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Abstract
Prevention and control strategies play an essential role in reducing new infections of
infectious diseases, while uniform and instantaneous responses to disease outbreaks
are assumed in traditional epidemic models. To model the adaptive public health
policies that account for hysteresis effects and heterogeneous control measures, we
proposed an SIQR epidemic model with multiple two-threshold structures to describe
the prevalence-dependent real-time control strategies. The formulated model incor-
porated the Preisach operator which effectively characterizes time-varying control
strategies that depend on the historical evolution of a disease. We established the
global stability of this steady-state set through an innovative analytical approach by
constructing a series of Lyapunov functions corresponding to different branches of the
hysteresis operator. Specifically, our results indicate that: (i) heterogeneity facilitates
the convergence of system trajectories to a point within the continuum of steady-state,
and (i i) greater heterogeneity leads to higher peaks of infected individuals during the
evolution of an epidemic and more severe disease prevalence in the long term. Our
findings reveal that the hysteresis phenomenon in control events may lead to exis-
tence of a continuum of endemic equilibria, significantly altering the effectiveness
of disease suppression strategies. These results provide a theoretical foundation for
designing adaptive control policies, emphasizing the importance of incorporating past
intervention effects in epidemic modeling.
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1 Introduction

The development and implementation of effective disease prevention and control
strategies constitute a cornerstone of modern public health. Such strategies not only
mitigate morbidity and mortality associated with infectious diseases but also play
a decisive role in reducing the long-term societal and economic consequences of
epidemics. Interventions including vaccination programs, early diagnostic screening,
contact tracing, quarantine measures, and health communication campaigns are criti-
cal for interrupting transmission chains and protecting high-risk populations, such as
influenza, Ebola, childhood disease and COVID-19 (Feng and Thieme 1995; Ll and
Feng 2000; Herbert et al. 2002; Erdem et al. 2017; Mondaini 2018; Odagaki 2020;
Wang et al. 2023; Pinto et al. 2024; Wang et al. 2026).

The epidemiological models is essential for understanding the dynamics of infec-
tious diseases, especially in the context of public health management and intervention
strategies. Traditional infectious disease models generally assume that control mea-
sures are applied continuously throughout the transmission process and remain of
constant intensity. In practice, however, most interventions can only be implemented
for a limited period, such as community isolation and business restriction, due to
non-pharmaceutical interventions have a significant impact on economic and social
aspects (Fairlie 2020; Wang et al. 2022). Given these constraints, many interven-
tion programs implemented by health authorities to mitigate disease transmission
(Wilder-Smith et al. 2020) can, at least temporarily, be modelled as threshold-based
or event-triggered control strategies (Rachinskii and Rouf 2022; Huang and Wang
2024). In such frameworks, the timing of both activation and suspension of control
measures becomes critical. For instance, Wang and Xiao (2025) analyzed an SIQR
model incorporating a single two-threshold structure, in which interventions are ini-
tiated once a key variable (such as the number of infectious individuals) exceeds a
specified upper threshold and are lifted when it falls below a lower, safer level. Their
research has demonstrated that two-threshold strategies can effectively suppress infec-
tion prevalence during the course of an epidemic. Nonetheless, modeling scenarios
involving the combined application of multiple interventions, as well as dynamically
adjusting the intensity of individual measures in response to epidemic progression,
poses significant analytical challenges. In particular, the comprehensive dynamics of
the epidemic models subject to heterogeneous control strategies remains unclear and
falls within the scope of this study.

We note that when the thresholds for triggering/suspending the control strategies
differ, hysteresis effects naturally emerge, thereby shaping the qualitative features of
epidemic dynamics (Krasnosel’skii and Pokrovskii 1989; d’Onofrio and Piero 2009).
These modes, which may include varying levels of quarantine enforcement, testing
rates, and social distancing measures, create a complex dynamical system where dif-
ferent regions or populations may experience different rates of intervention. In such
models, the effectiveness of control strategies often depends on the thresholds of inter-
vention and feedback loops within the system. Hysteresis, a term commonly used in
physics and engineering (Meza and Bhaya 2010), refers to systems where the current
state depends not only on the present conditions but also on the past history of the
system (Visintin 1994). This concept can be applied to control strategies in epidemic
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models, where the effectiveness of control measures (such as quarantine and isola-
tion)may depend on the history of disease spread and previous interventions (Schelling
1971). The incorporation of hysteresis allows us for a more realistic representation of
control strategies, where interventions are delayed or their effects are less immediate
due to social, economic, or logistical factors. Indeed, the concept of hysteresis operator
has been used to study the dynamics of some epidemiological models (Pimenov et al.
2012; Kopfová et al. 2021; Rachinskii and Rouf 2022; Guan et al. 2024) and predator-
prey models (Krejči et al. 2012; Pimenov and Rachinskii 2014; Pimenov et al. 2015;
Gurevich and Rachinskii 2015; Pimenov et al. 2017).

In this studywe extend the SIQRmodel with a single two-threshold structure (Wang
and Xiao 2025), by incorporating multiple two-threshold structures, including finite
and infinite cases, to describe the impacts of heterogeneous control strategies. These
can be naturally represented using discrete and continuous Preisach operators that
induces hysteresis effects due to heterogeneous control strategies. In the context of
epidemic models, this could represent situations where the effectiveness of quarantine
measures or vaccination campaigns depends on the past levels of disease spread, the
history of intervention, and social response to past outbreaks.We aim to understand the
influence of past disease dynamics and control actions on the long-term dynamics. The
global dynamics of such a model is crucial for understanding whether interventions
can successfully eliminate or control the epidemic, and how the system responds to
varying intensities of control over time.

This paper is organized as follows. Section 2 formulates an SIQR model with
multiple two-threshold structures for finite and infinite cases. In Sect. 3, we present
some preliminaries: the properties of continuous Preisach operator, the extended phase
space and transform the SIQR model into an autonomous switched system. Global
stability results are given in Sect. 4 and a detailed proof procedure is provided in
Appendices, by constructing a series of Lyapunov functions with respect to different
branches of the hysteresis operator. Some discussions in Sect. 5.

2 Modeling

To examine the influence of memory-dependent hysteresis control strategies on epi-
demic dynamics, we begin with the SIQR model incorporating a single two-threshold
structure (Wang and Xiao 2025). This framework is then extended to SIQR mod-
els with finite and infinite two-threshold structures, enabling the characterization of
real-time variations in isolation intensity throughout the course of disease evolution.

We consider a population that is divided into four different compartments of indi-
viduals: susceptible (S), infected (I), quarantined/isolated (Q) and recovered (R).
Assuming that all offspring are born as susceptible and the birth/death rate in each
group is the same. This assumption together with the assumption that the disease is not
fatal (i.e., it does not cause death), the total population N = S + I + Q + R remains
a constant. Without loss of generality, we have chosen the scaling so that N = 1, and
consequently S, I , Q and R denote the fractions of the corresponding subpopulations.
We consider the following epidemiological model
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS

dt
= μ − βSI

1 + σ S
− μS,

d I

dt
= βSI

1 + σ S
− (γ1 + μ)I − v(t)I ,

dQ

dt
= v(t)I − (γ2 + μ)Q,

dR

dt
= γ1 I + γ2Q − μR,

(1)

with simple demographical factors and a feedback loop,which characterizes the depen-
dence of the isolation intensity v(t) on the current and past values of the proportion of
infected individuals I (t) (or prevalence of infection). Here μ > 0 and β > 0 indicate
the birth/death rate and transmission rate, respectively. And γi > 0(i = 1, 2) repre-
sents the recovery rate of infected and quarantined compartments, respectively. In large
susceptible populations, a substantial fraction of individuals may adopt self-protective
measures (e.g., avoiding crowded environments, mask usage, or vaccination), thereby
reducing their likelihood of effective contact with infectious individuals. As a result,
the effective incidence does not scale linearly with the total susceptible population.
This saturation effect is represented in the incidence function βSI/(1+σ S) with sat-
uration rate σ induced by susceptible individuals taking protective measures against
infection. Regardless of the specific dependence of v on I , we observe that the Q and
R compartments do not influence the first two equations of model (1). Therefore, our
analysis can be restricted to the following reduced model

⎧
⎪⎪⎨

⎪⎪⎩

dS

dt
= μ − βSI

1 + σ S
− μS,

d I

dt
= βSI

1 + σ S
− δ I − v(t)I ,

(2)

where δ = γ1 + μ. Note that the region

� = {(S, I ) ∈ R
2+ | S ≥ 0, I ≥ 0, S + I ≤ 1} (3)

is a positive invariant set. Therefore, we will restrict our analysis to solutions within
�. Specifically, within this region, we have S′ = μ > 0 for S = 0, I ′ ≤ (β − δ)I and
I ′ = 0 for I = 0, as well as

S′ + I ′ ≤ μ − μS − δ I < 0 for S + I = 1,

which implies that trajectories initiating from the region � remain within �. More-
over, when a constant isolation rate is implemented (i.e., v(t) ≡ v > 0), the basic
reproduction number is given by

R0 = β

(1 + σ)(δ + v)
.
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The global dynamics of this basic system can then be determined accordingly. More
precisely, if R0 ≤ 1, the disease-free equilibrium E0 = (1, 0) is globally asymp-
totically stable in �; if R0 > 1, E0 is a saddle point and an endemic equilibrium
E∗ = (S∗, I ∗) exists and is globally asymptotically stable in �0 := {(S, I ) ∈ R

2+ |
S > 0, I > 0, S + I ≤ 1}, where

S∗ = δ + v

β − σ(δ + v)
, I ∗ = μ(1 − S∗)(1 + σ S∗)

βS∗ . (4)

Furthermore, the endemic equilibrium is of focus type if

μ[(β − σ(δ + v))2 + σ(δ + v)2]2 < 4(δ + v)2β(β − σ(δ + v))(β − (1+ σ)(δ + v)).

In this case, the disease dynamics approach the equilibrium through damped oscilla-
tions, indicating that the spread of the disease stabilizes in a fluctuating manner.

2.1 The switched systemwith single two-threshold

A switched system consists of two modes governed by (2), each characterized by a
distinct isolation intensity, v1 and v2, with 0 ≤ v1 < v2. Here, v1 is used when the
disease is mild, while v2 is applied when it is severe. Specifically, the evolution of
infectious diseases is constrained by a two-threshold structure, k∗ and k∗∗, satisfying
0 ≤ k∗ < k∗∗ ≤ 1. Under this framework, the switched system consists of two
different subsystems

⎧
⎪⎪⎨

⎪⎪⎩

dS

dt
= μ − βSI

1 + σ S
− μS,

d I

dt
= βSI

1 + σ S
− δ I − v1 I ,

if I (t) < k∗∗, (5)

with the switching manifold I = k∗∗ and

⎧
⎪⎪⎨

⎪⎪⎩

dS

dt
= μ − βSI

1 + σ S
− μS,

d I

dt
= βSI

1 + σ S
− δ I − v2 I ,

if I (t) > k∗, (6)

with the switching manifold I = k∗. In other words, suppose that the isolation rate
v(t) instantaneously switches from a lower value v1 to a higher value v2 when the
proportion of infected individuals is up to the value I = k∗∗. And the isolation rate
switches from v2 to v1 when the prevalence decreases down to the value I = k∗ (shown
in Fig. 1). The biological significance of this switching mechanism lies in the fact that
both the strengthening and weakening of isolation are triggered relatively late (Wang
and Xiao 2025). Two subsystems (5) and (6) have the same disease-free equilibrium
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Fig. 1 Switching rule: the
non-ideal relay operator. The
input-output pair (I , v) always
lies on one of two horizontal
solid lines. The point (I , v)

moves horizontally to the right if
I ′ > 0 and to the left if I ′ < 0.
Upon reaching the end of either
line, (I , v) immediately jumps
vertically to the corresponding
point on the other line

E0 = (1, 0). The subsystem with isolation rate vi has an endemic equilibrium

Ei = (S∗
i , I ∗

i ), i = 1, 2 (7)

ifR0i > 1, where

S∗
i = δ + vi

β − σ(δ + vi )
, I ∗

i = μ(1 − S∗
i )(1 + σ S∗

i )

βS∗
i

and R0i = β

(1 + σ)(δ + vi )
.

