𝑟𝑇0∕(𝑐2𝜇1) < 0. Substituting this term into

3.3) yields

̇ = −
𝑄𝑟𝑇0

[

𝑘𝛽1𝜇3 + 𝛽2(𝜇3 + 𝛼𝑇0)2
]

𝑘𝑐2𝜇1(𝜇3 + 𝛼𝑇0)
𝑥3 + 𝑂(𝑥4),

which implies that 𝐸0 is locally asymptotically stable.
Finally, we come back to the case 𝑞1 ≠ 0. Note from (2.5), (2.6)

nd (3.2) that 𝑇 ∗ = 𝑇0 and Sign{𝑞1} = Sign{𝑟 − 𝑟̄}. Therefore, 𝐸0 is
locally asymptotically stable if 𝑟 ≤ 𝑟̄ and unstable if 𝑟 > 𝑟̄. The proof is
completed. □

By employing the LaSalle invariance principle, we proceed to ana-
lyze the global asymptotic stability of the IFE 𝐸0.

heorem 3.2. Assume that 𝑟 ≤ 𝛽1𝑐 and 𝑅0 ≤ 1, then the IFE 𝐸0 is
globally asymptotically stable in R3

+.

Proof. Since 𝑟 ≤ 𝛽1𝑐, we obtain from the nonnegativeness of the
solution and the first equation in (1.1) that 𝑇 ′(𝑡) ≤ 𝑠−𝜇1𝑇 (𝑡). It follows
from the comparison principle that

lim sup
𝑡→∞

𝑇 (𝑡) ≤ 𝑠
𝜇1

= 𝑇0.

ow, we restrict (1.1) on the invariant set 𝐷 ∶= [0, 𝑇0] × [0,∞) × [0,∞)
and construct the Lyapunov function

𝐿(𝑢1, 𝑢2, 𝑢3) = 𝑢1 − 𝑇0 ln 𝑢1 + (1 +
𝛼𝑇0
𝜇3

)𝑢2 +
𝛽1𝑇0
𝜇3

𝑢3

for 𝑢 = (𝑢1, 𝑢2, 𝑢3) ∈ 𝐷. Let {𝑇 (𝑡), 𝐼(𝑡), 𝑉 (𝑡)} be any solution of (1.1) in
𝐷. A simple calculation yields

𝐿̇(𝑇 , 𝐼, 𝑉 ) = 𝜇1

(

1 −
𝑇0
𝑇

)

(𝑇0 − 𝑇 ) + 𝑟𝑉
𝑐 + 𝑉

(𝑇 − 𝑇0)

+
(

𝛼𝛽2𝑇0𝑇
𝜇3

+ 𝛽2𝑇0 +
𝑘𝛽1𝑇0
𝜇3

− 𝜇2 −
𝛼𝜇2𝑇0
𝜇3

)

𝐼.

We obtain from 𝑇 ≤ 𝑇0 and (1 − 𝑇0∕𝑇 )(𝑇0 − 𝑇 ) ≤ 0 that

̇ (𝑇 , 𝐼, 𝑉 ) ≤
(

𝛽2𝑇0(𝜇3 + 𝛼𝑇0) + 𝑘𝛽1𝑇0
𝜇3

− 𝜇2 −
𝛼𝜇2𝑇0
𝜇3

)

𝐼.

Since

𝑅0 =
𝑘𝛽1𝑇0

𝜇2(𝜇3 + 𝛼𝑇0)
+

𝛽2𝑇0
𝜇2

≤ 1,

e have
𝛽2𝑇0(𝜇3 + 𝛼𝑇0) + 𝑘𝛽1𝑇0

𝜇3
≤

𝜇2(𝜇3 + 𝛼𝑇0)
𝜇3

= 𝜇2 +
𝛼𝜇2𝑇0
𝜇3

,

nd hence 𝐿̇(𝑇 , 𝐼, 𝑉 ) ≤ 0. It then follows from LaSalle invariance
rinciple that 𝐸0 = (𝑇0, 0, 0) is globally attractive in 𝐷. Given any

nonnegative initial value, by [37, Lemma 1.2.1], the corresponding
omega limit set is internally chain transitive. Since 𝐷 absorbs this initial
value and contains its omega limit set, we obtain from [37, Theorem
1.2.1] that 𝐸0 attracts all solutions initiating from nonnegative initial
values. This together with the local asymptotic stability of 𝐸0 implies
that 𝐸0 is globally asymptotically stable. □

3.2. Stability analysis of the IPE

We next investigate the stability of the IPE. The Jacobian matrix of
(1.1) at 𝐸∗ = (𝑇 ∗, 𝐼∗, 𝑉 ∗) is

𝐽 ∗ =

⎛

⎜

⎜

⎜

𝜁 −𝛽2𝑇 ∗ 𝑟𝑐𝑇 ∗

(𝑐 + 𝑉 ∗)2
− 𝛽1𝑇 ∗

𝛽1𝑉 ∗ + 𝛽2𝐼∗ −𝜇2 + 𝛽2𝑇 ∗ 𝛽1𝑇 ∗

∗ ∗

⎞

⎟

⎟

⎟

⎝ −𝛼𝑉 𝑘 −𝜇3 − 𝛼𝑇 ⎠

4 
with 𝜁 = −𝜇1 + 𝑟𝑉 ∗∕(𝑐 + 𝑉 ∗) − 𝛽1𝑉 ∗ − 𝛽2𝐼∗. Then the characteristic
quation of the linearized system of (1.1) at 𝐸∗ is

(𝜆) = 𝜆3 + 𝑏2𝜆
2 + 𝑏1𝜆 + 𝑏0, (3.4)

here

2 =
𝑠
𝑇 ∗ +

𝑘𝛽1𝑇 ∗

𝜇3 + 𝛼𝑇 ∗ + 𝜇3 + 𝛼𝑇 ∗ > 0,

1 =
𝑠
𝑇 ∗

(

𝑘𝛽1𝑇 ∗

𝜇3 + 𝛼𝑇 ∗ + 𝜇3

)

+ 𝛼𝑇 ∗

(

𝜇1 −
𝑟𝑉 ∗2

(𝑐 + 𝑉 ∗)2

)

+ 𝛽2𝐼
∗(𝜇2 + 𝛼𝑇 ∗),

0 = (𝜇2𝜇3 + 𝛼𝛽2𝑇
∗2 )

(

𝜇1
𝑇 ∗ (𝑇0 − 𝑇 ∗) + 𝑟𝑉 ∗2

(𝑐 + 𝑉 ∗)2

)

.

hen a tedious calculation yields

1𝑏2 − 𝑏0 =
𝑠
𝑇 ∗

[

𝑘20 + (𝜇3 + 𝑘0)
(

𝜇3 + 𝛼𝑇 ∗ + 𝑠
𝑇 ∗

)

+ 𝛽2𝐼
∗(𝜇2 + 𝛼𝑇 ∗)

]

+ 𝛽1𝛽2𝑇
∗𝑉 ∗(𝜇2 + 𝛼𝑇 ∗)

+ 𝛽2𝑇
∗(𝜇3 + 𝛼𝑇 ∗)

(

𝛼𝐼∗ + 𝑟𝑐𝑉 ∗

(𝑐 + 𝑉 ∗)2

)

+ 𝑘1

(

𝜇1 −
𝑟𝑉 ∗2

(𝑐 + 𝑉 ∗)2

)

,

where 𝑘0 = 𝑘𝛽1𝑇 ∗∕(𝜇3 + 𝛼𝑇 ∗) and 𝑘1 = 𝛼2𝑇 ∗2 + (𝜇3𝛼 + 𝑘𝛽1)𝑇 ∗ + 𝛼𝑠. To
nsure the stability of 𝐸∗, we temporarily assume that 𝑟 ≤ 𝜇1. Then the
ocal asymptotic stability results of the IPE can be described as follows.

heorem 3.3. Consider system (1.1) with 𝑟 ≤ 𝜇1. Let 𝑉 ∗
1 > 𝑉 ∗

2 be defined
n (2.7).

(i) Assume 𝑟 ≤ 𝑟̄ and 𝑅0 > 1, then the unique IPE 𝐸∗ is locally
asymptotically stable.

(ii) Assume 𝑟 ∈ (𝑟̄, 𝑟̂).

(ii.1) If 𝑅0 ≥ 1, then the unique IPE is locally asymptotically stable.
(ii.2) If 𝑅0 ∈ (1 − 𝜉, 1), then 𝐸∗

1 = (𝑇 ∗, 𝐼∗1 , 𝑉
∗
1 ) is locally asymptot-

ically stable and 𝐸∗
2 = (𝑇 ∗, 𝐼∗2 , 𝑉

∗
2 ) is unstable.

(ii.3) If 𝑅0 = 1 − 𝜉, then the unique IPE is a saddle–node. A
saddle–node bifurcation occurs at 𝑅0 = 1 − 𝜉.

(iii) Assume 𝑟 ≥ 𝑟̂.

(iii.1) If 𝑅0 ≥ 1, then the unique IPE is locally asymptotically stable.
(iii.2) If 𝑅0 < 1, then 𝐸∗

1 = (𝑇 ∗, 𝐼∗1 , 𝑉
∗
1 ) is locally asymptotically

stable and 𝐸∗
2 = (𝑇 ∗, 𝐼∗2 , 𝑉

∗
2 ) is unstable.

Proof. Since 𝑟 ≤ 𝜇1, we have 𝑏1 > 0 and 𝑏1𝑏2 − 𝑏0 > 0. If 𝑅0 ≥ 1,
it then follows from (2.5) that 𝑇0 ≥ 𝑇 ∗, which indicates 𝑏0 > 0. By

outh–Hurwitz criterion, all eigenvalues of (3.4) have negative real
arts. Therefore, the unique IPE 𝐸∗ is locally asymptotically stable
hen either 𝑅0 = 1, 𝑟 > 𝑟̄ or 𝑅0 > 1. This proves (i), (ii.1), and (iii.1).

