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Abstract

In this paper, we use the renewal equation approach to explore the impact of be-
haviour change and/or non-pharmaceutical interventions (NPIs) on the final size
and peak size of an infectious disease without demography. To this end, we derive
the renewal equations (REs) for the force of infection (both instantaneous and cu-
mulative) that have reflected the NPIs and/or behaviour change by the notion of
practically susceptible population. A novelty in these REs is that they contain time-
varying kernels arising from the incorporation of effect of behaviour change. We
then build the new REs into the Kermack—McKendrick model to obtain a general
full model. Following Breda et al. (J Biol Dyn 6(sup2):103—117, 2012) and Diek-
mann et al. (Proc Natl Acad Sci USA 118(39):¢2106332118, 2021), we analyze
this new model to derive a general formula for the final size relation, by which we
find that the final size relation depends not only on the basic reproduction number
R but also on other associated values that reflect the impact of behaviour change.
Specifically, we demonstrate that behaviour change can reduce the infection peak
and herd immunity threshold in some specific models.
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1 Introduction

Many new emerging diseases have much shorter durations than the life span of the
human host. Thus, in modelling the dynamics of such diseases, one typically ignores
the demography of the host and just focuses on the transmission dynamics. For such a
model, the disease eventually dies out, and hence, the long-term disease dynamics are
no longer a major concern. Instead, the scale of the epidemic is generally the major
concern, which can be reflected by the final size and the peak size. Taking the classic
Kermack—McKendrick (K-M) disease model in Kermack and McKendrick (1927)
as an example, the final size r, is determined in Kermack and McKendrick (1927)
by the equation

Too = 1 — e R0Te0 (1.1)

where 7o, = lim;_, o, r(t) with (f) representing the fraction of recovered host popu-
lation in a closed population at time ¢.

Similar formulas have been obtained for final sizes of epidemics in some other
circumstances (some expressed in terms of the susceptible population rather than the
recovered population). For example, the simplest case of the K—-M model in Kermack
and McKendrick (1927) is described by the following ODE system

() —BI() (t),
{ (1)
R(t)

BI)S(t) —~I(b), (1.2)
VI(t),

for which the final size equation can actually be easily obtained in terms of
S(o0) by analyzing the trajectories of the I — S equations and using the relation
S(o0) + R(o0) = 5(0) =: Sp. See, e.g., Miller (2012)). Along the same line, Magal
et al. (2016) investigated the final size of the two patch version of (1.2); while Ma and
Earn (2006) explored the final size of multi-stage version of (1.2). There are some
other more works that discuss the final size of various generalizations of the epidemic
model (1.2) by analyzing the S-/ equations, e.g., Anderson and Watson (1980), Arino
et al. (2007), Andreasen (2011), Brauer (2008), Ketcheson (2021), Feng (2007),
Kroger et al. (2021) and the references therein. We point out that this method is valid
in these models mainly because the FOI in these models is linear in / (i.e. 5I) cor-
responding to the mass action incidence rate. This can be clearly reflected in Arino
et al. (2007): while a general FOI function is used for other topics on disease dynam-
ics, however, when it comes to the final size of the epidemic version of the model, the
authors have to restrict themselves to the linear FOI.

On the other hand, note that during an epidemic, especially a severe epidemic
(e.g., the recent covid-19 pandemic), due to the host’s fear of the disease and/or
the non-pharmaceutical interventions (NPIs), some host individuals will behave
more pre-cautiously and be more restrictive in their social activities. This implies
that only a fraction P of the epidemically susceptible host is practically susceptible:
Sp(t) = PS(t). Here the fraction P € [0, 1] reflects the precaution level reflecting
the effect of behaviour change of the public, and it typically depends on the severity
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or prevalence of the epidemic, letting it be measured by L(¢) and then P = P(L(t))
changes as the epidemic evolves. By its background, P(L) satisfies the following
conditions:

dPUL) ) with PO)<1 and lim P(L) >0, (1.3)
dL L—oo

meaning that the more severe the epidemic is, the more cautious the public is. The
severity level function L can be described by some disease-related variables, e.g., the
infected population /(¢) or the weighted sum of these disease variables, and it contains
information on disease severity. Possible candidates include

n

L0 =Y wilt—r) ad 10 = [(w©n0-Ods (4

=0

where w;, 1 =0,1,...nand w(§), £ € [0, 7] are weights for the past values of /(7).
See Cheng and Zou (2022) for some details.