(8)
The two-threshold policy can be represented using a non-ideal relay operator (com-

monly known as a rectangular hysteresis loop or a lazy switch) (Visintin 1994). To
mathematically characterize this hysteresis loop, we introduce the following function
space:

(i) BV (0, T ): the Banach space of functions from [0, T ] to R+ with finite total
variation;

(i i) Cr ([0, T ]): the linear space of functions that are right-continuous on [0, T ].

For any threshold pair k := (k∗, k∗∗) with 0 ≤ k∗ < k∗∗ ≤ 1, we introduce the
hysteresis operator

wk : C([0, T ]) × {0, 1} → BV (0, T ) ∩ Cr ([0, T ]).

More precisely, for any I (t) ∈ C([0, T ]) and an initial data wk(0) = wk0 satisfying

wk0

⎧
⎪⎨

⎪⎩

= 0, if I (0) ≤ k∗,
∈ {0, 1}, if k∗ < I (0) < k∗∗,
= 1, if I (0) ≥ k∗∗,

(9)
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and setting Wt = {t̄ ∈ (0, t]|I (t̄) = k∗ or k∗∗}, the value of the non-ideal relay
operator at time t > 0 is

wk(t) =

⎧
⎪⎨

⎪⎩

0, if Wt 
= ∅ and I (maxWt ) = k∗,
wk(0), if Wt = ∅,

1, if Wt 
= ∅ and I (maxWt ) = k∗∗.
(10)

The relation (10) can be expressed using the operator

wk(t) = (Fk[wk0]I )(t), t ≥ 0. (11)

From (10), it follows that the function wk(t) satisfies the constraint

wk(t) = 1 whenever I (t) ≥ k∗∗, wk(t) = 0 whenever I (t) ≤ k∗ (12)

for all t ≥ 0. Moreover, for any I (t) ∈ C([0, T ]), the numbers of oscillations between
k∗ and k∗∗ are necessarily finite due to the uniform continuity of I (t). Consequently,
wk(t) switches between 0 and 1 only a finite number of times within any finite interval
(Brokate andSprekels 1996). By combining (10) and (11), the evolution of the isolation
rate v can thus be characterized by

v(t) = v1 + (v2 − v1)(Fk[wk0]I )(t), t ≥ 0. (13)

For the switched system (2), (13) with σ = 0 and R01 > 1 > R02, Wang and
Xiao (2025) demonstrated through theoretical analysis and numerical simulations that
any trajectory of this system converges either to an equilibrium of subsystems or to a
switch-induced periodic orbit. The specific outcome depends on the threshold levels
k∗ and k∗∗. In the case of a periodic orbit, the I−value oscillates between the threshold
levels k∗ and k∗∗, as well as the input-output pair (I (t), v(t)) evolves counterclockwise
along the hysteresis loop illustrated in Fig. 1.

Moreover, the two-threshold strategy is able to suppress the number of infected
individuals below the upper threshold k∗∗ during the evolution of an infectious disease.
For the complementary case where R01 > R02 > 1, we can draw the following
conclusions based on the concept of real and virtual equilibra, as well as the stability
properties of each subsystem, as discussed in Wang and Xiao (2025).

Proposition 1 Assume thatR01 > R02 > 1 holds, then switched model (2) with (13)
has

(i) no real equilibrium if I ∗
2 < k∗ < k∗∗ < I ∗

1 ;
(i i) one real equilibrium E1 if I ∗

2 < k∗ and I ∗
1 < k∗∗;

(i i i) one real equilibrium E2 if k∗ < I ∗
2 and k∗∗ < I ∗

1 ;
(iv) two real equilibra E1 and E2 if k∗ < I ∗

2 < I ∗
1 < k∗∗.

Moreover, each real equilibrium Ei is at least locally asymptotically stable if v(0) = vi
in the hysteresis region, where i = 1, 2.
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2.2 The switched systemwithmultiple two-threshold

We note that the switched system (2) with the non-ideal relay operator (13) are used
to model isolation as an on-off switching machanism with upper and lower infection
thresholds:

(i) if I (t) ≥ k∗∗, then v(t) = v2 (strict isolation);
(i i) if I (t) ≤ k∗, then v(t) = v1 (relaxed isolation);

(i i i) in between k∗ and k∗∗, v(t) retains its previous state (hysteresis).

However, this switching rule has some limitations: it oversimplifies isolation policy
responses (which are gradual in reality), cannot capture multiple levels of inter-
vention, and fails to incorporate distributed memory effects, where past infection
levels influence future decisions. To address these issues, we transition to a discrete
Preisach operator, which generalizes hysteresis behavior by incorporating multiple
relay elements with distinct threshold pairs. This allows for a more adaptive isolation
strategy, where control intensity is adjusted dynamically in response to disease spread.
Therefore, we introduce multiple isolation intensities (numbered i = 1, · · · , n), each
modifying the isolation coefficient by a specific increment�vi . Each isolation strategy
follows a rectangular hysteresis loop (13) (see Fig. 1) and is associated with a unique
threshold pair ki = (ki∗, ki∗∗). Based on these assumptions, the isolation intensity of
model (2) is given by

v(t) = v1 + (v2 − v1)

n∑

i=1

pi · (F i
k [wk0]I )(t), (14)

where 0 ≤ v1 < v2 represent the minimum and maximum values, respectively, that
can be implemented by health authorities as control measures, and

pi = �vi
∑n

j=1 �v j
. (15)

Therefore, the isolation rate v changes its value at multiple two-threshold ki =
(ki∗, ki∗∗), i = 1, 2, · · · , n. The operator in (14), involving a discrete set of multiple
thresholds, is known as the discrete Preisach model. The thresholds ki may be orga-
nized in a variety of configurations, including non-overlapping thresholds or adjacent,
intersecting pairs, as illustrated in Fig. 2, among other possibilities. The number of real
and virtual equilibria, as well as the orbit patterns exhibited by model (2), vary accord-
ing to the specific threshold configurations. For instance, Fig. 3 with n = 3 illustrates
the input-output relationship associated with the threshold pair combinations depicted
in Fig. 2(b). As shown in Fig. 3(a), the trajectory undergoes four switching events.
In conjunction with Fig. 3(b), the input-output dynamics ultimately converges to the
equilibrium A = (0.042, 0.19), highlighted by a red star. Owing to the complexity
introduced by this variability, we shall deeply and theoretically investigate system
(2) with continuous Preisach operator, while system (2) with the discrete Preisach
operator is illustrated primarily through numerical simulations in Sect. 4.
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Fig. 2 Schematic diagrams of a switching rule with n hysteresis loops: (a) non-overlapping thresholds, (b)
adjacent pairs of intersecting thresholds

Fig. 3 Panel (a) depicts the input-output relationship of the discrete case (14) for the input I (t) shown inpanel
(b), incorporating n = 3 hysteresis loops. The multiple two-threshold pairs are (0.02, 0.04), (0.025, 0.06)
and (0.05, 0.07), with the corresponding weighting parameters pi in (14) given by 0.1, 0.2 and 0.7,
respectively. The parameters used are μ = 0.1, β = 10, σ = 0.02, δ = 0.6, v1 = 1, v2 = 4 and
(S0, I0) = (0.98, 0.01). Moreover, the colored segments indicate the activation of different subsystems

A continuous Preisach operator generalizes the discrete case (14) by integrating
over an infinite number of relay elements, each characterized by a unique threshold
pair. The isolation rate is now given by

v(t) = v1 + (v2 − v1)

∫∫

�

p(k)(Fk[wk0]I )(t) dk1 dk2, t ≥ 0, (16)
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Fig. 4 Panel (a) depicts the input-output relationship of the continuous case (16) for the input I (t) shown
in panel (b). A point (I , v) is a turning point if and only if I corresponds to an extreme value of I (t). The
parameters used are μ = 0.1, β = 10, σ = 0.02, δ = 0.6, v1 = 1, v2 = 4 and (S0, I0) = (0.98, 0.01)

where 0 ≤ v1 < v2 and 0 < p(k) : � → R+ is a bounded probability density
function with

� = {k = (k1, k2) | 0 ≤ k1 < k2 ≤ 1}. (17)

Hence ∫∫

�

p(k) dk1 dk2 = 1. (18)

This formulation in (16) allows for smooth adjustments to the isolation rate. It over-
comes the stepwise nature of the discretemodel in (14), and incorporatesmore realistic
memory effects by continuously accounting for past infection levels. Furthermore,R01
denotes the maximal basic reproduction number corresponding to the minimal isola-
tion rate v1 (subsystem (5)), whereas R02 represents the minimal basic reproduction
number associatedwith themaximal isolation rate v2 (subsystem (6)). The expressions
forR01 and R02 are provided in (8).

Under these assumptions, the evolution of disease in the populations is described
by the operator differential model (2), coupled with the adapted control strategy (16).
In contrast to Figs. 1 and 2, the relationship between I (t) and v(t) is illustrated in Fig.
4 using an input-output diagram of the real-time control strategy defined by (16). It is
observed that at each extreme point of I (t), the input-output pair (I (t), v(t)) switches
from one branch of v(t) to another. The presence ofmultiple branches further indicates
that the model (2), (16) exhibits a memory effect-meaning that the isolation rate v(t)
at time t depends not only on the current infection level I (t) but also on the past values
I (τ ) for τ ∈ [0, t).
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3 Preliminaries

In this section, to facilitate the analysis of the global dynamics of the operator differ-
ential model (2) with (16), we first review the properties of the continuous Preisach
operator (16), extend the phase space, and then reformulate the system into an
autonomous switched form.

3.1 Continuous Preisach operator

We briefly review the definition of the continuous Presach operator (16), as detailed
in Visintin (1994); Krasnosel’skii and Pokrovskii (1989). The continuous Preisach
operator comprises a set of non-ideal relay operators Fk , each associated with a
distinct threshold pair k ∈ � = {k = (k1, k2)| 0 ≤ k1 < k2 ≤ 1}. These operators
independently respond to the same continuous input I (t) : R+ → R+ according to the
rule (10). The plane � is referred to as the Preisach plane. The output of the Preisach
system is a scalar function v(t) : R+ → R+, defined by (16), where the indicator
function

wk0 = wk(0) : � → {0, 1}

denotes the initial state of each operator Fk for k ∈ �. Additionally, p(k) : � →
R+ is a probability density function that determines the weight distribution of the
relay operators wk . Furthermore, the function wk(0) is a measurable and satisfies the
constraint (9), ensuring compatibility at the initial instant. These conditions guarantee
that the integral in (16) is well-defined for any time t and that the output function v(t)
remains continuous.