Next, we investigate the stability of two IPE 𝐸∗
1 = (𝑇 ∗, 𝐼∗1 , 𝑉

∗
1 ) and

𝐸∗
2 = (𝑇 ∗, 𝐼∗2 , 𝑉

∗
2 ). If 𝑟 ∈ (𝑟̄, 𝑟̂) and 𝑅0 ∈ (1 − 𝜉, 1), then we obtain from

Lemma 2.1 that 𝑝̄ > 0; namely,
√

𝑝1 <
√

𝑝2 −
√

𝑐. (3.5)

e regard 𝑏0 = 𝑏0(𝑉 ∗) as an increasing function of 𝑉 ∗. It is easily seen
hat 𝑏0(𝑉𝑏) = 0, where

𝑏 =
𝑐

𝑝2 − 𝑝1

(

𝑝1 +
√

𝑝1𝑝2
)

> 0. (3.6)

y (2.2) and (3.5), we have

(𝑉𝑏) =
𝑐
√

𝑝1𝑝2
(𝑝2 − 𝑝1)2

(

𝑐(
√

𝑝1 +
√

𝑝2)2 − (𝑝2 − 𝑝1)2
)

<
𝑐
√

𝑝1𝑝2
(𝑝2 − 𝑝1)2

(

𝑐(2
√

𝑝2 −
√

𝑐)2 − 𝑐(2
√

𝑝2 −
√

𝑐)2
)

= 0.



J. Deng et al.

𝑥

L

𝑞

B
r

u

L

i

A
a

P
L
i
w
e
(
t

t

𝐽

L

𝑄

Mathematical Biosciences 377 (2024) 109302 
This together with 𝑔(𝑉 ∗
1 ) = 𝑔(𝑉 ∗

2 ) = 0 implies that 𝑉 ∗
2 < 𝑉𝑏 <

𝑉 ∗
1 . In view of the monotonicity of 𝑏0 with respect to 𝑉 ∗, we then

obtain 𝑏0(𝑉 ∗
2 ) < 0 < 𝑏0(𝑉 ∗

1 ). By Routh–Hurwitz criterion, 𝐸∗
1 is locally

asymptotically stable, and 𝐸∗
2 is unstable. This proves (ii.2). Similarly,

we can also prove (iii.2) by verifying (3.5) and 𝑏0(𝑉 ∗
2 ) < 0 < 𝑏0(𝑉 ∗

1 ).
Finally, we consider the critical case when 𝑅0 = 1 − 𝜉. Now, we

have 𝑔(𝑉𝑏) = 0, 𝑉 ∗ = 𝑉𝑏 =
√

𝑝1𝑐, and hence, 𝑏0 = 0. This together with
𝑅(𝑇 ∗) = 1 implies 𝑟𝑐𝑇 ∗∕(𝑐+𝑉 ∗)2 = 𝜇2(𝜇3+𝛼𝑇 ∗)∕𝑘. Recall that 𝑏1 > 0 and
𝑏2 > 0. Therefore, 0 is a simple zero of the cubic polynomial in (3.4),
while the other two zeros have negative real parts. We now employ
Sotomayor’s theorem [36, Theorem 4.2.1] to show that a saddle–node
bifurcation appears at the IPE 𝐸∗ when 𝑅0 passes through the critical
value 1 − 𝜉. Without loss of generality, we choose 𝑘 as the bifurcation
parameter and denote by 𝑘𝑐 the critical value of 𝑘 when 𝑅0 = 1− 𝜉. We
calculate the right and left eigenvectors of the Jacobian matrix 𝐽 ∗ with
respect to the eigenvalue 𝜆 = 0 as 𝑤 = (0, 1, 𝑤3)𝑇 and 𝑤∗ = (𝑤∗

1 , 1, 𝑤
∗
3),

respectively, where

𝑤3 =
𝑘

𝜇3 + 𝛼𝑇 ∗ , 𝑤
∗
1 =

𝑘𝑇 ∗ (𝛽2𝛼𝑇 ∗𝐼∗ + 𝜇3(𝛽1𝑉 ∗ + 𝛽2𝐼∗)
)

(𝜇3 + 𝛼𝑇 ∗)(𝑘𝑠 + 𝛽2𝛼𝑇 ∗2𝑉 ∗)
,

𝑤∗
3 =

𝛽2𝑇 ∗2 (𝛽1𝑉 ∗ + 𝛽2𝐼∗)(𝜇3 + 𝛼𝑇 ∗) + 𝑘𝑠𝛽1𝑇 ∗

(𝜇3 + 𝛼𝑇 ∗)(𝑘𝑠 + 𝛽2𝛼𝑇 ∗2𝑉 ∗)
.

Denote the right-hand side equation of (1.1) by 𝐹 (𝑇 , 𝐼, 𝑉 ). One can
show that 𝐹𝑘(𝐸∗, 𝑘𝑐 ) = (0, 0, 𝐼∗)𝑇 and

𝐷2𝐹 (𝐸∗, 𝑘𝑐 )(𝑤,𝑤) =

(

−
2𝑟𝑐𝑇 ∗𝑤2

3

(𝑐 + 𝑉 ∗)3
, 0, 0

)𝑇

.

Thus, we have 𝑤∗𝐹𝑘(𝐸∗, 𝑘𝑐 ) = 𝑤∗
3𝐼

∗ ≠ 0 and

𝑤∗[𝐷2𝐹 (𝐸∗, 𝑘𝑐 )(𝑤,𝑤)] = −
2𝑟𝑐𝑇 ∗𝑤2

3𝑤
∗
1

(𝑐 + 𝑉 ∗)3
≠ 0.

By Sotomayor’s theorem [36, Theorem 4.2.1], system (1.1) undergoes
a saddle–node bifurcation at 𝐸∗ when 𝑘 crosses the critical value 𝑘𝑐 .
By using a similar calculation as in the proof of Theorem 3.1, we find
the normal form of (1.1) at 𝐸∗ as

̇ = −
𝑟𝑐𝑇 ∗𝑤2

3𝑤
∗
1

(𝑐 + 𝑉 ∗)3
𝑥2 + 𝑂(𝑥3).

By [36, Theorem 2.11.1], the unique IPE is a saddle–node. This proves
(ii.3). □

Remark 3.1. If 𝑟 > 𝜇1, one can still proceed similarly as in the proof
of Theorem 3.3 and show that 𝑏0(𝑉 ∗

2 ) < 0. This implies that the IPE
𝐸∗
2 is always unstable whenever it exists. Specifically, 𝐸∗

2 is a saddle
with two-dimensional stable manifold and one-dimensional unstable
manifold.

We then establish the global asymptotic stability of the infection
persistent equilibrium by employing the geometric approach intro-
duced by Li and Muldowney [38,39]. Consider the autonomous system
of an ordinary differential equation

𝑥′(𝑡) = 𝑓 (𝑥), 𝑥 ∈ 𝐺, 𝑓 ∈ 𝐶1(𝐺), (3.7)

where 𝑓 ∶ 𝐺 → R𝑛, 𝐺 is an open set and simply connected in R𝑛. Let
𝑥∗ be an equilibrium of (3.7) and 𝑥(𝑡, 𝑥0) be the solution of (3.7) such
that 𝑥(0, 𝑥0) = 𝑥0. Assume that the following assumptions are satisfied.

(𝐇𝟏) There exists a compact absorbing set 𝐾 ∈ 𝐺.

(𝐇𝟐) System (3.7) admits a unique equilibrium 𝑥∗ in 𝐺.

If (𝐇𝟏) and (𝐇𝟐) hold, it then follows from [39, Theorem 3.5] that 𝑥∗

is globally stable in 𝐺 provided that system (3.7) satisfies the Bendix-
son criterion, which precludes the existence of nonconstant periodic
solutions. Let 𝑄(𝑥) ∈ 𝐶1(𝐺) be a

(

𝑛
2

)

×
(

𝑛
2

)

matrix-valued function and
define

−1 [2] −1
𝑀 = 𝑄𝑓𝑄 +𝑄𝐽 𝑄 ,

5 
where 𝑄𝑓 is obtained by replacing each entry 𝑞𝑖𝑗 of 𝑄 by its derivative
in the direction of 𝑓 . The matrix 𝐽 [2] is the second additive compound
matrix of the Jacobian matrix 𝐽 = 𝐷𝑓 (𝑥) [40]. For 𝑛 = 3, we have

𝐽 [2] =
⎛

⎜

⎜

⎝

𝐽11 + 𝐽22 𝐽23 −𝐽13
𝐽32 𝐽11 + 𝐽33 𝐽12
−𝐽31 𝐽21 𝐽22 + 𝐽33

⎞

⎟

⎟

⎠

. (3.8)

et | ⋅ | be a vector norm in R𝑛 and the induced matrix norm in R𝑛×𝑛.
For a matrix 𝐴 ∈ R𝑛×𝑛, the Lozinskiĭ measure [41] with respect to | ⋅ |
is

𝜉(𝐴) = lim
ℎ→0+

|𝐼 + ℎ𝐴| − 1
ℎ

.

Define

̄2 = lim sup
𝑡→∞

sup
𝑥0∈𝐾

1
𝑡 ∫

𝑡

0
𝜉(𝑀(𝑥(𝑠, 𝑥0)))𝑑𝑠. (3.9)

y [39, Theorem 3.1], system (3.7) has no invariant simple closed
ectifiable curve in 𝐺 if 𝑞2 < 0.

Similarly to the manner of [34, Lemma 4.3], we can derive the
niform persistence result of (1.1) as follows.

emma 3.1. If 𝑅0 > 1, then there exists an 𝜖 > 0 such that
lim inf 𝑡→∞ 𝑇 (𝑡) ≥ 𝜖, lim inf 𝑡→∞ 𝐼(𝑡) ≥ 𝜖, and lim inf 𝑡→∞ 𝑉 (𝑡) ≥ 𝜖 for any
solution of system (1.1) with initial condition in R3

+.

Similarly to the proof of Theorem 2.1. Denote 𝐼 = 𝑠(𝜇1 + 𝑟)∕
(𝜇1 min{𝜇1, 𝜇2}), we can establish that if 𝑟 < min{𝜇1, 𝛽1𝑐}, the region

𝛤 = {(𝑇 , 𝐼, 𝑉 ) ∈ R3
+ ∶ 𝑇 ≤ 𝑠

𝜇1
, 𝐼 ≤ 𝐼, 𝑉 ≤ 𝑘𝐼

𝜇3
} (3.10)

s both positively invariant and absorbing in R3
+ with respect to system

(1.1).