For a fixed moment t ≥ 0, the function (10), defined over varying k, is regarded
as the state function of the Preisach operator, as it characterizes the state of all relay
operators at time t . Clearly, this functionwk0 = wk(0) : � → {0, 1} can be considered
an element of the space L(�; R) for any t ≥ 0. Thus, the relation (10) describes the
evolution of wk(t) in L(�; R) for a given initially compatible input. At each fixed
moment t , both the state function wk(t) and the input I (t) satisfy the compatibility
condition (9). Moreover, the evolution of the state function exhibits the semigroup
property; i.e.,

if wk(τ ) = (Fk[wk0]I )(τ ), then wk(t) = (Fk[wk(τ )]I )(t), ∀ k ∈ �, t ≥ τ ≥ 0.
(19)

For simplicity, we denote the input-output operator given by (16) as

v(t) = (P[wk0]I )(t), for t ≥ 0, (20)

where both the initial statewk0 and the input I (t) are treated as parameters that satisfy
the compatibility condition. The operator’s output is given by v(t). According to Kras-
nosel’skii and Pokrovskii (1989), the Preisach operator (16) is Lipschitz continuous
provided that p(k) is bounded. More specifically, for v j (t) = (P[w j

k0]I j )(t) and
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0 ≤ I j (t) ≤ 1 where j = 1, 2, t ≥ 0, it follows that

||v1(t) − v2(t)||C([0,τ ];R) ≤ l
(
||w1

k0 − w2
k0||L(�;R) + ||I 1(t) − I 2(t)||C([0,τ ];R)

)

(21)
for any τ ≥ 0, where the Lipschitz constant is given by

l := (v2 − v1) sup
k∈�

p(k).

3.2 The extended phase space

Denote the phase space of model (2) with (16) as


 = {(S0, I0, wk0)|(S0, I0) ∈ �,wk0 = w0(k) : � → {0, 1}},

wherewk0 is compatible with I0. From the global Lipschitz continuous (21), it follows
that model (2) with (16) admits a unique local solution for a given initial statewk0 and
initial condition (S(0), I (0)) = (S0, I0)Leonov et al. (2017). Moreover, the trajectory
(S(t), I (t), wk(t)) remains within 
 for any t ≥ 0. Due to the positive invariance of
�, all trajectories can be extended indefinitely along the positive time axis t → +∞.
By the property (19), the projected trajectory in � induces a continuous semiflow
in the phase space 
, which is endowed with a norm through embedding it into
R
2+×L(�; R). This naturally extends the classical notions of local and global stability

for equilibria and periodic solutions in the Lyapunov sense. Specifically speaking, an
equilibrium in this system corresponds to a triple (S0, I0, wk0) ∈ 
, while a periodic
orbit is represented by a periodic function (S(t), I (t), wk(t)) : R × � → 
, where
the function wk(t) = w(t; k) is defined by (11). At equilibrium, the isolation rate
given by (16) remains constant. However, for a periodic orbit, both v(t) and the state
functionwk(t) oscillate periodically, synchronized with the periodic variations of S(t)
and I (t).

3.3 The autonomous switched system

To analyze the dynamics of the epidemicmodel (2)with a continuous Preisach operator
(16), we transform it into an autonomous form. A fundamental property of hysteresis
operators is rate independence, meaning the input-output remains unchanged for any
increasing time homeomorphism (Krasnosel’skii and Pokrovskii 1989). More pre-
cisely, the inputs I (t) and I (ζ(t)) generate idential input-output graphs (see Fig.
4(a)) for any increasing time transformation ζ(t) : R+ → R+. Consequently,
at any time t , the value of wk(t) depends solely on the range of the restriction
I : [0, t] → R+ and the order in which those values have been attained. For an initial
state w0 = wk0 : � → {0, 1}, there exists a continuous function vw0 : R+ → R+
such that the Preisach model (20) can be rewritten as

v(t) = vw0(I (t)), t ≥ 0,
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where any monotone input I (t) : R+ → R+ is compatible with the initial state
w0. The output v is then defined for piecewise monotone continuous inputs via the
semigroup property (19), and subsequently extended to arbitrary continuous inputs by
continuity (Krasnosel’skii and Pokrovskii 1989). Moreover, the function vw0(I (t)) is
referred to as a branch of the Preisach operator, implying that the initial state function
w0 = wk0 parameterizes all possible branches of the Preisach operator. Since the
probability density function p = p(k) is assumed to be positive, it follows that every
branch vw0(I ) is an increasing function of I over the interval [0, 1].

Based on the above analysis, when the trajectory component I (t) of system (2)
with (16) is monotone over the interval t ∈ [ti , ti+1], the pair (S(t), I (t)) satisfies the
following system

dS

dt
= μ − βSI

1 + σ S
− μS,

d I

dt
= βSI

1 + σ S
− δ I − v(I )I .

(22)

with the isolation rate given by

v(I ) = vwi (I ), (23)

where wi = w(ti ). This system (22) is referred to as a branch of the operator-
differential model (2) with (16), and the state functionwi = wki serves as a parameter
for the family of models (22)-(23). Consequently, the dynamics of model (2) with (16)
can be equivalently described as the switching dynamics of model (22)-(23), where
transitions between branches occur precisely at times ti when a solution of (22)-(23)
satisfies I ′(ti ) = 0, i.e.,

βS(ti )

1 + σ S(ti )
= δ + vwi (I (ti )).

Throughout this work, the two-dimensional projection (S(t), I (t)) of the full state
(S(t), I (t), w(t)) is also referred to as a solution of model (2) with (16), provided no
confusion arises.

4 Main results

In this section, we investigate the set of equilibria and the global stability of system (2)
with (16). Additionally, numerical simulations reveal intriguing phenomena in system
(2) with the discrete Preisach operator (14), highlighting both its distinctions from and
connections to the continuous operator case (16).

As discussed in Sect. 3.2, solutions of model (2) with the continuous Preisach
operator (16) evolve within the extended phase space
, an infinite-dimensional space
consisting of triplets (S, I , ωk). Here the functionωk = ω(k) : � � (k1, k2) → {0, 1}
describes the state values of all relay elements vk at a given time.

Let us first examine equilibrium states of system (2) with (16). At equilibrium, the
solution components S, I , ωk and the isolation rate v remain constant, with v related
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to the function ωk = ω(k) : � ↪→ {0, 1} by the equation

v = v1 + (v2 − v1)

∫∫

�

p(k)ωk dk1 dk2. (24)

Given assumption (18) and the compatibility constraint (12), the inclusion k ∈ �

ensures that all relays are in the state wk = 0 when I = 0. Consequently, system (2)
with (16) possesses a unique infection-free equilibrium E0 = (1, 0), whereωk = ω(k)
is the identical zero across �, and the isolation rate is v = v1 as given by (24).

On the other hand, it can be shown that ifR01 > R02 > 1 (as defined in (8)), then
system (2) with (16) admits a connected continuum of endemic equilibria

E∗
κ = (S∗

κ , I ∗
κ ) =

(
δ + vκ

β − σ(δ + vκ)
,
μ(1 − S∗

κ )(1 + σ S∗
κ )

βS∗
κ

)

, 0 ≤ κ ≤ 1, (25)

each characterized by distinct proportions of the susceptible and infected populations,
as well as different isolation rates vκ . Specifically, we have the following conclusion,
with the detailed proof provided in Appendix A.

Theorem 1 AssumingR01 > R02 > 1, the equilibria in (25) form a continuous curve

Ê∗
0 E

∗
1 in the (S, I )-plane, with E1 and E2 as its endpoints.

As stated in Sect. 3.2, the extended phase space
 of model (2) with (16) is embed-
ded in R

2+ × L(
; R) and is equipped with the corresponding metric. Furthermore,
the local and global stability of model (2) with (16) are determined using the standard
method. We now analyze the global stability of model (2) with (16) in the following
positively invariant set


0 = {(S, I , wk) ∈ 
 | S > 0, I > 0, S + I ≤ 1}.

We present the global dynamics results for model (2) with (16) under the conditions
R02 < 1 and R02 > 1, respectively.

Theorem 2 For model (2), (16) with initial conditions in the positively invariant set

0 and R02 < 1, the following conclusions hold:

(i) IfR01 < 1, the disease-free equilibrium E0 is globally asymptotically stable.
(i i) IfR01 > 1, the disease is uniformly persistent, meaning there exists ξ > 0 such

that for any initial conditions S(0) ≥ 0, I (0) > 0, the solution of model (2) with
(16) satisfies lim inf t→+∞ I (t) ≥ ξ .

Theorem 3 For model (2), (16) with initial conditions in 
0 and R02 > 1, the fol-
lowing conclusions hold:

(i) Any trajectory that intersects the nullcline I ′ = 0 (i.e., the curve βS = (1 +
σ S)(δ + v(I ))) only finitely many times, will ultimately converge to an endemic
equilibrium E∗

κ for some κ ∈ [0, 1].
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(i i) For any trajectory with infinitely many switching events, there exists ε ∈
(0,R01 − 1) such that 1 + ε ≤ R02 < R01, ensuring that the connected
continuum of endemic equilibria E∗

κ is globally asymptotically stable in 
0.
Furthermore, any trajectory converges to an endemic equilibrium E∗

κ for some
κ ∈ [0, 1].

The detailed proofs of the above theorems are presented in Appendices B and
C. Here, we briefly outline the proof strategies for Theorems 1-3. In Theorem 1, the
distribution of equilibria E∗

κ is obtained by analyzing the algebraic equation hκ(I ) = 0
satisfied by equilibrium states, together with the monotonicity of hκ(I ) (33) with
respect to I and k. In Theorem 2, the corresponding dynamical behavior is derived
using the comparison principle and the persistence theory of semiflows. In Theorem
3, for each branch of the Preisach operator, we construct a Lyapunov function Vi (S, I )
of the form (35). By analyzing the increment�V̄i (38) of the Lyapunov function along
trajectories of system (2) with (16) between adjacent switching events, together with
the change �V̂i (45) across different branches at switching points, we establish the
global stability of the set of equilibrium states (25) of the system.

To illustrate how the solution of system (2) with (16) looks like, we plot the phase
portrait with various initial conditions, shown in Fig. 5. It shows some solutions of
the switched system (2) with (16) under a uniform density distribution p(k) = 2. The
initial conditions introduce a small fraction of infected individuals (I0 = 0.01) into
susceptible populations of varying sizes (S0 = 0.98, 0.88, 0.78, 0.68), representing
the early stages of an epidemic. According to Theorem 3, these trajectories converge to
different equilibria E∗

κ , where κ ∈ [0, 1]. The endpoints of the continuum of endemic
equilibria E∗

κ , defined by (25), are marked by red stars. Our simulation results further
suggest that a population with a higher initial proportion of susceptible individuals
exhibits two key characteristics:

(i) a higher initial peak of infected individuals, and
(i i) eventual convergence to an equilibrium with a greater proportion of susceptible

individuals S∗
κ and a lower proportion of infected population I ∗

κ . At this stage, the
original system (1) with (16) has a lower proportion of quarantined population Q∗

κ

and recovered population R∗
κ , where

Q∗
κ = vκ I ∗

κ

γ2 + μ
and R∗

κ = γ1 I ∗
κ + γ2Q∗

κ

μ
.

This demonstrates that, although the connected continuum of endemic equilibria E∗
κ is

globally asymptotically stable, the specific equilibrium approached by each trajectory
depends on the initial conditions.

To compare the trajectories of switched system with discrete and continuous
Preisach operator, we plot the phase portrait with different values of parameter n
(representing n hysteresis loops). Fig. 6 illustrates simulations of several solutions to
the switched system (2) incorporating the discrete Preisach operator (14), with identi-
cal initial conditions (S0 = 0.98, I0 = 0.01) and varying values of n = 2, 4, 6, 8. The
results demonstrate that as n increases, the trajectories progressively converge to the
orbit of the system with the continuous Preisach operator (16) under the same initial
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Fig. 5 (a) The trajectories of the switched system (2), (16) with I0 = 0.01 and varying values of S0 =
0.98, 0.88, 0.78, 0.68. The Preisach operator (16) is applied with a uniform density function p(k) = 2,
while all other parameters remain the same as in Figure 4. The endpoints of the continuum of endemic
equilibria E∗

κ are marked by red stars. (b) A magnified view of a localized region in panel (a)

Fig. 6 (a)The trajectories of the switched system (2)with respect to the discrete case (14) (n = 2, 4, 6, 8) and
the continuous case (16). Here the initial condition (S(0), I (0)) = (0.98, 0.01), while all other parameters
remain the same as in Fig. 4. (b) A magnified view of a localized region in panel (a)

conditions. Moreover, greater heterogeneity (greater values of n) leads to higher peaks
of infected individuals during the epidemic and more severe disease prevalence in the
long term.

It is interesting to note that the switched system (2) with the discrete Preisach
operator (14) consists of at most 2n subsystems, each corresponding to one of 2n

stable endemic equilibria. The exact number of equilibria depends on the composition
of the n hysteresis loops (see Fig. 2), the weights pi in (15), and the parameters of
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Fig. 7 (a) The trajectories of the switched system (2) with (14) are shown for I0 = 0.01 and varying values
of S0 = 0.98, 0.88, 0.78, 0.68. The discrete Preisach operator (14), incorporating n = 6 hysteresis loops,
is applied. The switched system (2) exhibits 9 stable equilibria (marked as red dots), all of which lie on
the curve E∗

κ for κ ∈ [0, 1]. (b) A magnified view of a localized region from panel (a) is presented. The
multiple two-threshold pairs are (0.015, 0.05), (0.014, 0.04), (0.016, 0.03), (0.018, 0.03), (0.026, 0.062)
and (0.1, 0.16), with the corresponding weighting parameters pi in (14) given by 0.25, 0.1, 0.17, 0.13, 0.15
and 0.2, respectively. All other parameters remain consistent with those in Fig. 4

system (2). Here, we shall show different composition of the 6 hysteresis loops induce
the quite different number of stable endemic equilibria. In particular, Fig. 7, shows
that for a discrete Preisach operator with six hysteresis loops, there are 9 equilibria
through numerical computation. We observe that trajectories with a higher proportion
of susceptibles experience greater peak infections. This behavior is consistent with
the characterization of system (2) incorporating the continuous Preisach operator (16).
Figure 8presents sample trajectories for system (2)with (14) under the sameconditions
and with the same number of hysteresis loops, but with six distinct two-thresholds
pairs. However, in this case, this model exhibits 23 stable equilibria, represented by
red dots. Moreover, the equilibria of system (2) with a discrete Preisach operator are

located within the connected continuum of endemic equilibria Ê∗
0 E

∗
1 of system (2)

with the corresponding continuous Preisach operator.
Furthermore, it is worth that system (2) with (14) can exhibit multistability, charac-

terized by multiple equilibria and periodic solutions. Specifically, Fig. 9 demonstrates
the existence of 18 equilibria along with several periodic solutions, corresponding to
the same number of threshold pairs but with different values in Fig. 8. This behavior
is consistent with the findings of system (2) with the non-ideal relay operator (13)
in Wang and Xiao (2025), where a bistability phenomenon arises, consisting of an
equilibrium of the subsystems and a switch-induced periodic orbit.

It would be interesting to include numerical simulations to design optimal thresh-
olds (k∗ and k∗∗) aligned with practical disease control objectives for non-ideal relay
operator. To account for disease transmission losses, implemention costs of control
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Fig. 8 (a) The trajectories of the switched system (2) with (14) are shown for I0 = 0.01 and varying
values of S0 = 0.98, 0.88, 0.78, 0.68. The discrete Preisach operator (14), incorporating n = 6 hys-
teresis loops, is applied. The switched system (2) exhibits 23 stable equilibria (marked as red dots). (b)
A magnified view of a localized region from panel (a) is presented. The multiple two-threshold pairs
are (0.015, 0.19), (0.015, 0.17), (0.017, 0.08), (0.018, 0.03), (0.024, 0.0285) and (0.04, 0.16). All other
parameters remain consistent with those in Fig. 7

Fig. 9 (a) The trajectories of the switched system (2) with (14) are shown for I0 = 0.01 and varying
values of S0 = 0.98, 0.88, 0.78, 0.68. The discrete Preisach operator (14), incorporating n = 6 hysteresis
loops, is applied. The switched system (2) exhibits 18 equilibria (marked as red dots) and some periodic
solutions. (b) Amagnified view of a localized region from panel (a) is presented. Themultiple two-threshold
pairs are (0.012, 0.15), (0.014, 0.13), (0.017, 0.08), (0.018, 0.03), (0.02, 0.028) and (0.1, 0.16). All other
parameters remain consistent with those in Fig. 7
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measures, and a reasonable hysteresis structure, we introduce the following objective
functional

Jα(k) =
∫ T

0
[AI (t; k) + Bv2k (I (t))]dt + C[(k∗∗ − k∗) − k0]2, (26)

where A > 0, B > 0 and C > 0 are weight parameters, and k0 denotes a prescribed
threshold window determined from historical experience or operational constraints.
The first term of (26) represents the cumulative disease burden over the entire period
[0, T ], minimizing it aims to reduce the persistence and overall prevalence of infec-
tion. The second term captures the cost of implementing intervention measures. In
particular, the quadratic form v2k (I (t)) penalizes high-intensity interventions, thereby
discouraging prolonged periods of stringent control. The third term enforces that the
optimal thresholds k∗, k∗∗ with k∗∗ −k∗ being close to the desired hysteresis width k0.
A threshold window that is too wide may lead to sluggish system response, while a
window that is too narrow causes excessive switching when infection levels fluctuate
near the thresholds (Wang and Xiao 2025; Wang et al. 2026). The optimal threshold
design problem can then be formulated as

min
(k∗,k∗∗)∈�

Jα(k),

where the feasible set is defined by

� := {(k∗, k∗∗) ∈ R
2+ | 0 ≤ k∗ < k∗∗ ≤ Ī },

with Ī > 0 a prescribed upper bound.We numerically solved the optimal problem and
obtained the optimal threshold pair (k∗, k∗∗) ≈ (0.078, 0.304), as illustrated in Fig.
10. Note that Fig. 10(a) shows that the objective functional Jα(k) is discontinuous in
the (k∗, k∗∗) plane. This discontinuity arises because for k∗∗ greater than a critical level
kth∗∗ (here, kth∗∗ = 0.355), the system with a non-ideal relay operator always follows
subsystem (5), resulting in no switching, whereas for k∗∗ less than the critical level
kth∗∗ (k∗∗ < kth∗∗), the system switches between subsystems (5) and (6). Consequently,
near k∗∗ = kth∗∗, the value of Jα(k) exhibits a jump.

Finally, we describe the basin of attraction corresponding to each stable state when
multistability occurs in a systemwith a non-ideal relay operator.When the equilibrium
Ei (i = 1, 2) (7) of the subsystem of system (2) lies within the hysteresis region
(i.e., k∗ < I ∗

i < k∗∗), and v(0) = vi for k∗ < I (0) < k∗∗, the system frequently
exhibits multistability. In such case, the basin of attraction of the steady state lies
inside the hysteresis region (see Fig. 11(b)), while the remaining region typically
corresponds to the basin of attraction of a periodic solution. To illustrate this, we
present specific numerical simulation results. We fix k∗ = 0.008 and choose the
threshold window h := k∗∗ − k∗ as a bifurcation parameter to identify the range of
threshold values at which multistability occurs. As can be seen from Fig. 11(a), when
h ∈ (0.0445, 0.0785), the system exhibits bistability, characterized by the coexistence
of an equilibrium and a periodic orbit. In this regime, the shaded region denotes the
basin of attraction of the equilibrium, while the complementary region corresponds to
that of the periodic solution, as shown in Fig. 11(b). For the discrete Preisach operator,
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Fig. 10 (a) Numerical results of system (2) with a non-ideal relay operator for the control objective
min(k∗,k∗∗)∈� Jα(k). The optimal threshold pair is found to be (k∗, k∗∗) ≈ (0.078, 0.304), indicated
by a star. (b) The evolution of state trajectory over time under optimal threshold pair. The parameters used
are μ = 0.02, β = 2.4, σ = 0.35, δ = 0.55, v1 = 0.08, v2 = 0.7, A = 0.58, B = 0.12,C = 0.3, k0 =
0.18, Ī = 0.55, with initial condition (S0, I0) = (0.92, 0.08)

Fig. 11 (a) Bifurcation diagram of system (2) with a non-ideal relay operator. The threshold window h
serves as the bifurcation parameter, with k∗ = 0.008 and v2 = 8. The blue curve represents the maximum
andminimumvalues of the periodic solution, while the red curve denotes the equilibrium value E1. Between
the two dashed lines (i.e., h ∈ (0.0445, 0.0785)), a bistability phenomenon is observed, where both the
periodic solution and the equilibrium E1 coexist. (b) Bistability phenomenon of system (2) with a non-
ideal relay operator for h = 0.05. The shaded region denotes the basin of attraction of the equilibrium,
while the white region corresponds to that of the periodic solution. The red curve represents the solution
corresponding to high isolation intensity v2, the blue curve corresponds to low isolation intensity v1, and
the green curve denotes the periodic solution. The remaining parameter values are the same as those in Fig.
4

the structure of stable states, including the number of equilibria, periodic solutions,
and their corresponding attractor basins, is highly intricate. This complexity arises
from the multitude of possible combinations of n hysteresis loops. In contrast, for the
continuous Preisach operator, when the condition R01 > R02 > 1 is satisfied, the
continuum of equilibria forms a singular line, and the attractor basin associated with
this line spans the entire feasible domain.
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5 Discussion

Infectious disease models play a crucial role in analyzing epidemic dynamics and
evaluating the effectiveness of control strategies. Traditional epidemic models typi-
cally assume homogeneous control measures, but in reality, prevention and control
strategies vary significantly due to social, economic, and governmental influences.
As a starting point, we consider an SIQR model with a lazy-switch mechanism (13),
where quarantine/isolation strategies are activated once the number of infected indi-
viduals exceeds a critical threshold and are suspended only when it falls below a
lower threshold (Wang and Xiao 2025). Building on this foundation, we introduce
nonlinear incidence and, more importantly, a heterogeneous isolation rate, which is
modeled using the Preisach operator. This operator captures key real-world quarantine
dynamics, including:

(i) Threshold-based decision-making: Quarantine measures activate or lifted based
on whether infections surpass or fall below critical levels.

(i i) Past-dependent isolation policies: When past infection levels were high, control
measures may remain strict even when infections decrease.

(i i i) Saturation effects: Limited quarantine capacity leads to nonlinear responses in
the implementation of control measures.

By incorporating the Preisach operator, the model introduces a nonlinear, rate-
independent hysteresis effect into quarantine dynamics, better reflecting the memory
and delayed response observed in real-world epidemic control strategies. Hence, we
extend previous studies on SIQRmodels with non-ideal relay operators, where switch-
ing surfaces were fixed straight lines (Wang and Xiao 2025).

It is well known that a typical switched system comprises a finite set of vector fields
and a logic rule governing the transitions between them. Notably, such switching
mechanisms can induce instability, even when each individual subsystem remains
stable (Liberzon and Morse 1999). For example, if system (2) adopts a simple linear
connection between v1 and v2, i.e.,

v(I ) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

v1, if I < k∗,

v1 + v2 − v1

k∗∗ − k∗
(I − k∗), if k∗ ≤ I ≤ k∗∗,

v2, if I > k∗∗,

(27)

the system becomes piecewise-smooth continuous system with three vector fields
(Bernardo et al. 2008; Simpson 2010). In such case, the system’s dynamics depend
solely on the current number of infected individuals, without memory effects. In con-
trast, the SIQR model incorporating a Preisach operator involves an infinite family of
nonlinear planar vector fields and exhibits memory effects, meaning that the current
level of isolation depends not only on the current number of infected individuals but
also on the past evolution of the disease. This hysteresis-driven switching results in
a continuum of equilibria (25) and multistability, as evidenced by the coexistence
of multiple equilibria and periodic solutions shown in Fig. 9. Consequently, the two
switching mechanisms generate substantially different dynamics. Within the switched
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system framework, the trajectory of model (2) with (16) between successive switch-
ing moments follows the integral curve of a globally stable subsystem, characterized
by a corresponding Lyapunov function. The Preisach operator dictates the switching
rule, governing transitions between subsystems that correspond to different branches
of the hysteresis operator. In this work, we generalize the stability analysis to account
for dynamically evolving switching surfaces, providing a broader perspective on the
impact of hysteresis-driven isolation policies in epidemic control.