Theorem 3.4. Let 𝐼 be defined in (3.10) and 𝜂 = min{𝜇1 − 𝑟, 𝜇2}.
ssume 𝑅0 > 1 and 𝑟 < min{𝜇1, 𝛽1𝑐}, then the unique IPE 𝐸∗ is globally
symptotically stable in R3

+ provided that 𝐼 < 𝜂∕𝛼.

roof. 𝛤̊ is a simply connected region in R3. Then, it follows from
emma 2.1 that system (1.1) has a unique IPE in 𝛤̊ if 𝑅0 > 1, which
mplies (𝐇𝟐) holds. The uniform persistence of system (1.1), along
ith the boundedness of solutions given in Theorem 2.1, implies the
xistence of a compact absorbing set 𝐾 ∈ 𝛤̊ , that is, the assumption
𝐇𝟏) holds. Therefore, by Theorem 3.1 in [39], we only need to show
hat there exist a matrix-valued function 𝑄(𝑥) and a Lozinskiĭ measure
𝜉 such that 𝑞2 < 0. The Jacobian matrix of (1.1) is

𝐽 =

⎛

⎜

⎜

⎜

⎝

𝜌 −𝛽2𝑇
𝑟𝑐𝑇

(𝑐 + 𝑉 )2
− 𝛽1𝑇

𝛽1𝑉 + 𝛽2𝐼 −𝜇2 + 𝛽2𝑇 𝛽1𝑇
−𝛼𝑉 𝑘 −𝜇3 − 𝛼𝑇

⎞

⎟

⎟

⎟

⎠

,

where 𝜌 = −𝜇1 + 𝑟𝑉 ∕(𝑐 +𝑉 ) − 𝛽1𝑉 − 𝛽2𝐼 . It then follows from (3.8) that
he second additive compound matrix 𝐽 [2] is

[2] =

⎛

⎜

⎜

⎜

⎝

𝜌 − 𝜇2 + 𝛽2𝑇 𝛽1𝑇 − 𝑟𝑐𝑇
(𝑐 + 𝑉 )2

+ 𝛽1𝑇

𝑘 𝜌 − 𝜇3 − 𝛼𝑇 −𝛽2𝑇
𝛼𝑉 𝛽1𝑉 + 𝛽2𝐼 −𝜇2 + 𝛽2𝑇 − 𝜇3 − 𝛼𝑇

⎞

⎟

⎟

⎟

⎠

.

et 𝑄 = 𝑄(𝑇 (𝑡), 𝐼(𝑡), 𝑉 (𝑡)) = diag{1, 𝐼∕𝑉 , 𝐼∕𝑉 }, we obtain

𝑓𝑄
−1 = diag

{

0, 𝐼
′

𝐼
− 𝑉 ′

𝑉
, 𝐼

′

𝐼
− 𝑉 ′

𝑉

}

.

Then

𝑀 = 𝑄𝑓𝑄
−1 +𝑄𝐽 [2]𝑄−1 =

(

𝑀11 𝑀12
)

,

𝑀21 𝑀22
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where

𝑀11 = 𝜌 − 𝜇2 + 𝛽2𝑇 , 𝑀21 =
(𝑘𝐼
𝑉

, 𝛼𝐼
)𝑇

,

12 =
(

𝛽1𝑇𝑉
𝐼

,
(

− 𝑟𝑐𝑇
(𝑐 + 𝑉 )2

+ 𝛽1𝑇
)

𝑉
𝐼

)

,

nd

22 =
(

𝜌 + 𝛿 −𝛽2𝑇
𝛽1𝑉 + 𝛽2𝐼 −𝜇2 + 𝛽2𝑇 + 𝛿

)

ith 𝛿 = 𝐼 ′

𝐼 − 𝑉 ′

𝑉 − 𝜇3 − 𝛼𝑇 . Let (𝑢, 𝑣,𝑤) ∈ R3 and take a norm
|(𝑢, 𝑣,𝑤)| = max{|𝑢|, |𝑣|+|𝑤|} in R3. Let 𝜉 be the corresponding Lozinskiĭ
measure. It then follows from [42] that

𝜉(𝑀) ≤ max{𝑔1, 𝑔2},

ith 𝑔1 = 𝜉1(𝑀11)+|𝑀12|, 𝑔2 = 𝜉1(𝑀22)+|𝑀21|, |𝑀12| and |𝑀21| are the
matrix norms with respect to the 𝑙1 vector norm and 𝜉1 is the Lozinskiĭ
measure with respect to 𝑙1 norm. Directly calculations yield

𝜉1(𝑀11) = 𝜌 − 𝜇2 + 𝛽2𝑇 ,

|𝑀12| = max
{

𝛽1𝑇𝑉
𝐼

,
|

|

|

|

− 𝑟𝑐
(𝑐 + 𝑉 )2

+ 𝛽1
|

|

|

|

𝑇𝑉
𝐼

}

,

|𝑀21| =
𝑘𝐼
𝑉

+ 𝛼𝐼,

1(𝑀22) = 𝛿 + max
{

−𝜇1 +
𝑟𝑉

𝑐 + 𝑉
,−𝜇2

}

.

If 𝑟 ≤ 𝛽1𝑐, then |𝑀12| = 𝛽1𝑇𝑉 ∕𝐼 . By (1.1), we have

𝐼 ′

𝐼
=

𝛽1𝑇𝑉
𝐼

+ 𝛽2𝑇 − 𝜇2,
𝑉 ′

𝑉
= 𝑘𝐼

𝑉
− 𝜇3 − 𝛼𝑇 .

Hence,

𝑔1 =
𝐼 ′

𝐼
− 𝜇1 +

𝑟𝑉
𝑐 + 𝑉

− 𝛽1𝑉 − 𝛽2𝐼 ≤ 𝐼 ′

𝐼
− (𝜇1 − 𝑟),

𝑔2 =
𝐼 ′

𝐼
+ 𝛼𝐼 + max

{

−𝜇1 +
𝑟𝑉

𝑐 + 𝑉
,−𝜇2

}

≤ 𝐼 ′

𝐼
+ 𝛼𝐼 − min{𝜇1 − 𝑟, 𝜇2}.

Recall 𝜂 = min{𝜇1 − 𝑟, 𝜇2}. Thus

𝜉(𝑀) ≤ 𝐼 ′

𝐼
+ 𝛼𝐼 − 𝜂 ≤ 𝐼 ′

𝐼
+ 𝛼𝐼 − 𝜂, (3.11)

where 𝐼 is the upper bound of 𝐼 given in (3.10). Let (𝑇 (𝑡), 𝐼(𝑡), 𝑉 (𝑡)) be
ny solution of (1.1) initiating in the compact absorbing set 𝐾 and 𝑡

be sufficiently large such that (𝑇 (𝑡), 𝐼(𝑡), 𝑉 (𝑡)) ∈ 𝐾 for any 𝑡 ≥ 𝑡. Along
each solution (𝑇 (𝑡), 𝐼(𝑡), 𝑉 (𝑡)) ∈ 𝐾, integrating both sides of (3.11) for
𝑡 > 𝑡, we obtain

1
𝑡 ∫

𝑡

0
𝜉(𝑀(𝑥(𝑠, 𝑥0)))𝑑𝑠 ≤

1
𝑡 ∫

𝑡

0
𝜉(𝑀(𝑥(𝑠, 𝑥0)))𝑑𝑠

+ 1
𝑡
ln

𝐼(𝑡)
𝐼(𝑡)

+ 𝑡 − 𝑡
𝑡

(𝛼𝐼 − 𝜂).

If 𝐼 < 𝜂∕𝛼, then

lim
𝑡→∞

1
𝑡 ∫

𝑡

0
𝜉(𝑀(𝑥(𝑠, 𝑥0)))𝑑𝑠 ≤ 𝛼𝐼 − 𝜂 < 0.

his indicates 𝑞2 < 0 by (3.9). Hence, system (1.1) has no nonconstant
eriodic solution. By [39, Theorem 3.5], the unique IPE 𝐸∗ is globally
symptotically stable. □

. Hopf bifurcation analysis

Theorem 3.3 suggests that the IPE 𝐸∗ (or 𝐸∗
1 ) is locally asymptot-

cally stable provided that 𝑟 ≤ 𝜇1, and the IPE 𝐸∗
2 is unstable when

t exists. Moreover, the stability of 𝐸∗ is determined by the sign of
1𝑏2 − 𝑏0, which may be negative if 𝑟 > 𝜇1. This implies that 𝐸∗ may
ose its stability. In this section, we assume 𝑟 > 𝜇1 to investigate the

∗
tability switches of 𝐸 and the existence of Hopf bifurcation.

6 
.1. Effects of 𝑟 on viral dynamics

To explore the effects of the viral stimulation on the proliferation of
ealthy T cells, we employ 𝑟 as the bifurcation parameter to implement
heoretical analyses and numerical simulations. It follows from (2.1)
nd (2.4) that 𝑇 ∗ and 𝑅0 are independent of 𝑟. By (2.7), we have
𝑑𝑉 ∗

1
𝑑𝑟

=
𝑘𝑇 ∗𝑉 ∗

1
√

𝑝̄𝜇2(𝜇3 + 𝛼𝑇 ∗)
> 0,

nd
𝑑𝑉 ∗

2
𝑑𝑟

= −
𝑘𝑇 ∗𝑉 ∗

2
√

𝑝̄𝜇2(𝜇3 + 𝛼𝑇 ∗)
< 0.

long with (2.3), then 𝑉 ∗
1 and 𝐼∗1 increase as 𝑟 increases, while 𝑉 ∗

2 and
∗
2 decrease as 𝑟 increases.

roposition 4.1.

(i) If system (1.1) admits a unique IPE 𝐸∗ = (𝑇 ∗, 𝐼∗, 𝑉 ∗), then 𝐼∗ and
𝑉 ∗ increase as 𝑟 increases.

(ii) If system (1.1) admits two IPE 𝐸∗
1 = (𝑇 ∗, 𝐼∗1 , 𝑉

∗
1 ) and 𝐸∗

2 =
(𝑇 ∗, 𝐼∗2 , 𝑉

∗
2 ), then 𝐼∗1 and 𝑉 ∗

1 increase as 𝑟 increases, while 𝐼∗2 and
𝑉 ∗
2 decrease as 𝑟 increases.