The presence of multiple endemic equilibria in an SIQR model with the Preisach
operator highlights the complex interplay between past control measures, hysteresis
effects, and current infection dynamics. To further explore these dynamics, we analyze
the global stability of model (2) with (16). In particular, whenR01 > 1, the disease is
uniformly persistent (Theorem 2) and the connected continuum of endemic equilibria
are globally asymptotically stable for R02 > 1 under certain codidtions (Theorem
3). This global stability analysis method leverages a family of Lyapunov functions,
each corresponding to a different branch of the hysteresis operator, by transforming
the system into a switched framework (Di Bernardo et al. 2008).

This finding explains why some communities may stabilize at low infection levels
due to strong or proactive interventions, while others, experiencing weaker or delayed
responses, remain at a higher endemic state. Our results reveal that the model (2) with
the Preisach operator (16) admits a continuum of endemic equilibria, each charac-
terized by distinct proportions of susceptible, infectious, quarantined, and recovered
individuals. The existence of multiple endemic equilibria in an SIQR model suggests
that different population groups adopt varying quarantine and isolationmeasures based
on past experiences. Specifically, populations that have previously experienced severe
infectionwavesmay enforce stricter and longer-lasting controlmeasures, stabilizing at
a lower endemic equilibrium. In contrast, populations with a history of mild outbreaks
may relax quarantinemeasuresmore quickly, leading to a higher endemic equilibrium.
This underscores the role of behavioral memory in shaping disease persistence and
control effectiveness. These insights are crucial for designing adaptive public health
policies that account for hysteresis effects and heterogeneous quarantine compliance,
ensuring more effective epidemic control strategies.

It is worth noting that the model we proposed here is a type of SIQR model, but we
expect that the approaches employed could be applied more generally, say, SEIQR-
type models. The theoretically analysis may becomes increasingly complex for higher
dimensions, and the core technique is to analyze the reduced model in a relatively low
dimension. In such reduced models, the continuum of equilibria may form a surface
rather than a curve. Regarding the different incidence rates, when σ = 0, system (2)
reduces to a model with mass-action incidence. In such case, the derivations of all
subsequent theorems remain valid, although the continuum of equilibria becomes a
straight line instead of a curve. For system (2) with a non-constant total population
and standard incidence, constructing appropriate Lyapunov functions for the different
branches of the Preisach operator is generally challenging. Further, note that under
the scenario described in Theorem 2 (i i) (i.e., R02 < 1 < R01), some constituent
subsystems have the basic reproduction number greater than 1, while others have it
less than 1, and consequently the condition does not guarantee global stability of either
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Fig. 12 A schematic diagram illustrating the values of ωk = ω(k) for a given point I within the domain
� = {k = (k1, k2)| 0 ≤ k1 < k2 ≤ 1}. Specifically, ωk = 1 in the shaded region, ωk = 0 in the green
region, and ωk can be either 0 or 1 in the white region

periodic or equilibrium states. Then we obtained the relatively conclusion, namely,
the persistence of the disease.

Appendices

In this section, we present the proofs of Theorems 1–3.

A. Proof of Theorem 1

Proof Denote

v̄(I ) = v1 + (v2 − v1)

∫ I

0
dk2

∫ k2

0
p(k) dk1, (28)

v̂(I ) = v2 − (v2 − v1)

∫ 1

I
dk2

∫ k2

I
p(k) dk1, (29)

vκ(I ) = (1 − κ)v̄(I ) + κv̂(I ), (30)

where κ ∈ [0, 1]. For a given I , v̄(I ) and v̂(I ) represent the minimum and maximum
values of v(t) in (16), respectively. Both values correspond to the white regions in the
domain � in Fig. 12, where ωk = 0 and ωk = 1, respectively.
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We note that both v̄(I ) and v̂(I ) strictly increase with I . From the normalization
condition (18) and the fact that p(k) > 0, it follows that

v̄(0) = v̂(0) = v1, v̄(1) = v̂(1) = v2,

v̂(I ) > v̄(I ) for I ∈ (0, 1).
(31)

The constraint (9) means that for any endemic equilibrium (S∗, I ∗), there exists a
κ ∈ [0, 1] such that the isolation rate satisfies v = vκ(I ∗).Moreover, S∗ and I ∗ depend
on v as given by expression (27). Therefore, (S∗, I ∗) is an endemic equilibrium if and
only if there exists κ ∈ [0, 1] such that

S∗ = δ + vκ(I ∗)
β − σ(δ + vκ(I ∗))

, I ∗ = μ(1 − S∗)(1 + σ S∗)
βS∗ . (32)

Note that the continuous function vκ(I ), defined by (30), strictly increases with
κ for I ∈ (0, 1) and is also strictly increasing in I . Hence, the continuous function,
0 ≤ I , κ ≤ 1,

hκ(I ) := μ(1 − S)(1 + σ S)

βS
− I = μ

β

(
β

δ + vκ(I )
− σ

β
δ+vκ (I ) − σ

− 1

)

− I , (33)

decreases with respect to I and κ . Further, for any κ ∈ [0, 1], the relations

hκ(0) = μ

β

(
β

δ + v1
− σ

β
δ+v1

− σ
− 1

)

> 0,

hκ(1) = μ

β

(
β

δ + v2
− σ

β
δ+v2

− σ
− 1

)

− 1 < 0,

which follow from (18) andR01 > R02 > 1. This implies that hκ(I ) = 0 has a unique
root I ∗

κ ∈ (0, 1) for any given κ ∈ [0, 1]. Moreover, by the Implicit Function Theorem,
this root decreases continuouslywith κ . It follows from (32) that the endemic equilibria

E∗
κ for 0 ≤ κ ≤ 1 form a non-degenerate curve Ê∗

0 E
∗
1 in the (S, I )−plane. From (30)-

(31), we obtain v1 ≤ vκ(I ) ≤ v2. In particular, the I−value of the endpoints of the

curve Ê∗
0 E

∗
1 correspond to the zeros I ∗

i of hi (I ) = 0 for i = 0, 1, as illustrated in
Fig. 13. Furthermore, by combining (7) and (32), we conclude that E∗

0 and E∗
1 are the

curve Ê∗
0 E

∗
1 endpoints. ��

B. Proof of Theorem 2

Proof IfR01 < 1, the second equation in (2) gives

I ′ = βSI

1 + σ S
− δ I − v(t)I ≤ (

β

1 + σ
− δ − v1)I < 0.
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Fig. 13 The interval [I∗1 , I∗0 ] represents the projection of the connected continuum of endemic equilibria
E∗

κ , given by (25), onto the I−axis

This implies that I (t) decreases monotonically to zero. Consequently, every trajectory
of (2) converges to the disease-free equilibrium E0 = (1, 0), establishing conclusion
(i).

When R02 < 1 < R01, assume that there exists a solution with I (t) > 0 and
limt→+∞ I (t) = 0. Hence, for any ε ∈ (0, 1) and sufficiently large t , we obtain

I (t) ≤ εμ

β(1 − ε)

and

S′(t) = μ − βS(t)I (t)

1 + aS(t)
− μS(t) ≥ μ − (β I + μ)S(t).

Hence,
lim inf
t→+∞ S(t) ≥ μ

μ + εμ
1−ε

= 1 − ε

for any ε > 0. On the other hand,

S′(t) ≤ μ − μS(t),

which implies lim sup S(t) ≤ 1. Hence, we conclude that limt→+∞ S(t) = 1. Fur-
thermore, for any ε > 0 and sufficiently large t , we have S(t) > 1 − ε. The second
equation of (2) implies that

I ′ >

(
β(1 − ε)

1 + σ(1 − ε)
− δ − v1

)

I > 0

123



   20 Page 26 of 43 H. Wang et al.

since v(t) = v1 when I is sufficiently small. This contradicts the assumption
limt→+∞ I (t) = 0, leading to lim supt→+∞ I (t) > 0.

To complete the proof, we apply the persistence theory of semiflows (Smith and
Thieme 2011). For a solution where I (t) = 0, we have S′ = μ − μS, leading to
limt→+∞ S(t) = 1. Any solution in the subspace {(S, I ) ∈ � | I = 0} converges
to the disease-free equilibrium E0, which is clearly an acyclic cover of the ω−limit
sets of such solutions. By Theorem 8.17 in (Smith and Thieme 2011), it follows from
that the disease is uniformly weak persistent, i.e., there is a constant ξ > 0 such that
lim supt→+∞ I (t) > ξ for all trajectories where I (t) > 0. Moreover, by Theorem
4.5 in (Smith and Thieme 2011), we conclude that the disease is uniformly persistent,
thus establishing conclusion (i i).

��

C. Proof of Theorem 3

Global stability results for the infinite-dimensional switched system (2), (16) with
R01 > R02 > 1 are established by analyzing a series of Lyapunov functions. Lemmas
1 and 2 specify the form and properties of the Lyapunov function corresponding to each
branch of the Preisach operator. Lemmas 3-7 provide estimates of the increment over
an entire switching event, while Lemmas 8-10 show that every trajectory of system
(2) with (16) converges to an endemic equilibrium E∗

κ for some κ∗ ∈ [0, 1].

C.1 Lyapunov function for each branch

Lemma 1 Model (22) with any branch v(I ) = vωi (I ) has a unique disease-free equi-
librium (1, 0) and a unique endemic equilibrium (S∗, I∗), where

S∗ = δ + v(I∗)
β − σ(δ + v(I∗))

and I∗ satisfies
δ + v(I )

β − σ(δ + v(I ))
= μ − δ I − v(I )I

μ
. (34)

Moreover, the disease-free equilibrium is unstable, while the endemic equilibrium
(S∗, I∗) is globally asymptotically stable in positively invariant set �0.

Proof Denote

g(I ) = δ + v(I )

β − σ(δ + v(I ))
+ δ I + v(I )I − μ

μ
.

Due to the assumption R01 > R02 > 1 and v(I ) is an increasing function, we have

g(0) = δ + v(0)

β − σ(δ + v(0))
− 1 = δ + v1

β − σ(δ + v1)
− 1 < 0
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and

g(1) = δ + v(1)

β − σ(δ + v(1))
+ δ + v(1) − μ

μ
= δ + v2

β − σ(δ + v2)
+ δ + v2 − μ

μ
> 0,

as well as g(I ) is also an increasing function. Therefore, the equation (34) has a unique
solution I∗ ∈ (0, 1).

The characteristic equation of model (22) at the point (1, 0) has eigenvalues λ1 =
−μ and λ2 = (δ + v1)(R01 − 1) > 0, given the assumption R01 > R02 > 1. This
means that the disease-free equilibrium (1, 0) is unstable.

At the endemic equilibrium (S∗, I∗), The characteristic equation of model (22) is
given by

λ2 +
(

μ + v′(I∗)I∗ + β I∗
(1 + σ S∗)2

)

λ + β2S∗ I∗
(1 + σ S∗)3

+ v′(I∗)I∗
(

μ + β I∗
(1 + σ S∗)2

)

= 0.

Since v(I ) is increasing, all coefficients of this equation are positive. Consequently,
all roots of the characteristic equation have negative real parts, ensuring, the endemic
equilibrium (S∗, I∗) is locally asymptotically stable.

We consider the following Lyapunov function

V (S(t), I (t)) =
∫ S(t)

S∗

(

1 − 1 + σθ

1 + σ S∗
S∗
θ

)

dθ +
∫ I (t)

I∗

(

1 − I∗
θ

)

dθ

= S(t) − S∗ −
∫ S(t)

S∗

(
1 + σθ

1 + σ S∗
S∗
θ

)

dθ + I (t) − I∗ − I∗ ln
I (t)

I∗
.

(35)
Noting that

μ = βS∗ I∗
1 + σ S∗

+ μS∗, δ = βS∗
1 + σ S∗

− v(I∗),

and calculating the derivation of V (S, I ) along a trajectory of model (22), we obtain

V ′ =
(

1 − S∗
S

1 + σ S

1 + σ S∗

) (

μ − βSI

1 + σ S
− μS

)

+
(

1 − I∗
I

)(
βSI

1 + σ S
− δ I − v(I )I

)

=
(

1 − S∗
S

1 + σ S

1 + σ S∗

) (
βS∗ I∗
1 + σ S∗

+ μS∗ − βSI

1 + σ S
− μS

)

+
(

1 − I∗
I

)(
βSI

1 + σ S
− v(I )I − βS∗

1 + σ S∗
I + v(I∗)I

)

= − μ(S − S∗)2

S(1 + σ S∗)
+ βS∗ I∗

1 + σ S∗

(

2 − S∗
S

1 + σ S

1 + σ S∗
− S

S∗
1 + σ S∗
1 + σ S

)

+ (v(I∗) − v(I ))(I − I∗).
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Since v(I ) is an increasing function, we have

(v(I∗) − v(I ))(I − I∗) ≤ 0, and 2 − S∗
S

1 + σ S

1 + σ S∗
− S

S∗
1 + σ S∗
1 + σ S

≤ 0.

Therefore, we conclude that V ′(S, I ) ≤ 0, and V ′(S, I ) = 0 if and only if (S, I ) =
(S∗, I∗). When (S, I ) 
= (S∗, I∗),

V ′ ≤ −μ(S − S∗)2

S(1 + σ S∗)
< 0. (36)

It follows from Theorem 5.3.1 in (Hale and Lunel 1993) that all solutions converge
to the largest invariant set in {(S(t), I (t)) ∈ R

2+ : V (S(t), I (t)) = 0} = {(S∗, I∗)}.
This yields that the endemic equilibrium (S∗, I∗) is globally asymptotically stable in
�0. ��
Lemma 2 The level set {(S, I ) : V (S, I ) < c} of the Lyapunov function V (S, I ) is
convex for any c > 0.

Proof Noting that the partial derivatives of V (S, I ) are VS and VI , thus

VS = 1 − S∗
S

1 + σ S

1 + σ S∗
, VSS = S∗

S2(1 + σ S∗)
, VI = 1 − I∗

I
, VI I = I∗

I 2
, VSI = 0.

We obtain that the curvature ι of this level line {(S, I ) : V (S, I ) = c} is

ι = −VSSV 2
I + VI I V 2

S − 2VSVI VSI

(V 2
S + V 2

I )3/2
= −VSSV 2

I + VI I V 2
S

(V 2
S + V 2

I )3/2
< 0,

which confirms the convexity and completes the proof. ��
C.2 Increment of Lyapunov function between adjacent switching events

We now analyze the trajectory (S(·), I (·), w(·)) : R+ → 
 of model (2) with (16)
and its projection (S(·), I (·)) : R+ → �. Let the set T = {ti } consist of switching
moments, where 0 = t0 < t1 < t2 < · · · . We make the following observations:

(i) The trajectory segment (S(t), I (t)) on each time interval (ti , ti+1) is a solution
of model (22) with v(I ) = vw(ti )(I ), satisfying

βS(t)

1 + σ S(t)

= δ + v(I (t)) for t ∈ (ti , ti+1) and

βS(ti+1)

1 + σ S(ti+1)
= δ + v(I (ti+1)).

(37)
(i i) If T = {t0, t1, · · · , tn} is finite, meaning that system (2) with (16) undergoes

only a finite number of switching events, then trajectory segment (S(t), I (t)) on
the time interval (tn,+∞) is a solution of model (22) with v(I ) = vw(tn)(I ),
satisfying

βS(t)

1 + σ S(t)

= δ + vw(tn)(I (t)) for t ∈ (tn,+∞).
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Fig. 14 A segment of an orbit of system (2) with (16) for (a) I ′ > 0, V ′
i < 0; (b) I ′ < 0, V ′

i < 0

From (i i) and Lemma 1, it follows that the trajectory of system (2) with (16) converges
to an endemic equilibrium (node) when the sequence T is finite. This establishes
conclusion (i) of Theorem 3.

Next, we analyze the case where an infinite number of switching events occur along
a trajectory ((i i) in Theorem 3); i.e., when the set T = {ti } is infinite. Denote

Si = S(ti ), Ii = I (ti ), vi (I ) = vw(ti )(I )

Assuming that Vi (S, I ) is the Lyapunov function (35) for model (22) with v(I ) =
vw(ti )(I ), and (Si∗, I i∗) is its endemic equilibrium. The following lemma provides an
estimate for the increment of the Lyapunov function Vi (S, I ) between adjacent switch-
ing events. Let

�V̄i = Vi (Si+1, Ii+1) − Vi (Si , Ii ). (38)

Lemma 3 If βS(t)/(1+σ S(t)) > δ +vi (I (t)) for t ∈ (ti , ti+1), then the increment of
the Lyapunov function Vi (S, I ) between adjacent switching events ti and ti+1 satisfies

�V̄i ≤ −1

4
μ(δ + v1)(Ii+1 − I i∗)

√

Sr

∫ Ii+1

I i∗

(

1 − I i∗
θ

)

dθ, (39)

where R = (Sr , Ir ) is the rightmost point of the level line Vi (S, I ) = Vi (Si+1, Ii+1)

(see Fig. 14(a)).
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Proof At the point R = (Sr , Ir ), we have

∂Vi
∂ I

(Sr , Ir ) = 1 − I i∗
Ir

= 0,

that is Ir = I i∗. Therefore R = (Sr , I i∗) and

Vi (Sr , I
i∗) =

∫ Sr

Si∗

(

1 − 1 + σθ

1 + σ Si∗
Si∗
θ

)

dθ.

We select a point A = (Sa, Ia) on the arc of the level line Vi (S, I ) = Vi (Si+1, Ii+1)

that connects (Si+1, Ii+1) and R. By Lemma 2, it follows from that

I i∗ − Ii+1

Sr − Si+1
≤ Ia − Ii+1

Sa − Si+1
,

which yields

Ii+1 − Ia ≤ Sa − Si+1

Sr − Si+1
(Ii+1 − I i∗).

Further, we obtain

Ia − I i∗ ≥ Ii+1 − Sa − Si+1

Sr − Si+1
(Ii+1 − I i∗) − I i∗ = Sr − Sa

Sr − Si+1
(Ii+1 − I i∗) (40)

In the region {

(S, I ) ∈ � | S >
δ + vi (I )

β − σ(δ + vi (I ))
, I ≥ I i∗

}

,

we obtain

Si∗ = δ + vi (I i∗)
β − σ(δ + vi (I i∗))

≤ δ + vi (I )

β − σ(δ + vi (I ))
.

This means that

S − Si∗ ≥ S − δ + vi (I )

β − σ(δ + vi (I ))
> 0.

It follows from the relation (36) that along the trajectory,

dVi
d I

= V ′
i

I ′ ≤ −μ(S − Si∗)2(1 + σ S)(β − σ(δ + vi (I )))

SI (1 + σ Si∗)
(
S − δ+vi (I )

β−σ(δ+vi (I ))

)

≤ −μ(δ + vi (I ))(S − Si∗)
SI

≤ −μ(δ + v1)(S − Si∗)
I

.

Since Vi decreases along the solution, the restriction of the solution to the time interval
(ti , ti+1) lies to the right of the level line Vi (S, I ) = Vi (Si+1, Ii+1) (as shown in

123



An SIQR switched model with multiple two-threshold structures Page 31 of 43    20 

Fig. 14(a)). This means that for this restriction, I i∗ ≤ I ≤ Ia leads to S ≥ Sa and

dVi
d I

≤ −μ(δ + v1)(Sa − Si∗)
I

. (41)

Noting that I ′(t) > 0 for t ∈ (ti , ti+1), we conclude that the restriction of the trajectory
to this time interval is parameterized as (Ŝ(I ), I ) for I ∈ [Ii , Ii+1]. Accordingly, we
integrate (41) over the interval [I i∗, Ia] ⊂ [Ii , Ii+1] to obtain

Vi (Ŝ(Ia), Ia) − Vi (Ŝ(I i∗), I i∗) ≤ −μ(δ + v1)(Sa − Si∗) ln
Ia
I i∗

.

Using the inequality ln(1 + x) ≥ x/(1 + x) for x ≥ −1, we obtain

Vi (Ŝ(Ia), Ia) − Vi (Ŝ(I i∗), I i∗) ≤ −μ(δ + v1)(Sa − Si∗)
(Ia − I i∗)

Ia
≤ −μ(δ + v1)(Sa − Si∗)(Ia − I i∗).

Furthermore, since (40),

Vi (Ŝ(Ia), Ia) − Vi (Ŝ(I i∗), I i∗) ≤ −μ(δ + v1)(Sa − Si∗)(Sr − Sa)(Ii+1 − I i∗)
Sr − Si+1

. (42)

The maximum value of the function h(Sa) := (Sa−Si∗)(Sr−Sa)
Sr−Si+1

for Sa ∈ [Si+1, Sr ] ⊂
[Si∗, Sr ] is obtained at Sa = Si∗+Sr

2 ; i.e.,

max
Sa∈[Si+1,Sr ]

h(Sa) = (Sr − Si∗)2

4(Sr − Si+1)
≥ Sr − Si∗

4
.

Hence, it follows from (42) that

Vi (Ŝ(Ia), Ia) − Vi (Ŝ(I i∗), I i∗) ≤ −μ(δ + v1)(Sr − Si∗)(Ii+1 − I i∗)
4

.

From the fact that Vi is decreasing along the trajectory, this estimate suggests that

�V̄i ≤ Vi (Ŝ(Ia), Ia) − Vi (Ŝ(I i∗), I i∗) ≤ −μ(δ + v1)(Sr − Si∗)(Ii+1 − I i∗)
4

. (43)

In the following, we estimate Sr − Si∗. Since Vi (Sr , I i∗) = Vi (Si+1, Ii+1), this implies
that

∫ Sr

Si∗

(

1 − 1 + σθ

1 + σ Si∗
Si∗
θ

)

dθ =
∫ Si+1

Si∗

(

1 − 1 + σθ

1 + σ Si∗
Si∗
θ

)

dθ+
∫ Ii+1

I i∗

(

1 − I i∗
θ

)

dθ,
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which yields

∫ Sr

Si+1

(

1 − 1 + σθ

1 + σ Si∗
Si∗
θ

)

dθ =
∫ Ii+1

I i∗

(

1 − I i∗
θ

)

dθ. (44)

Further, we estimate the left-hand side of (44),

∫ Sr

Si+1

(

1 − 1 + σθ

1 + σ Si∗
Si∗
θ

)

dθ = Sr − Si+1 − Si∗
1 + σ Si∗

(

ln
Sr
Si+1

+ σ(Sr − Si+1)

)

≤ Sr − Si+1 − 1 + σ Sr
1 + σ Sir

Si∗(Sr − Si+1)

Sr

≤ Sr − Si+1 − Si∗(Sr − Si+1)

Sr
.