We now investigate the effects of 𝑟 on the existence of the IPE. If
≤ 𝑟̄, then a unique 𝐸∗ exists only if 𝑅0 > 1. If 𝑟 > 𝑟̄, it follows from

2.8) that 1 − 𝜉 decreases as 𝑟 increases. By Lemma 2.1, the threshold
or the existence of the IPE is 1−𝜉−𝑅0, which admits a unique positive
ero with respect to 𝑟 following

𝑠 =
𝜇2(𝜇3 + 𝛼𝑇 ∗)

𝑘𝑇 ∗ (
√

𝑝1 +
√

𝑐)2 > 𝑟̄. (4.1)

f 𝑅0 < 1, then system (1.1) has no IPE for 𝑟 < 𝑟𝑠 and two IPE 𝐸∗
1 , 𝐸∗

2 for
𝑟 > 𝑟𝑠, see Fig. 1(a) and (b). By applying a similar manner described in

heorem 3.3, we obtain that a saddle–node bifurcation occurs at 𝐸∗ as
𝑟 passes through the bifurcation value 𝑟𝑠. If 𝑅0 = 1, then system (1.1)
has a unique IPE for 𝑟 > 𝑟̄. If 𝑅0 > 1, then system (1.1) still admits a
unique IPE for any positive 𝑟, see Fig. 1(c) and (d). In conclusion, we
obtain the following results.

Theorem 4.1. Let 𝑟̄ and 𝑟𝑠 be defined in (2.6) and (4.1), respectively.

(i) If 𝑅0 < 1, then system (1.1) admits two IPE 𝐸∗
1 and 𝐸∗

2 for 𝑟 > 𝑟𝑠.
They collide together and a saddle–node bifurcation appears at 𝑟 =
𝑟𝑠.

(ii) If 𝑅0 = 1, then system (1.1) admits a unique IPE 𝐸∗ for 𝑟 > 𝑟̄.
(iii) If 𝑅0 > 1, then system (1.1) admits a unique IPE 𝐸∗ for 𝑟 > 0.

Next, we examine the stability switches of the IPE 𝐸∗ (or 𝐸∗
1 ) as

bifurcates. Recall 𝑏0 > 0 by Theorem 3.3, then the necessary and
ufficient condition for the existence of Hopf bifurcation at the IPE is
∗ ∶= 𝑏1𝑏2 − 𝑏0 = 0 [43, Theorem 2]. If 𝑅0 < 1 and 𝑟 = 𝑟𝑠, then two

IPE 𝐸∗
1 and 𝐸∗

2 collide with each other and 𝑏0(𝑉 ∗
1 ) = 𝑏0(𝑉 ∗

2 ) = 0 is
satisfied, which implies 𝜇1 − 𝑟𝑉 ∗2∕(𝑐 + 𝑉 ∗)2 = 𝜇1𝑇0∕𝑇 ∗ > 0. Hence,
𝑏1 > 0 and further 𝑏∗(𝑟𝑠) > 0. If 𝑅0 > 1, then it is clearly observed
from the expression of 𝑏∗ that 𝑏∗(0) > 0 holds. If 𝑅0 = 1 and 𝑟 = 𝑟̄,
then Lemma 2.1 indicates 𝑉 ∗ = 0. Denote the minimum value of 𝑟
by 𝑟𝑚 such that 𝐸∗ (or 𝐸∗

1 ) can exist, then we have 𝑏∗(𝑟𝑚 + 𝜖) > 0
with a small positive constant 𝜖 by the continuity of 𝑏∗ with respect
to 𝑟. Therefore, the IPE 𝐸∗ (or 𝐸∗

1 ) if exists is stable at first with the
bifurcation parameter 𝑟 increasing.

Numerical results show that a unique positive zero of 𝑏∗ with respect
to 𝑟 exists such that 𝑏∗(𝑟ℎ) = 0 under the given parameters space
presented in Fig. 1. It holds 𝑏∗ > 0 for 𝑟 < 𝑟ℎ and 𝑏∗ < 0 for 𝑟 > 𝑟ℎ,
which leads to the appearance of Hopf bifurcation for (1.1) when 𝑟
exceeds the Hopf bifurcation value 𝑟ℎ, see Fig. 1(a) and (c). In addition,
the IPE becomes unstable together with stable limit cycles for 𝑟 > 𝑟ℎ.
Proposition 4.1 and Fig. 1 indicate that an increase in the proliferation
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Fig. 1. Bifurcation diagram of infected cells with 𝑟 as the bifurcation parameter. The
arameters are: 𝑐 = 20, 𝑘 = 40, 𝜇1 = 0.6, 𝜇2 = 0.28, 𝜇3 = 2.4 and (a) 𝑠 = 0.1, 𝛽1 = 0.0008,
2 = 0.03, 𝛼 = 0.13; (b) 𝑠 = 0.1, 𝛽1 = 0.0008, 𝛽2 = 0.35, 𝛼 = 0.13; (c) 𝑠 = 10, 𝛽1 = 0.01,
𝛽2 = 0.002, 𝛼 = 1.4; (d) 𝑠 = 10, 𝛽1 = 0.01, 𝛽2 = 0.5, 𝛼 = 1.4. The red solid (resp. dashed)
line denotes the stable (resp. unstable) IPE 𝐸∗ (or 𝐸∗

1 ), and the blue dashed line stands
the unstable IPE 𝐸∗

2 . The red points are the maximum and minimum values of the
stable limit cycle. A saddle–node bifurcation occurs at 𝑟 = 𝑟𝑠 and a Hopf bifurcation
appears at 𝑟 = 𝑟ℎ.

rate promotes the growth of infected cells and free viruses, potentially
leading to sustained oscillatory dynamics when cell-to-cell infection
intensity is low. Therefore, controlling the proliferation rate is crucial
for effective viral prevention and control. If the contribution of cell-to-
cell infection to the production of newly infected cells increases, then
no Hopf bifurcation occurs, see Fig. 1(b) and (d). Moreover, numerical
calculations directly obtain that 𝑏∗ > 0 for any 𝑟 > 𝑟𝑠 or 𝑟 > 0.
Our results suggest that cell-to-cell infection mechanism plays indeed
a significant role in the process of HIV transmission. This implies that
it is indispensable to weigh both two infection modes to acquire more
accurate understandings of viral kinetics.

4.2. Effects of 𝛼 on viral dynamics

In this subsection, we choose 𝛼 as the bifurcation parameter to
investigate the effects of loss term of virions on the dynamics of system
(1.1). It is observed from (2.4) that 𝑅0 is decreasing as 𝛼 increases and
lim𝛼→∞ 𝑅0 = 𝛽2𝑇0∕𝜇2. If 𝛼 = 0, then

𝑅0 =
𝑇0(𝑘𝛽1 + 𝜇3𝛽2)

𝜇2𝜇3
∶= 𝑅0

0. (4.2)

If 𝑅0
0 ≤ 1, then 𝑅0 < 1 for any 𝛼 > 0. If 𝛽2𝑇0∕𝜇2 ≤ 1 < 𝑅0

0, then 𝑅0 > 1
for 𝛼 ∈ (0, 𝛼𝑡) and 𝑅0 < 1 for 𝛼 > 𝛼𝑡 with

𝛼𝑡 =
𝜇2𝜇3(𝑅0

0 − 1)
𝑇0(𝜇2 − 𝛽2𝑇0)

. (4.3)

If 𝛽2𝑇0 > 𝜇2, then 𝑅0 > 1 for all 𝛼 > 0. Taking a derivative of 𝑇 ∗ with
espect to 𝛼 we obtain

𝑑𝑇 ∗

𝑑𝛼
=

𝑇 ∗2 (𝜇2 − 𝛽2𝑇 ∗)
𝜇2𝜇3 + 𝛼𝛽2𝑇 ∗2

.

he second equation of (1.1) suggests 𝜇2 − 𝛽2𝑇 ∗ = 𝛽1𝑇 ∗𝑉 ∗∕𝐼∗. Thus
𝑇 ∗∕𝑑𝛼 > 0, which implies that 𝑇 ∗ increases as 𝛼 increases. Moreover,
e have lim𝛼→∞ 𝑇 ∗ = 𝜇2∕𝛽2 and further lim𝛼→∞ 𝑅0 = 𝑇0∕𝑇 ∗. The

ollowing results show the variation of viral load with 𝛼 increasing.
heorem 4.2. 𝑅

7 
(i) If system (1.1) admits a unique IPE 𝐸∗ = (𝑇 ∗, 𝐼∗, 𝑉 ∗), then 𝑉 ∗

decreases as 𝛼 increases.
(ii) If system (1.1) admits two IPE 𝐸∗

1 = (𝑇 ∗, 𝐼∗1 , 𝑉
∗
1 ) and 𝐸∗

2 =
(𝑇 ∗, 𝐼∗2 , 𝑉

∗
2 ), then 𝑉 ∗

1 decreases and 𝑉 ∗
2 increases as 𝛼 increases,

respectively.

roof. Taking derivatives of 𝑉 ∗
1 and 𝑉 ∗

2 with respect to 𝛼 yields

𝑑𝑉 ∗
1

𝑑𝛼
= −

𝑉 ∗
1 (𝑝

′
1 − 𝑝′2) + 𝑝′1𝑐

√

(𝑝1 − 𝑝2 + 𝑐)2 − 4𝑝1𝑐
, (4.4)

nd
𝑑𝑉 ∗

2
𝑑𝛼

=
𝑉 ∗
2 (𝑝

′
1 − 𝑝′2) + 𝑝′1𝑐

√

(𝑝1 − 𝑝2 + 𝑐)2 − 4𝑝1𝑐
, (4.5)

where 𝑝′1 and 𝑝′2 are the derivatives of 𝑝1 and 𝑝2 with respect to 𝛼,
respectively. Given by

𝑝′1 =
𝑘𝜇1𝑇 ∗ [𝑘𝛽1𝑇 ∗2 + 𝜇2(𝜇3 + 𝛼𝑇 ∗)(𝑇0 − 𝑇 ∗)

]

𝜇2(𝜇3 + 𝛼𝑇 ∗)2(𝜇2𝜇3 + 𝛼𝛽2𝑇 ∗2 )
, (4.6)

nd

′
2 = −

𝑘𝑟𝛽2𝑇 ∗3

𝜇2(𝜇3 + 𝛼𝑇 ∗)(𝜇2𝜇3 + 𝛼𝛽2𝑇 ∗2 )
< 0. (4.7)

f 𝑝′1 ≥ 0, then by (4.4) and (4.7) we have 𝑑𝑉 ∗
1 ∕𝑑𝛼 < 0. Note that 𝑝′1 > 0

hen 𝑇0 ≥ 𝑇 ∗, and 𝑝′1 may be negative if 𝑇0 < 𝑇 ∗. It thus follows from
2.5) that 𝑑𝑉 ∗

1 ∕𝑑𝛼 < 0 holds when 𝑅0 ≥ 1. This proves (i).
Next, we show 𝑉 ∗

1 (𝑝
′
1 − 𝑝′2) + 𝑝′1𝑐 > 0 if 𝑝′1 < 0, which implies

hat 𝑅0 < 1 is satisfied. By Lemma 2.1, the coexistence of 𝐸∗
1 and

∗
2 leads to 𝑝1 − 𝑝2 + 𝑐 < 0 and 𝑝̄ > 0. It follows from (2.1) that
𝛽1𝑇 ∗ = (𝜇2 − 𝛽2𝑇 ∗)(𝜇3 + 𝛼𝑇 ∗). Substituting it into (4.6), we yield

′
1 − 𝑝′2 =

𝑘𝑇 ∗
[

𝜇1𝜇2𝑇0 + 𝛽2𝑇 ∗2 (𝑟 − 𝜇1)
]

𝜇2(𝜇3 + 𝛼𝑇 ∗)(𝜇2𝜇3 + 𝛼𝛽2𝑇 ∗2 )
. (4.8)

f 𝑟 ≥ 𝜇1, then 𝑝′1 − 𝑝′2 > 0. If 𝑟 < 𝜇1, it follows from 𝛽2𝑇 ∗ ≤ 𝜇2 that

1𝜇2𝑇0 + 𝛽2𝑇
∗2 (𝑟 − 𝜇1) ≥ 𝜇2

(

𝜇1(𝑇0 − 𝑇 ∗) + 𝑟𝑇 ∗) .

ote that 𝑝1 − 𝑝2 + 𝑐 < 0 is equivalent to 𝜇1(𝑇0 − 𝑇 ∗) + 𝑟𝑇 ∗ > 𝑐𝜇2(𝜇3 +
𝑇 ∗)∕𝑘, thus 𝑝′1 − 𝑝′2 > 0 still holds. By Theorem 3.3, we have 𝑉 ∗

1 > 𝑉𝑏,
hich indicates 𝑉 ∗

1 (𝑝
′
1−𝑝′2)+𝑝′1𝑐 > 𝑉𝑏(𝑝′1−𝑝′2)+𝑝′1𝑐 ∶= 𝑉 . It then follows

rom (3.6) that 𝑉 can be rearranged as

̃ = 𝑐
𝑝2 − 𝑝1

[

𝑝′1𝑝2 − 𝑝1𝑝
′
2 +

√

𝑝1𝑝2(𝑝′1 − 𝑝′2)
]

.

Clearly, 𝑝2 − 𝑝1 > 𝑐. By the expressions of 𝑝𝑖 and 𝑝′𝑖 (𝑖 = 1, 2), we obtain

𝑝′1𝑝2 − 𝑝1𝑝
′
2 =

𝑘2𝜇1𝑟𝑇0𝑇 ∗2 (𝜇2 − 𝛽2𝑇 ∗)
𝜇2
2(𝜇3 + 𝛼𝑇 ∗)2(𝜇2𝜇3 + 𝛼𝛽2𝑇 ∗2 )

> 0.

hus 𝑉 > 0 and further 𝑉 ∗
1 (𝑝

′
1 − 𝑝′2) + 𝑝′1𝑐 > 0. By (4.4), 𝑑𝑉 ∗

1 ∕𝑑𝛼 < 0 is
atisfied.

We now verify that 𝑑𝑉 ∗
2 ∕𝑑𝛼 > 0 when 𝑝′1 < 0. Denote 𝑉 = −𝑝′1𝑐∕(𝑝

′
1−

′
2) > 0 and substitute 𝑉 = 𝑉 into 𝑔(𝑉 ) yields

(𝑉 ) = 𝑐
(𝑝′1 − 𝑝′2)

2

[

𝑐𝑝′1𝑝
′
2 + (𝑝′1 − 𝑝′2)(𝑝

′
1𝑝2 − 𝑝1𝑝

′
2)
]

> 0.

Note that 𝑑𝑉 ∗
1 ∕𝑑𝛼 < 0 implies 𝑉 < 𝑉 ∗

1 , together with 𝑉 ∗
2 < 𝑉 ∗

1 and
(𝑉 ) > 0 we directly obtain 𝑉 < 𝑉 ∗

2 . It thus follows from (4.5) that
𝑉 ∗
2 ∕𝑑𝛼 > 0. The proof is completed. □

Next, we explore how does 𝛼 affect the existence of the infection
ersistent equilibrium. To this end, we consider three cases (i) 𝜇2 <
2𝑇0; (ii) 𝛽2𝑇0∕𝜇2 ≤ 1 < 𝑅0

0; and (iii) 𝑅0
0 ≤ 1. If 𝜇2 < 𝛽2𝑇0, then

0 > 1 for any 𝛼 > 0. By Lemma 2.1, a unique IPE always exists. If
2𝑇0∕𝜇2 ≤ 1 < 𝑅0

0, then 𝑅0 > 1 for 𝛼 ∈ (0, 𝛼𝑡) and 𝑅0 ≤ 1 for 𝛼 ≥ 𝛼𝑡 with
𝑡 defined in (4.3). Consider 𝑅0 ≤ 1, which implies 𝑝1 ≥ 0 by (2.5). If
= 1, then a unique IPE exists provided that 𝑝 (𝛼 ) > 𝑐. If 𝑅 < 1, then
0 2 𝑡 0
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two IPE exist if and only if 𝑝̂(𝛼) = 𝑝1(𝛼) − 𝑝2(𝛼) + 𝑐 < 0 and 𝑝̄(𝛼) > 0 for
𝛼 > 𝛼𝑡. Since 𝑝1(𝛼𝑡) = 0, we obtain 𝑝̂(𝛼𝑡) < 0 is equivalent to 𝑝2(𝛼𝑡) > 𝑐,
hat is, 𝑟 > 𝑟𝑚 with

𝑚 =
𝑐𝜇2(𝜇3 + 𝛼𝑡𝑇 ∗

𝑡 )
𝑘𝑇 ∗

𝑡
, (4.9)

where

𝑇 ∗
𝑡 =

𝜇2𝛼𝑡 − 𝑘𝛽1 − 𝜇3𝛽2 +
√

(𝑘𝛽1 + 𝜇3𝛽2 − 𝜇2𝛼𝑡)2 + 4𝛼𝑡𝛽2𝜇2𝜇3
2𝛼𝑡𝛽2

.

By (4.8), 𝑝̂(𝛼) increases as 𝛼 increases when 𝑝̂(𝛼) < 0. Then the
continuity of 𝑝̂(𝛼) and lim𝛼→∞ 𝑝̂(𝛼) = 𝑐 suggest that a unique positive
zero 𝛼 = 𝛼𝑝 exists such that 𝑝̂(𝛼𝑝) = 0.

Denote 𝑝̄′ by the derivative of 𝑝̄(𝛼) with respect to 𝛼, then 𝑝̄′ =
2𝑝̂(𝑝′1 − 𝑝′2) − 4𝑝′1𝑐. We have shown in Theorem 4.2 that 𝑉 < 𝑉 ∗

2 if 𝐸∗
2

exists, which implies 𝑉 < −𝑝̂∕2, that is, 𝑝̂(𝑝′1 − 𝑝′2) < 2𝑝′1𝑐. Hence, 𝑝̄′ < 0
olds. Note that 𝑝̄(𝛼𝑡) = (𝑐 − 𝑝2(𝛼𝑡))2 > 0 and 𝑝̄(𝛼𝑝) = −4𝑝1(𝛼𝑝)𝑐 < 0.
hus by the continuity and monotonicity of 𝑝̄(𝛼), there exists a unique
ositive zero 𝛼 = 𝛼𝑠 such that

𝑝1(𝛼𝑠) − 𝑝2(𝛼𝑠) + 𝑐)2 − 4𝑝1(𝛼𝑠)𝑐 = 0, (4.10)

nd 𝛼𝑡 < 𝛼𝑠 < 𝛼𝑝 are satisfied. In addition, it holds 𝑝̄ > 0 for 𝛼 ∈ (0, 𝛼𝑠)
nd 𝑝̄ < 0 for 𝛼 > 𝛼𝑠. Therefore, 𝐸∗

1 and 𝐸∗
2 coexist for 𝛼 ∈ (𝛼𝑡, 𝛼𝑠) and

ollide together at 𝛼 = 𝛼𝑠 provided that 𝑟 > 𝑟𝑚.
If 𝑅0

0 ≤ 1, then 𝑅0 < 1 for all 𝛼 > 0. Thus two IPE coexist for
∈ (0, 𝛼𝑠) if and only if 𝑝̂(0) < 0 and 𝑝̄(0) > 0, which can be rewritten

s 𝑝2(0) > (
√

𝑝1(0) +
√

𝑐)2, that is, 𝑟 > 𝑟𝑛 with

𝑟𝑛 =
1

𝑘𝑇 ∗
0

(√

𝑘𝜇1(𝑇 ∗
0 − 𝑇0) +

√

𝑐𝜇2𝜇3
)2

(4.11)

and 𝑇 ∗
0 = 𝜇2𝜇3∕(𝑘𝛽1 + 𝜇3𝛽2). Hence, the existence of the infection

persistent equilibrium with 𝛼 as the bifurcation parameter can be
described as follows.

Theorem 4.3. Let 𝑅0
0, 𝛼𝑡, 𝛼𝑠, 𝑟̄, 𝑟𝑚, and 𝑟𝑛 be defined in (4.2), (4.3),

(4.10), (2.6), (4.9), and (4.11), respectively.