Hence,
∫ Ii+1

I i∗

(

1 − I i∗
θ

)

dθ ≤ (Sr − Si∗)(Sr − Si+1)

Sr
.

Due to Si∗ < Si+1, we conclude that

(Sr − Si∗)2 ≥ Sr

∫ Ii+1

I i∗

(

1 − I i∗
θ

)

dθ.

Combining with (43), we get

�V̄i ≤ −1

4
μ(δ + v1)(Ii+1 − I i∗)

√

Sr

∫ Ii+1

I i∗

(

1 − I i∗
θ

)

dθ.

��
C.3 Change in Lyapunov functions at a switching point

In this subsection, we estimate the increment between the Lyapunov functions Vi (S, I )
and Vi+1(S, I ) at the switching point (Si+1, Ii+1). Let

�V̂i = Vi+1(Si+1, Ii+1) − Vi (Si+1, Ii+1). (45)

Lemma 4 If βS(t)/(1 + σ S(t)) > δ + vi (I (t)) for t ∈ (ti , ti+1), then

0 ≤ I i∗ − I i+1∗ ≤ lμC(Ii+1 − I i∗), (46)

where

C = 1

(δ + vi (I i∗))(δ + vi+1(I
i+1∗ ))

+ σ

(β − σ(δ + vi (I i∗)))(β − σ(δ + vi+1(I
i+1∗ )))

> 0. (47)
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Proof For the branch vi (I ) of the Preisach operator, the endemic equilibrium (Si∗, I i∗)
of system (22) with v(I ) = vi (I ) satisfies

Si∗ = δ + vi (I i∗)
β − σ(δ + vi (I i∗))

, I i∗ = μ

(
1

δ + vi (I i∗)
− Si∗

δ + vi (I i∗)

)

.

Thus,

I i∗ − I i+1∗ = μ

(
1

δ + vi (I i∗)
− Si∗

δ + vi (I i∗)
− 1

δ + vi+1(I
i+1∗ )

+ Si+1∗
δ + vi+1(I

i+1∗ )

)

= μ

(
1

δ + vi (I i∗)
− 1

δ + vi+1(I
i+1∗ )

+ 1

β − σ(δ + vi+1(I
i+1∗ ))

− 1

β − σ(δ + vi (I i∗))

)

= μC(vi+1(I
i+1∗ ) − vi+1(I

i∗) + vi+1(I
i∗) − vi (I

i∗))
= μC(v′

i+1( Î )(I
i+1∗ − I i∗) + vi+1(I

i∗) − vi (I
i∗))

where Î lies between I i∗ and I i+1∗ , and C is defined by (47).
Now, assuming I i+1∗ > I i∗, we obtain

0 > I i∗ − I i+1∗ =μC(v′
i+1( Î )(I

i+1∗ − I i∗) + vi+1(I
i∗) − vi (I

i∗)) ≥ 0,

since vi+1(I ) increasing. Moreover, (21) implies

0 ≤ vi+1(I
i∗) − vi (I

i∗) ≤ l(Ii+1 − I i∗). (48)

This leads to a contradiction, meaning that I i+1∗ ≤ I i∗. Consequently, Si+1∗ ≥ Si∗ and

I i∗ − I i+1∗ ≤ μC(vi+1(I
i∗) − vi (I

i∗)) ≤ lμC(Ii+1 − I i∗).

��

Lemma 5 If βS(t)/(1 + σ S(t)) > δ + vi (I (t)) for t ∈ (ti , ti+1), then the increment
between Lyapunov functions at the switching point (Si+1, Ii+1) satisfies

�V̂i ≤ lμC(lμC + 1)
(Ii+1 − I i∗)2

I i∗
, (49)

where C is defined by (47).
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Proof Based on the form of the Lyapunov function (35), we express �V̂i defined in
(45) as �V̂i = �S + �I , where

�S =
∫ Si+1

Si+1∗

(

1 − 1 + σθ

1 + σ Si+1∗
Si+1∗
θ

)

dθ −
∫ Si+1

Si∗

(

1 − 1 + σθ

1 + σ Si∗
Si∗
θ

)

dθ

= −
∫ Si+1∗

Si∗

(

1 − 1 + σθ

1 + σ Si∗
Si∗
θ

)

dθ −
∫ Si+1

Si+1∗

1 + σθ

θ

(
Si+1∗

1 + σ Si+1∗
− Si∗

1 + σ Si∗

)

dθ,

and

�I =
∫ Ii+1

I i+1∗

(

1 − I i+1∗
θ

)

dθ −
∫ Ii+1

I i∗

(

1 − I i∗
θ

)

dθ

= −
∫ Ii+1

I i∗

(
I i+1∗ − I i∗

θ

)

dθ −
∫ I i+1∗

I i∗

(

1 − I i+1∗
θ

)

dθ.

Since Si∗ ≤ Si+1∗ ≤ Si+1 (by Lemma 4), we obtain

∫ Si+1∗

Si∗

(

1 − 1 + σθ

1 + σ Si∗
Si∗
θ

)

dθ ≥ 0,
∫ Si+1

Si+1∗

1 + σθ

θ

(
Si+1∗

1 + σ Si+1∗
− Si∗

1 + σ Si∗

)

dθ ≥ 0,

which implies that �S ≤ 0. Thus,

�V̂i ≤ �I = −
∫ Ii+1

I i∗

(
I i+1∗ − I i∗

θ

)

dθ −
∫ I i+1∗

I i∗

(

1 − I i+1∗
θ

)

dθ. (50)

Next, we estimate the first integral in (50). Since I i+1∗ ≤ I i∗ ≤ Ii+1 (by Lemma 4),
it follows that

0 ≤ −
∫ Ii+1

I i∗

(
I i+1∗ − I i∗

θ

)

dθ ≤ (I i∗ − I i+1∗ )(Ii+1 − I i∗)
I i∗

≤ lμC
(Ii+1 − I i∗)2

I i∗
,

(51)
where C is defined by (47). On the other hand,

0 ≤ −
∫ I i+1∗

I i∗

(

1 − I i+1∗
θ

)

dθ ≤ (I i∗ − I i+1∗ )2

I i∗
≤ l2μ2C2 (Ii+1 − I i∗)2

I i∗
. (52)

Combining (50), (51), and (52), we obtain (49). ��

C.4 Estimate of Vi+1(Si+1, Ii+1)− Vi(Si, Ii)

By combining Lemmas 3 and 5, we derive an estimate for the increment over an entire
switching event. Let

�Vi = Vi+1(Si+1, Ii+1) − Vi (Si , Ii ). (53)
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Lemma 6 If βS(t)/(1 + σ S(t)) > δ + vi (I (t)) for t ∈ (ti , ti+1), then the increment
�Vi satisfies

�Vi ≤ −Mi (Ii+1 − I i∗)2, (54)

with

Mi = μ(δ + v1)

4

√
Sr

2Ii+1
− lμC(lμC + 1)

I i∗
, (55)

where R = (Sr , Ir ) is the rightmost point of the level line Vi (S, I ) = Vi (Si+1, Ii+1),
and C is defined by (47).

Proof Using the inequality 2(1 + x) ln(1 + x) ≤ x(2 + x) for x ≥ 0, we obtain

∫ Ii+1

I i∗

(

1 − I i∗
θ

)

dθ = Ii+1 − I i∗ − I i∗ ln
Ii+1

I i∗

≥ Ii+1 − I i∗ − I i∗
I 2i+1 − (I i∗)2

2Ii+1 I i∗

= (Ii+1 − I i∗)2

2Ii+1
.

(56)

Substituting this estimate into (39) and combining it with (49), we derive (54). ��
Lemma 7 If βS(t)/(1 + σ S(t)) < δ + vi (I (t)) for t ∈ (ti , ti+1), then the increment
�Vi satisfies

�Vi ≤ −Ni (Ii+1 − I i∗)2, (57)

with

Ni = μ(δ + v1)

4

√
Sl

2Ii+1
− lμC

(
lμC

I i∗
+ 1

Ii+1

)

, (58)

where L = (Sl , Il) is the leftmost point of the level line Vi (S, I ) = Vi (Si+1, Ii+1)

(see Fig. 14(b)).

Proof We apply the methods from Lemms 3-6 to derive an estimate for �Vi when
βS(t)/(1+σ S(t)) < δ+vi (I (t)) for t ∈ (ti , ti+1), implying I ′ < 0. For completeness,
we provide an overview of the main proof process.

The value of Vi (S, I ) at the point L = (Sl , Il) = (Sl , I i∗) satisfies

Vi (Sl , I
i∗) =

∫ Sl

Si∗

(

1 − 1 + σθ

1 + σ Si∗
Si∗
θ

)

dθ = Vi (Si+1, Ii+1).

We select a point B = (Sb, Ib) on the arc of the level line Vi (S, I ) = Vi (Si+1, Ii+1),
which connects (Si+1, Ii+1) and L . By Lemma 2, it follows that

I i∗ − Ib ≥ I i∗ − Ii+1 − Si+1 − Sb
Si+1 − Sl

(I i∗ − Ii+1) = Sb − Sl
Si+1 − Sl

(I i∗ − Ii+1) (59)
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In the domain

{

(S, I ) ∈ �0 | S <
δ + vi (I )

β − σ(δ + vi (I ))
, I ≤ I i∗

}

,

we obtain

Si∗ = δ + vi (I i∗)
β − σ(δ + vi (I ))

≥ δ + vi (I )

β − σ(δ + vi (I ))
.

This implies

0 <
δ + vi (I )

β − σ(δ + vi (I ))
− S ≤ Si∗ − S.

It follows from (36) that along the trajectory,

dVi
d I

≥ μ(S − Si∗)2(1 + σ S)(β − σ(δ + vi (I )))

SI (1 + σ Si∗)
(

δ+vi (I )
β−σ(δ+vi (I ))

− S
)

≥ μ(δ + vi (I ))(Si∗ − S)

SI
≥ μ(δ + v1)(Si∗ − S)

I
.

Since the trajectory segment on [Ib, I i∗] lies to the left of the level line Vi (S, I ) =
Vi (Si+1, Ii+1), we have S ≤ Sb and

dVi
d I

≥ μ(δ + v1)(Si∗ − Sb)

I

This implies that

Vi (Ŝ(I i∗), I i∗) − Vi (Ŝ(Ib), Ib) ≥ μ(δ + v1)(S
i∗ − Sb) ln

I i∗
Ib

,

where (Ŝ(I ), I ) is a parameterization of the trajectory segment with I ∈ [Ii+1, Ii ].
Using the inequality ln(1 + x) ≥ x/(1 + x) for x ≥ −1 and (59), with I i∗ ≤ 1, we
obtain

Vi (Ŝ(Ib), Ib) − Vi (Ŝ(I i∗), I i∗) ≤ −μ(δ + v1)(S
i∗ − Sb)

I i∗ − Ib
I i∗

≤ −μ(δ + v1)(Si∗ − Sb)(Sb − Sl)(I i∗ − Ii+1)

(Si+1 − Sl)
.

Following the steps in Lemma 3, maximizing the right-hand side of this inequality
over Sb ∈ [Sl , Si+1] and noting that Vi decreases along the trajectory, we derive

�V̄i ≤ Vi (Ŝ(Ib), Ib) − Vi (Ŝ(I i∗), I i∗) ≤ −μ(δ + v1)(Si∗ − Sl)(I i∗ − Ii+1)

4
. (60)
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Next, we estimate Si∗ − Sl in (60). Since the Lyapunov function Vi has the same
value at points (Sl , I i∗) and (Si+1, Ii+1), we obtain

∫ Si+1

Sl

(
1 + σθ

1 + σ Si∗
Si∗
θ

− 1

)

dθ =
∫ I i∗

Ii+1

(
I i∗
θ

− 1

)

dθ.