(i) If 𝜇2 < 𝛽2𝑇0, then system (1.1) admits a unique IPE 𝐸∗ for any
𝛼 > 0.

(ii) If 𝛽2𝑇0∕𝜇2 ≤ 1 < 𝑅0
0, we obtain the following results.

(ii.1) Assume 𝑟 ≤ 𝑟𝑚, then system (1.1) admits a unique IPE 𝐸∗ for
𝛼 ∈ (0, 𝛼𝑡).

(ii.2) Assume 𝑟 > 𝑟𝑚, then system (1.1) admits 𝐸∗
1 for 𝛼 ∈ (0, 𝛼𝑠)

and 𝐸∗
2 for 𝛼 ∈ (𝛼𝑡, 𝛼𝑠). Moreover, 𝐸∗

1 and 𝐸∗
2 collide together

at 𝛼 = 𝛼𝑠.

(iii) If 𝑅0
0 ≤ 1 and 𝑟 > 𝑟𝑛, then system (1.1) admits two IPE 𝐸∗

1 and 𝐸∗
2

for 𝛼 ∈ (0, 𝛼𝑠), and they collide together at 𝛼 = 𝛼𝑠.

Moreover, a transcritical bifurcation appears at 𝛼 = 𝛼𝑡 provided that 𝑟 ≠ 𝑟̄
and a saddle–node bifurcation occurs at 𝛼 = 𝛼𝑠.

Proof. We have interpreted the existence of the infection persistent
equilibrium with the bifurcation parameter 𝛼 varying. Using a similar
manner to Theorem 3.3, we can directly conclude that system (1.1)
experiences a saddle–node bifurcation at the IPE when 𝛼 passes through
the bifurcation value 𝛼𝑠. It now suffices to demonstrate the appearance
of transcritical bifurcation.

Note that 𝛼 = 𝛼𝑡 indicates 𝑅0 = 1, then 𝑇0 = 𝑇 ∗ holds by (2.5). It
thus follows from Theorem 3.1 that the characteristic equation of 𝐸0
has two eigenvalues with negative real parts and a simple eigenvalue
0. We have shown in (3.2) that 𝑞 = (𝑞1, 𝑞2, 1)𝑇 and 𝑞∗ = 𝑄(0, 1, 𝑞∗3 ) are
the right and left eigenvectors of the linear matrix 𝐴 with respect to
𝜆 = 0, respectively. Directly calculation yields 𝐹𝛼(𝐸0, 𝛼𝑡) = (0, 0, 0)𝑇 ,
𝐷𝐹𝛼(𝐸0, 𝛼𝑡)𝑞 = (0, 0,−𝑇0)𝑇 and

𝐷2𝐹 (𝐸0, 𝛼𝑡)(𝑞, 𝑞) =

⎛

⎜

⎜

⎜

−
2𝑞
𝑐2

2𝑞1(𝛽1 + 𝛽2𝑞2)

⎞

⎟

⎟

⎟

⎝
−2𝛼𝑡𝑞1 ⎠

𝑃

8 
with 𝑞 = 𝑟𝑇0 + 𝑐2𝛽2𝑞1𝑞2 + (𝑐2𝛽1 − 𝑐𝑟)𝑞1. Then we have
∗𝐹𝛼(𝐸0, 𝛼𝑡) = 0, 𝑞∗

[

𝐷𝐹𝛼(𝐸0, 𝛼𝑡)𝑞
]

= −𝑞∗3𝑄𝑇0 ≠ 0,

nd

∗ [𝐷2𝐹 (𝐸0, 𝛼𝑡)(𝑞, 𝑞)
]

=
2𝑞1𝑄(𝜇2𝜇3 + 𝛽2𝛼𝑡𝑇 2

0 )
𝑘𝑇0

.

Hence, by Sotomayor’s theorem [36, Theorem 4.2.1], system (1.1)
undergoes a transcritical bifurcation at the IFE 𝐸0 as 𝛼 passes through
the bifurcation value 𝛼𝑡 provided that 𝑞1 ≠ 0, that is, 𝑟 ≠ 𝑟̄. □

We now investigate how does 𝛼 affect the stability of 𝐸∗ when
> 𝜇1. Note that the stability of 𝐸∗ is determined by the sign of 𝑏∗(𝛼),
hich is a continuous function with respect to 𝛼. If 𝜇2 < 𝛽2𝑇0, then

im𝛼→∞ 𝑉 ∗ = 0 and there exists 𝛼̂ > 0 such that 𝜇1 − 𝑟𝑉 ∗2∕(𝑐 + 𝑉 ∗)2 > 0
or 𝛼 > 𝛼̂. Hence, 𝑏∗(𝛼) > 0 and the IPE 𝐸∗ becomes stable for 𝛼 > 𝛼̂.

If 𝛽2𝑇0∕𝜇2 ≤ 1 < 𝑅0
0 and 𝑟 ≤ 𝑟𝑚, then lim𝛼→𝛼𝑡 𝑉

∗ = 0 still holds.
imilarly, 𝐸∗ is stable when 𝛼 exceeds a critical value which is less than

𝛼𝑡. If 𝛽2𝑇0∕𝜇2 ≤ 1 < 𝑅0
0 and 𝑟 > 𝑟𝑚 or 𝑅0

0 ≤ 1 and 𝑟 > 𝑟𝑛, then 𝑏0 = 0 at
= 𝛼𝑠, which implies 𝜇1−𝑟𝑉 ∗2∕(𝑐+𝑉 ∗)2 = 𝑠∕𝑇 ∗, thus 𝑏1 > 0 is satisfied.
ogether with the positivity of 𝑏2, then 𝑏∗(𝛼) > 0 for 𝛼 ∈ (𝛼𝑠−𝜀, 𝛼𝑠) with
small 𝜀 > 0. Therefore, 𝐸∗ is stable before it vanishes.

The aforementioned discussions suggest that 𝐸∗ becomes stable
hen 𝛼 crosses a critical value. This implies that Hopf bifurcation if
ppears for system (1.1) can only exist in a bounded interval of 𝛼.
enote the maximum value of 𝛼 ensuring the existence of 𝐸∗ by 𝛼𝑚.

f inf𝛼∈(0,𝛼𝑚) 𝑏
∗(𝛼) > 0, then 𝐸∗ is stable whenever it exists. Otherwise,

y the continuity of 𝑏∗(𝛼), we assume

(𝐇𝟑) inf𝛼∈(0,𝛼𝑚) 𝑏
∗(𝛼) < 0, 𝑏∗(0) > 0, 𝑏∗(𝛼) has exactly two simple

positive zeros 𝛼1 < 𝛼2.

his assumption implies that 𝑏∗(𝛼) < 0 for 𝛼 ∈ (𝛼1, 𝛼2) ∶= 𝐼1 and
∗(𝛼) > 0 for 𝛼 ∈ (0, 𝛼1) ∪ (𝛼2, 𝛼𝑚) ∶= 𝐼2. Hence, the IPE 𝐸∗ is stable
f 𝛼 ∈ 𝐼2 and becomes unstable if 𝛼 ∈ 𝐼1. The Hopf bifurcation happens
t 𝛼 = 𝛼𝑖 (𝑖 = 1, 2). In addition, by the geometric property of 𝑏∗(𝛼), we
ave
𝑑𝑏∗(𝛼)
𝑑𝛼

|

|

|

|𝛼=𝛼1
< 0,

𝑑𝑏∗(𝛼)
𝑑𝛼

|

|

|

|𝛼=𝛼2
> 0.

f a Hopf bifurcation exists, then the characteristic equation (3.4)
dmits a pair of purely imaginary eigenvalues ±𝑖𝜔0 at the bifurcation
alue. Hence, the eigenvalues of (3.4) are 𝜆1 = −𝑏2, 𝜆2 = 𝑖

√

𝑏0∕𝑏2 and
3 = −𝑖

√

𝑏0∕𝑏2, respectively. The period of the periodic solution near
the bifurcation value is 𝑃 = 2𝜋

√

𝑏2∕𝑏0. To summarize, we have the
following results.

Theorem 4.4. Let 𝑅0
0, 𝛼𝑡, 𝛼𝑠, 𝑟𝑚, and 𝑟𝑛 be defined in (4.2), (4.3), (4.10),

(4.9), and (4.11), respectively.

(i) Assume 𝜇2 < 𝛽2𝑇0. The unique IPE 𝐸∗ is locally asymptotically
stable for 𝛼 ∈ (0,∞) if inf𝛼∈(0,∞) 𝑏∗(𝛼) > 0. Otherwise, 𝐸∗ is locally
asymptotically stable for 𝛼 ∈ (0, 𝛼1) ∪ (𝛼2,∞) and unstable for
𝛼 ∈ (𝛼1, 𝛼2) when (𝐇𝟑) holds.

(ii) Assume 𝛽2𝑇0∕𝜇2 ≤ 1 < 𝑅0
0 and 𝑟 ≤ 𝑟𝑚. The unique IPE 𝐸∗ is

locally asymptotically stable for 𝛼 ∈ (0, 𝛼𝑡) if inf𝛼∈(0,𝛼𝑡) 𝑏
∗(𝛼) > 0.

Otherwise, 𝐸∗ is locally asymptotically stable for 𝛼 ∈ (0, 𝛼1)∪(𝛼2, 𝛼𝑡)
and unstable for 𝛼 ∈ (𝛼1, 𝛼2) when (𝐇𝟑) holds.

(iii) Assume 𝛽2𝑇0∕𝜇2 ≤ 1 < 𝑅0
0 and 𝑟 > 𝑟𝑚 or 𝑅0

0 ≤ 1 and 𝑟 >
𝑟𝑛. The IPE 𝐸∗

1 is locally asymptotically stable for 𝛼 ∈ (0, 𝛼𝑠) if
inf𝛼∈(0,𝛼𝑠) 𝑏

∗(𝛼) > 0. Otherwise, 𝐸∗
1 is locally asymptotically stable

for 𝛼 ∈ (0, 𝛼1) ∪ (𝛼2, 𝛼𝑠) and unstable for 𝛼 ∈ (𝛼1, 𝛼2) when (𝐇𝟑)
holds.

oreover, a Hopf bifurcation occurs at 𝛼 = 𝛼𝑖 (𝑖 = 1, 2) for system
1.1), and the period of the bifurcated periodic solution at 𝛼 = 𝛼𝑖 is
= 2𝜋

√

𝑏 (𝛼 )∕𝑏 (𝛼 ).
𝑖 2 𝑖 0 𝑖
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Fig. 2. Bifurcation diagram of infected cells ((a)–(b)) and free viruses ((c)–(d)) with
𝛼 as the bifurcation parameter. The parameters are: (a) 𝑟 = 2, 𝛽2 = 0.017; (b) 𝑟 = 2.5,
2 = 0.017; (c) 𝑟 = 2.3, 𝑐 = 20, 𝛽1 = 0.15; (d) 𝑟 = 2.9, 𝑐 = 20, 𝛽1 = 0.15. The green solid

(resp. dashed) line represents the stable (resp. unstable) IFE 𝐸0. 𝛼1 and 𝛼2 are the two
Hopf bifurcation values. A transcritical bifurcation occurs at 𝛼 = 𝛼𝑡.

Fig. 3. Bifurcation diagram of infected cells with 𝛼 as the bifurcation parameter. The
parameters are: (a) 𝑟 = 0.8; (b) 𝑟 = 0.96; (c) 𝑟 = 0.74, 𝛽1 = 0.00087; (d) 𝑟 = 0.9,
1 = 0.00087. A saddle–node bifurcation appears at 𝛼 = 𝛼𝑠 and a transcritical bifurcation
ccurs at 𝛼 = 𝛼𝑡.

Bifurcation simulations are conducted in Figs. 2 and 3 to visualize
he theoretical results and show rich viral dynamics. The parameters
re selected as 𝑠 = 10, 𝑐 = 3, 𝛽1 = 0.01, 𝛽2 = 0.002, 𝑘 = 40,
1 = 0.6, 𝜇2 = 0.28, 𝜇3 = 2.4 unless otherwise specified. If 𝜇2 <
2𝑇0 ≈ 0.2833, then a unique IPE 𝐸∗ exists and the IFE 𝐸0 is unstable
or all 𝛼 > 0, see Fig. 2(a) and (b). If the effect of the viral stimulation
s strong, then two Hopf bifurcation values 𝛼1 and 𝛼2 occur. The IPE
∗ becomes unstable together with stable periodic solutions for 𝛼 ∈
𝛼1, 𝛼2), see Fig. 2(b). This conforms to the results shown in case (i) of
heorem 4.4. Similar dynamics illustrating the case (ii) of Theorem 4.4
re formulated in Fig. 2(c) and (d). The value of 𝑉 ∗ decreases as
increases, which agrees with the results of Theorem 4.2. We have

hown that 𝛼 = 𝛼𝑡 is equivalent to 𝑅0 = 1, then 𝐸0 becomes stable if
> 𝛼𝑡. Consequently, system (1.1) undergoes a transcritical bifurcation
hen 𝛼 passes through the bifurcation value 𝛼𝑡.

Other two conditions presented in case (iii) of Theorem 4.4 are
llustrated in Fig. 3(a)–(b) and Fig. 3(c)–(d), respectively. As the loss
9 
ate of virus enlarges, the value of 𝐼∗1 increases and then decreases,
hile 𝐼∗2 increases consistently. Similarly, Hopf bifurcation occurs for

arge 𝑟, and system (1.1) still has two Hopf bifurcation values 𝛼1 and
2, see Fig. 3(b) and (d). It is observed from Fig. 3(a)–(b) and Fig. 3(c)–
d) that bistability dynamics exist for 𝛼 ∈ (𝛼𝑡, 𝛼𝑠) and 𝛼 ∈ (0, 𝛼𝑠),
espectively. Two stable equilibria 𝐸∗

1 and 𝐸0 or the stable 𝐸0 and a
table limit cycle coexist. Furthermore, 𝐸0 is always stable when 𝑅0

0 ≈
.9821 < 1, see Fig. 3(c) and (d). If bistability phenomenon appears,
he long-time behavior of any solution to (1.1) is determined by the
nitial condition. This suggests us to regulate the populations of cells
nd viral particles to the basin of attraction of 𝐸0, which corresponds
o the extinction of free viruses. On the other hand, if the initial value
ies in the basin of attraction of a positive equilibrium or a periodic
olution, the viral infection can persist and eventually approach to a
ositive constant level or a sustained oscillation.

Note that the stable IFE 𝐸0 is the unique equilibrium when 𝛼 is
ufficiently large; namely, 𝛼 > 𝛼𝑡 in Fig. 2(c) and (d), and 𝛼 > 𝛼𝑠
n Fig. 3. This implies that enhancing the impact of viral decay on
ree viruses can effectively inhibit viral replication and even lead to
he eradication of virions under certain conditions. Therefore, it is
rucial to investigate and comprehend the virion decay mechanism
n order to better control virus infection and transmission. Numerical
esults also suggest that high proliferation ability of uninfected cells
ay destabilize the positive equilibrium and induce sustained oscilla-

ions. Consequently, it is critical to measure the contribution of viral
timulation to T-cell recruitment in the process of HIV infection, which
elps us to better figure out viral kinetics and provide more effective
ontainment strategies.

.3. Global continuation of Hopf bifurcation

Theorem 4.4 provides sufficient conditions on the existence of pe-
iodic solutions bifurcated at the infection persistent equilibrium when
he loss rate of virions 𝛼 passes through the local Hopf bifurcation
alue. By Lemma 3.1, we assume 𝑅0 > 1 to investigate the global
ontinuation of Hopf bifurcation when the condition (i) of Theorem 4.4
nd (𝐇𝟑) are satisfied. Other cases in Theorem 4.4 can be analyzed by
sing a similar method. Let 𝑢(𝑡) = (𝑇 (𝑡), 𝐼(𝑡), 𝑉 (𝑡))𝑇 , then model (1.1)
an be rewritten as
′(𝑡) = 𝐹 (𝑢(𝑡), 𝛼, 𝑃 ), (𝑡, 𝛼, 𝑃 ) ∈ R+ × 𝐼1 × R+, (4.12)

here 𝑢(𝑡) ∈ R3
+, 𝐼1 = (𝛼1, 𝛼2) and

(𝑢, 𝛼, 𝑃 ) =

⎛

⎜

⎜

⎜

⎝

𝑠 − 𝜇1𝑢1 +
𝑟𝑢1𝑢3
𝑐 + 𝑢3

− 𝛽1𝑢1𝑢3 − 𝛽2𝑢1𝑢2

𝛽1𝑢1𝑢3 + 𝛽2𝑢1𝑢2 − 𝜇2𝑢2
𝑘𝑢2 − 𝜇3𝑢3 − 𝛼𝑢1𝑢3

⎞

⎟

⎟

⎟

⎠

for 𝑢 = (𝑢1, 𝑢2, 𝑢3)𝑇 . Clearly, 𝐹 is twice continuously differentiable, thus
the assumption (A1) in [44] is satisfied. Denote the set of stationary
solutions of (4.12) by

𝐍(𝐹 ) = {(𝑢, 𝛼, 𝑃 ) ∈ R3
+ × 𝐼1 × R+ ∶ 𝐹 (𝑢, 𝛼, 𝑃 ) = 0}.

If 𝑅0 > 1 holds, it then follows from Theorem 4.4 that 𝐍(𝐹 ) =
{(𝐸0, 𝛼, 𝑃 ), (𝐸∗, 𝛼, 𝑃 )}. For any stationary solution (𝑢, 𝛼, 𝑃 ), the charac-
teristic equation of (4.12) is

𝛥(𝑢,𝛼,𝑃 )(𝜆) = 𝜆𝐼 −𝐷𝐹 (𝑢, 𝛼, 𝑃 ),

where 𝐷𝐹 (𝑢, 𝛼, 𝑃 ) is the Jacobian matrix of 𝐹 at the stationary solution.
We have shown that 0 is not the eigenvalue of any stationary solution.
This suggests that the statement (A2) in [44] is satisfied. Furthermore,
it can be clearly checked that (A3) in [44] also holds.

The results in Theorem 4.4 indicate that the stationary solution
𝐸∗, 𝛼𝑗 , 𝑃 ) is an isolated center of (4.12) for 𝑗 = 1, 2, where 𝑃 = 2𝜋∕𝜔𝑗

√

𝑏 (𝛼 )∕𝑏 (𝛼 ). Only one purely imaginary eigenvalue of
and 𝜔𝑗 = 0 𝑗 2 𝑗
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Fig. 4. Bifurcation diagram of infected cells with 𝑅0 as the bifurcation parameter. (a) A forward bifurcation exists at 𝑅0 = 1. (b) A saddle–node bifurcation and a backward
bifurcation occur at 𝑅0 ≈ 0.8707 and 𝑅0 = 1, respectively.
Fig. 5. Bifurcation diagram of infected cells with 𝑅0 as the bifurcation parameter. A
addle–node bifurcation and a backward bifurcation occur at 𝑅0 ≈ 0.5541 and 𝑅0 = 1,
espectively. Two Hopf bifurcation values 𝑅1

0 ≈ 0.8192 and 𝑅2
0 ≈ 1.0449 exist. The stable

PE becomes unstable together with sustained oscillations for 𝑅0 ∈ (𝑅1
0 , 𝑅

2
0).

he form 𝑖𝑚 2𝜋
𝑃 exists with 𝑚 = 1. Moreover, the crossing number

(𝐸∗, 𝛼𝑗 , 2𝜋∕𝜔𝑗 ) follows

(𝐸∗, 𝛼𝑗 , 2𝜋∕𝜔𝑗 ) = −Sign

{

𝑑𝑅𝑒𝜆(𝛼)
𝑑𝛼

|

|

|

|𝛼=𝛼𝑗

}

=
{

− 1, 𝑗 = 1,
1, 𝑗 = 2,

(4.13)

hich implies that (A4) in [44] is satisfied. Then we define a closed
ubset 𝛴(𝐹 ) of R3

+ × 𝐼1 × R+ by

(𝐹 ) = 𝐶𝑙{(𝑢, 𝛼, 𝑃 ) ∈ R3
+ × 𝐼1 × R+ ∶ 𝑢 is a nontrivial

P-periodic solution of (4.12)}.

e denote by 𝐂(𝐸∗, 𝛼𝑗 , 2𝜋∕𝜔𝑗 ) the connected component of (𝐸∗, 𝛼𝑗 , 2
𝜋∕𝜔𝑗 ) in 𝛴(𝐹 ) for 𝑗 = 1, 2. By Theorem 4.4, 𝐂(𝐸∗, 𝛼𝑗 , 2𝜋∕𝜔𝑗 ) is a
nonempty subset of 𝛴(𝐹 ). It follows from Theorem 2.1 and Lemma 3.1
that the following results can be directly concluded.