Furthermore,

∫ Si+1

Sl

(
1 + σθ

1 + σ Si∗
Si∗
θ

− 1

)

dθ ≤ Sl − Si+1 − Si∗(Sl − Si+1)

Sl
≤ (Si∗ − Sl)2

Sl
,

where Sl < Si+1 < Si∗. Hence,

(Si∗ − Sl)2

Sl
≥

∫ I i∗

Ii+1

(
I i∗
s

− 1

)

ds.

From (60), we conclude

�V̄i ≤ −1

4
μ(δ + v1)(I

i∗ − Ii+1)

√
√
√
√Sl

∫ I i∗

Ii+1

(
I i∗
θ

− 1

)

dθ.

Since (56), we obtain

�V̄i ≤ −1

4
μ(δ + v1)(I

i∗ − Ii+1)
2

√
Sl

2Ii+1
. (61)

Following the proof of Lemma 4,

I i+1∗ − I i∗ = μC[v′
i+1( Î )(I

i∗ − I i+1∗ ) + vi (I
i∗) − vi+1(I

i∗)],

where
0 ≤ vi (I

i∗) − vi+1(I
i∗) ≤ l(I i∗ − Ii+1). (62)

Thus, we conclude that I i+1∗ ≥ I i∗ and Si+1∗ ≤ Si∗, given that v′
i+1( Î ) ≥ 0. Further-

more, we establish the estimate

0 ≤ I i+1∗ − I i∗ ≤ lμC(I i∗ − Ii+1). (63)

Contrary to the case considered in Lemmas 3-5, we obtain

Si+1 ≤ Si+1∗ ≤ Si∗, Ii+1 ≤ I i∗ ≤ I i+1∗ . (64)
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Similarly, using the notations �S and �I from Lemma 5, we deduce from (64) that
�S ≤ 0. Consequently, the difference in (45) satisfies (50), and (51) is rewritten as

0 ≤ −
∫ Ii+1

I i∗

(
I i+1∗ − I i∗

θ

)

dθ ≤ (I i+1∗ − I i∗)(I i∗ − Ii+1)

Ii+1
≤ lμC

(Ii+1 − I i∗)2

Ii+1
,

(65)
Combining (50), (52) and (65), we obtain

�V̂i ≤ lμC

(
lμC

I i∗
+ 1

Ii+1

)

(Ii+1 − I i∗)2.

Adding this estimate to (61) gives

�Vi ≤ −μ

(
δ + v1

4

√
Sl

2Ii+1
− lC

(
lμC

I i∗
+ 1

Ii+1

))

(Ii+1 − I i∗)2.

��

Lemma 8 For t ≥ t2, we have

S(t) ≥ S̄ := δ + v1

β − σ(δ + v1)
exp

(

−
(

1 + 2(β − σ(δ + v1))

δ + v1

) (

σ + β − σ(δ + v1)

δ + v1

))

,

I (t) ≥ Ī := μ(β − δ − v2)

β(δ + v2)
exp

(

1 + 2β(δ + v2)

μ(β − δ − v2)

)

.

(66)

Proof At the point

(Si , Ii ) = (
δ + vi (Ii )

β − σ(δ + vi (Ii ))
, Ii ),

where the solution satisfies S′ < 0 and I ′ = 0 (see Fig. 14(b)), we have

Vi (Si , Ii ) =
∫ Si

Si∗

(

1 − 1 + σθ

1 + σ Si∗
Si∗
θ

)

dθ+
∫ Ii

I i∗

(

1 − I i∗
θ

)

dθ ≤ Si−Si∗+Ii−I i∗ ≤ 2.

Notice that the minimum s̄im = mint∈[ti ,ti+2] S(t) of the S−value of the solution on
the interval [ti , ti+2] occurs at t im ∈ [ti , ti+1], i.e., s̄im = S(t im). Since Vi (Si , Ii ) ≤ 2
and Vi decreases for t ∈ [ti , ti+1], it follows that

2 ≥ Vi (S(t im), I (t im)) ≥
∫ Si∗

s̄im

(
1 + σθ

1 + σ Si∗
Si∗
θ

− 1

)

dθ ≥ Si∗
1 + σ Si∗

ln
Si∗
s̄im

− Si∗.

123



An SIQR switched model with multiple two-threshold structures Page 39 of 43    20 

Hence, s̄im ≥ Si∗ exp
(
−(1 + 2

Si∗
)(σ + 1

Si∗
)
)

, and since Si∗ ≥ (δ+v1)/(β−σ(δ+v1)),

we obtain

s̄im = min
t∈[ti ,ti+2]

S(t) ≥ δ + v1

β − σ(δ + v1)
exp

(

−
(

1 + 2(β − σ(δ + v1))

δ + v1

)

×
(

σ + β − σ(δ + v1)

δ + v1

))

.

On the other hand, the minimum ī im = mint∈[ti ,ti+2] I (t) of the I−value of the solution
on the interval [ti , ti+2] is attained at (Si+1, Ii+1), i.e., ī im = Ii+1. Similarly, we have

2 ≥ Vi (Si+1, Ii+1) ≥
∫ I i∗

Ii+1

(
I i∗
θ

− 1

)

dθ ≥ I i∗ ln
I i∗
Ii+1

− I i∗,

and

Ii+1 ≥ I i∗ exp(−(1 + 2

I i∗
)).

Since

I i∗ = μ

δ + vi (I i∗)

(
1 − Si∗

)
and Si∗ ≤ δ + v2

β − σ(δ + v2)
,

it follows that

Ii+1 = min
t∈[ti ,ti+2]

I (t) ≥ μ(β − δ − v2)

β(δ + v2)
exp

(

1 + 2β(δ + v2)

μ(β − δ − v2)

)

,

which completes the proof. ��
Next, we demonstrate that all trajectories of system (2) with (16) converge to the

continuum set of endemic equilibria.

Lemma 9 All trajectories of system (2) with (16) converge to the continuum set of
endemic equilibria E∗

κ , where κ∗ ∈ [0, 1]. Here ε ∈ (0,R01 − 1) is chosen such that
d > 0 defined in (68).

Proof Based on Lemmas 6-8, we conclude that the sequence Vi (Si , Ii ) satisfies

�Vi = Vi+1(Si+1, Ii+1) − Vi (Si , Ii ) ≤ −d(I i∗ − Ii+1)
2, i = 0, 1, 2, · · · , (67)

with

d := μ(δ + v1)

4

√

S̄

2
− lμC0(lμC0 + 1)

Ī
, (68)

which is independent of i , and

C0 := 1

(δ + v1)2
+ σ

(β − σ(δ + v2))2
. (69)
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Since 0 ≤ S ≤ 1 and 0 ≤ I ≤ 1, it follows that

(S − Si∗)2

2S̄
≥

∫ S

Si∗

(

1 − 1 + σθ

1 + σ Si∗
Si∗
θ

)

dθ ≥ (S − Si∗)2

2
,

(I − I i∗)2

2 Ī
≥

∫ I

I i∗

(

1 − I i∗
θ

)

dθ ≥ (I − I i∗)2

2
,

(70)

where S̄ and Ī are defined in (66). Furthermore,

(S − Si∗)2

2S̄
+ (I − I i∗)2

2 Ī
≥ Vi (S, I ) ≥ (S − Si∗)2

2
+ (I − I i∗)2

2
. (71)

From (67), we obtain

Vn = V1 +
n−1∑

i=1

�Vi ≤ V1 − d
n−1∑

i=1

(I i∗ − Ii+1)
2,

and since the Lyapunov function satisfies Vn ≥ 0 for any n, we have

n−1∑

i=1

(I i∗ − Ii+1)
2 ≤ V1

d
.

This leads to +∞∑

i=1

(I i∗ − Ii+1)
2 < +∞;

i.e., Ii+1 − I i∗ → 0 when i → +∞. Due to (63), Ii − I i∗ → 0.

Si = (δ + vi (Ii ))

β − σ(δ + vi (Ii ))

and

S∗
i = (δ + vi (I i∗))

β − σ(δ + vi (I i∗))

mean that Si − Si∗ → 0. From (71), we conclude that Vi (Si , Ii ) → 0 as i → +∞.
Since Vi ≥ 0 and Vi decreases along the trajectory, we obtain

Vi (Si , Ii ) = max
t∈[ti ,ti+1]

Vi (S(t), I (t)) → 0, as i → +∞.

Thus, all trajectories converge to the continuum set of endemic equilibria due to (71).
��

Finally, we demonstrate that every trajectory of system (2) with (16) converges to
a point in the continuum of endemic equilibria E∗

κ , where κ∗ ∈ [0, 1].
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Lemma 10 Each trajectory of system (2) with (16) converges to an endemic equilib-
rium E∗

κ for some κ∗ ∈ [0, 1].
Proof From (71), it follows that

Vi (Si+1, Ii+1) ≤ (Si+1 − Si∗)2

2S̄
+ (Ii+1 − I i∗)2

2 Ī
.

Observing that

∣
∣
∣Si+1 − Si∗

∣
∣
∣ =

∣
∣
∣
∣

δ + vi (Ii+1)

β − σ(δ + vi (Ii+1))
− δ + vi (I i∗)

β − σ(δ + vi (I i∗))

∣
∣
∣
∣ ≤ l

β − (δ + v2)

∣
∣
∣Ii+1 − I i∗

∣
∣
∣ ,

we obtain

Vi (Si+1, Ii+1) ≤ c1(Ii+1 − I i∗)2, c1 = l2

2(β − (δ + v2))2 S̄
+ 1

2 Ī
. (72)

From Lemma 5, we have

�V̂i ≤ c2(Ii+1 − I i∗)2, c2 = lμC0(lμC0 + 1)

Ī
,

where C0 is defined by (69). Using (72), we derive

Vi+1(Si+1, Ii+1) = Vi (Si+1, Ii+1) + �V̂i ≤ (c1 + c2)(Ii+1 − I i∗)2. (73)

When Vi (Si , Ii ) ≥ (c1+c2 +d)(Ii+1 − I i∗)2, where d is defined by (68), we obtain

Vi+1(Si+1, Ii+1) ≤ c1 + c2
c1 + c2 + d

Vi (Si , Ii ). (74)

On the other hand, if Vi (Si , Ii ) ≤ (c1 + c2 + d)(Ii+1 − I i∗)2, then (67) implies (74).
Consequently, we have

Vi (Si , Ii ) ≤ V0

(
c1 + c2

c1 + c2 + d

)i

in both cases. Since Vi decreases along the trajectory, we obtain Vi (Si+1, Ii+1) ≤
Vi (Si , Ii ). Moreover, from (71),

Vi (Si+1, Ii+1) ≥ (Ii+1 − I i∗)2

2
,

which implies

(Ii+1 − I i∗)2

2
≤ Vi (Si , Ii ) ≤ V1

(
c1 + c2

c1 + c2 + d

)i

.
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Applying (46) and (63), we deduce

∣
∣
∣I i+1∗ − I i∗

∣
∣
∣ ≤ lμC0

∣
∣
∣Ii+1 − I i∗

∣
∣
∣ .

Thus,
∣
∣
∣I i+1∗ − I i∗

∣
∣
∣ ≤ lμC0

√
2V1

(
c1 + c2

c1 + c2 + d

) i
2

.

This implies that I i∗ forms a Cauchy sequence and converges to some limit I∗. Since
Ii+1 − I i∗ → 0 as i → +∞, we conclude that I (t) → I∗ as t → +∞. Consequently,
S(t) also converges to some limit, denoted S∗. Thus this trajectory converges to the
endemic equilibrium (S∗, I∗). ��
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