Lemma 4.1. If 𝑅0 > 1 and 𝑟 < (
√

𝜇1+
√

𝛽1𝑐)2, then all nonnegative peri-
odic solutions of system (4.12) are bounded, that is, 𝜖 ≤ 𝑇 (𝑡), 𝐼(𝑡), 𝑉 (𝑡) ≤ 𝑀
for all 𝑡 ∈ R+, where 𝑀 = max{𝑇 , 𝐼, 𝑉 } defined in Theorem 2.1 and 𝜖 > 0
defined in Lemma 3.1.

Lemma 4.1 indicates that the projection of 𝐂(𝐸∗, 𝛼𝑗 , 2𝜋∕𝜔𝑗 ) onto R3
+

is bounded for 𝑗 = 1, 2. Later numerical simulations show that the peri-
ods of the bifurcated periodic solutions are all bounded. Without loss of
generality, we assume that the periods of all bifurcated periodic solu-

∗
tions are bounded for 𝛼 ∈ 𝐼1. Hence, the projection of 𝐂(𝐸 , 𝛼𝑗 , 2𝜋∕𝜔𝑗 )

10 
onto 𝑃 is bounded. To summarize, the global continuation of Hopf
bifurcation can be described as follows.

Theorem 4.5. Assume that 𝜇2 < 𝛽2𝑇0, 𝑟 < (
√

𝜇1 +
√

𝛽1𝑐)2, (𝐇3) is
satisfied and the periods of all periodic solutions are bounded for 𝛼 ∈ 𝐼1,
then the two global Hopf branches 𝐂(𝐸∗, 𝛼𝑗 , 2𝜋∕𝜔𝑗 ) (𝑗 = 1, 2) are bounded
and collide together.

Proof. We have shown that 𝐂(𝐸∗, 𝛼𝑗 , 2𝜋∕𝜔𝑗 ) (𝑗 = 1, 2) is bounded
in R3

+ × 𝐼1 × R+ based on the assumptions. By Lemma 4.1, the pe-
riodic solutions are all bounded away from zero. This implies that
there is no need to consider the boundary equilibrium IFE. Define
𝐍1(𝐹 ) = {(𝐸∗, 𝛼, 𝑃 ), (𝛼, 𝑃 ) ∈ 𝐼1 × R+}. It then follows from (4.13)
and the global Hopf bifurcation theorem [44, Theorem 3.3] that  ∶=
𝐂(𝐸∗, 𝛼𝑗 , 2𝜋∕𝜔𝑗 ) ∩ 𝐍1(𝐹 ) is finite and

∑

(𝑢,𝛼,𝑃 )∈
𝛾(𝐸∗, 𝛼𝑗 , 2𝜋∕𝜔𝑗 ) = 0.

Therefore, by (4.13), the two global Hopf branches 𝐂(𝐸∗, 𝛼1, 2𝜋∕𝜔1) and
𝐂(𝐸∗, 𝛼2, 2𝜋∕𝜔2) coincide with each other and connect a pair of Hopf
bifurcation values 𝛼1 and 𝛼2. □

5. Numerical simulations

In this section, we carry out some numerical simulations to reveal
rich bifurcation dynamics of system (1.1). We have shown that the basic
reproduction number 𝑅0 is the threshold to determine the existence and
stability of equilibria. Then we choose 𝑅0 as the bifurcation parameter
to visualize such dynamics, see Figs. 4 and 5. It is observed from
Fig. 4(a) that a stable IPE 𝐸∗ appears and the IFE 𝐸0 becomes unstable
when 𝑅0 > 1, which is in accord with the case (i) of Lemma 2.1
and Theorem 3.1. Hence, a forward bifurcation happens as 𝑅0 passes
through the critical value 𝑅0 = 1.

It is observed from Fig. 4(b) that a saddle–node bifurcation and
a backward bifurcation occur at 𝑅0 = 1 − 𝜉 ≈ 0.8707 and 𝑅0 = 1,
respectively. This dynamics exactly confirms to the results shown in
case (ii) of Lemma 2.1 and Theorem 3.3. Moreover, bistability dynamics
of (1.1) appears where 𝐸∗

1 and 𝐸0 are both locally asymptotically stable
for 𝑅0 ∈ (0.8707, 1). Note that sufficiently large 𝑅0 can lead to a unique
stable IPE existing, and controlling the value of 𝑅0 to be less than 1
is a general effective strategy to suppress the viral dissemination and
elimination. However, if there exists a backward bifurcation, then it is
indispensable to reduce 𝑅0 to be less than a lower value 1 − 𝜉.

When we select a larger value of the proliferation rate 𝑟, then
similarly to the dynamics shown in Figs. 2 and 3, the stability switches
of the IPE and Hopf bifurcation appear with 𝑅0 increasing, see Fig. 5.
There still exist two Hopf bifurcation values 𝑅1

0 and 𝑅2
0. We can observe

that 𝐸0 is the unique equilibrium which is stable if 𝑅0 < 1 − 𝜉; 𝐸0 and
𝐸∗
1 are both locally asymptotically stable if 𝑅0 ∈ (1 − 𝜉, 𝑅1

0); the stable
𝐸0 and a stable limit cycle coexist if 𝑅0 ∈ (𝑅1

0, 1); the limit cycle is
2 ∗
the unique attractor of system (1.1) if 𝑅0 ∈ (1, 𝑅0); and 𝐸 is globally
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Fig. 6. Illustration of the phase orbits in Fig. 5. The red (resp. green) asterisk denotes the IPE (resp. the IFE). The red curve stands the stable limit cycle. Here the basic reproduction
numbers are (a) 𝑅0 = 0.5; (b) 𝑅0 = 0.75; (c) 𝑅0 = 0.85; (d) 𝑅0 = 1.02.
asymptotically stable if 𝑅0 > 𝑅2
0. The corresponding phase orbits are

depicted in Fig. 6, respectively. Furthermore, the basin of attraction of
two limit sets is separated by the stable manifolds of the saddle point
𝐸∗
2 in Fig. 6(b) and (c).

6. Conclusion and discussion

In this paper, we proposed a within-host HIV infection model
that incorporates two transmission modes: virus-to-cell and cell-to-
cell transmissions. Additionally, we accounted for the stimulation of
free viruses on the proliferation of uninfected target cells and loss
term of virions due to encountering with target cells. We established
the nonnegativity and boundedness of the solutions, and identified
the existence of a unique infection free equilibrium (IFE) 𝐸0 and,
potentially, up to two infection persistent equilibria (IPE) 𝐸∗

1 and 𝐸∗
2 .

Utilizing suitable Lyapunov function and employing the geometric
approach introduced by Li and Muldowney [38,39], we demonstrated
the global asymptotic stability of 𝐸0 and 𝐸∗ (or 𝐸∗

1 ), respectively.
Additionally, we also verified that another IPE 𝐸∗

2 is unstable whenever
it exits. Furthermore, we established the basic reproduction number 𝑅0
as the threshold for determining the existence and stability of equilib-
ria. The expression of 𝑅0 comprises two components, representing the
contributions of virus-to-cell and cell-to-cell infection modes to newly
infected cells, respectively. This underscores the significance of both
viral transmission routes in investigating the HIV mechanism. Note
from (2.4) that 𝑅0 is independent of the parameters 𝑟 and 𝑐; that is,
the proliferation of healthy target cells stimulated by virions does not
affect the value of the basic reproduction number. However, our results
revealed that these two parameters significantly affect the dynamics of
(1.1) and shall not be neglected.

The previous study [34] relied on the condition 𝑟 < 𝜇1 to establish
the global stability of their proposed model, focusing solely on the
virus-to-cell infection route. In our research, we broaden the scope
by examining both viral infection modes and investigating stability
dynamics without restrictions on the relationship between 𝑟 and 𝜇1.
This expanded analysis has revealed novel dynamics, including stability
switches of the positive equilibrium, sustained oscillations, and bista-

bility when 𝑟 > 𝜇1 holds true. To explore Hopf bifurcation, we selected

11 
the proliferation rate of healthy target cells 𝑟 and the loss rate of virions
𝛼 as the bifurcation parameters for theoretical analyses and numerical
simulations, respectively. Regarding the infected cell population and
free viruses, we observed that their sizes both increase with the pro-
liferation rate increasing. Meanwhile, the variation of infected cells is
uncertain and viral load decreases as the loss rate of virions increases.
We also examined local Hopf bifurcation and its global continuation
with 𝛼 as the bifurcation parameter. Notably, we demonstrated that
a sufficiently large value of 𝛼 can result in either the nonexistence
of the positive equilibrium alongside a unique stable infection free
equilibrium, or the existence of a unique infected persistent equilibrium
which is globally asymptotically stable. In conclusion, our findings
suggest that weakening the proliferation ability of healthy cells or
enhancing the loss intensity of free viruses effectively suppresses HIV
recruitment and transmission. These insights contribute significantly
to our understanding of HIV dynamics and may inform strategies for
combating the virus.

For further exploration, we selected the basic reproduction number
as the bifurcation parameter and conducted numerical simulations to
validate our theoretical findings and visualize a range of bifurcation
dynamics, including forward, backward, and saddle–node bifurcations.
In contrast to previous models [24,26,34], we have omitted the impacts
of antiretroviral therapy in our model, as this term does not influence
the stability outcomes. Consequently, we have simplified and enhanced
earlier methodologies to construct the proposed model. From a bio-
logical perspective, viral recruitment and infection processes typically
do not occur instantaneously, and time delay plays a significant role
in understanding the mechanisms of HIV. Inspired by this notion, we
plan to incorporate time delays into our model in future research to
investigate their effects on viral dynamics.
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