For convenience of notation and calculations in later places, we write P(L(¢)) as
P;(t) to mean that the fraction P is time varying through the severity level. Replacing
S(#) by S, (t) in the mass action incidence rate S1(t).S(¢t) and standard incidence rate
BI(t)S(t)/[I(t) + S(t)] respectively, we obtain the respective new incidence rates

BI0S,(0) = [BAOI0)]-5(0) and 00— | IO s,
which leads to the respective new FOIs given by
F(t) = BP(DI(1) and F(t) = m. (1.5)

Such new FOIs are no longer linear in / and depend on the past of /(). In Cheng and
Zou (2022) and a follow-up work (Cheng and Zou 2024), using the revised FOISs that
reflect the effects of behaviour change as explained above, we explored the impact of
such effects on the long-term disease dynamics for some disease models with demog-
raphy. Now, as we mentioned in the beginning, our interest in this work is in the
final size and peak size of an epidemic that is deemed to die out (due to the nature of
“without demography"). Then there arises the question:

(Q1)  What would be the impact of the host’s response/precaution reflected by
P(L)) on the final size and peak size of a disease model without demography?
Notice the above revised FOI SP(L(t))I(t) is no longer linear in I (noting that L(%)
depends on /(¢)) and could be of various forms involving /(¢) and its past values (see
Cheng and Zou 2022, 2024). As such, it becomes very challenging, if not impos-
sible, to derive the final size equation by analyzing the trajectories of the (1.2) with
B1I replaced by SP(L(t))I(t). And if one wishes to also incorporate disease latency
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leading to a model with delays, the final size becomes even more challenging. These
drive us to consider an alternative approach.

Notice that Breda et al. (2012) reformulated the general K—M mode in Kermack
and McKendrick (1927) in terms of the RE for the force-of-infection (FOI) F(¢)

F(t) = /OO F(t—71)S(t—7)A(r)dr, (1.6)
0
and the cumulative force-of-infection (CFOI) y(f)
y(t) = / oo(1 — e YT S(—00) A(T)dr. (1.7)
0

Here A(7) describes the expected contribution of the infected population to the
force-of-infection. Indeed, by the RE approach, the authors established the following
equation for y(c0)

y(00) = Ro(1 —e7¥(>)), (1.8)
and identified the relation

~ y(o0)
ro = L (1.9)

which transforms the final size equation (1.8) for the CFOI to the final size equation
(1.1) for the recovered fraction. For the special case (1.2), Brauer (2008) also used
RE for the FOI to reproduce the final size equation.

The above brief illustration of the RE approach in terms of FOI shows that FOI is
indeed an important notion and offers an alternative candidate for employing the RE
approach. This makes us wonder that
(Q2) with the above revised FOI F'(t) = SP(L(t))I(t) mediated by the precau-

tion of the public that reflects the behaviour change due to host’s fear of the

disease can we apply the RE approach to address (Q1)?
It is well-known that most compartmental epidemic models can be described by REs,
and hence, we wish to employ the RE theory to address these issues. Biologically,
REs give a reasonable way to trace renewals/reproductions of the given class/popu-
lation over time. The idea was initially developed by Lotka (1907), Sharpe et al.
(1911) and used by many researchers, e.g., Feller (1940, 1941), Inaba (2017), Lebre-
ton (1996), in modelling demography and species reproduction. Particularly, Diek-
mann et al. re-drew researchers’ attention to the RE method and demonstrated its
powerfulness/usefulness in mathematical epidemiology-modelling in several works
(e.g., Breda et al. 2012; Champredon et al. 2018; Diekmann and Heesterbeek 2000;
Diekmann et al. 2021; Diekmann and Inaba 2023).

Encouraged by these works, in this paper, we will tackle the above two questions
by the RE approach. To this end, in Sect. 2, we will first present some preliminaries
that involve infection age. Going through the references (Breda et al. 2012; Ker-
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mack and McKendrick 1927) intensively, we find that age/stage density is the key to
associating REs and compartment systems—age density deduces a RE and a com-
partment system can be obtained through the age density. In Sect. 3, we derive the
renewal equations for the revised FOI function and the corresponding incidence rate
function. Then, in Sect. 4, we use the REs for the revised FOI and the incidence rate
to derive equations that govern the final size. Section 5 is dedicated to some special
cases of the general model represented by the REs model in Sect. 3, for which we are
able to obtain more detailed and more explicit results, particularly some results on the
peak size, which is, in general, very challenging (if not impossible) for the general
case. We conclude the paper with a discussion section (Sect. 6), in which we discuss
the implications of our results and some possible extensions of this work.

We point out that our new REs contain time-varying kernels due to the behaviour
change. It is the time varying nature of the kernel that makes our model more novel,
the analysis more challenging, and the results more interesting both mathematically
and epidemiologically. Our new model provides a general and plausible framework
for estimating the final epidemic size and even peak size (in some special situations)
when considering NPIs and/or behaviour changes during an epidemic.

2 Preliminaries on infection age structure and related notions
2.1 Density of infected class with respect to infection age

Denote by a € [0, c0) the infection age, which defines the length of time an individ-
ual has been infected, and let u(z, @) be the density (with respect to a) of the infected
class at time ¢ with infection age a. Let vy(a) denote the recovery rate of the infected
population with age a and assume that v(00) < co. For the age density of infected
individuals, there is the well-known McKendrick/von Foerster equation:

ou(t,a) n ou(t,a)

5 5 = —(a)u(t,a). 2.1

Firstly, we note that the characteristics of (2.1) define a family of lines with equa-
tion t = tg + a, where ty > 0 is considered the “birthdate” (infection time) of an
infected individual. Then, the infection age density along the characteristic is
u(t,a) = u(to + a, a) := uy, (a) which solves

dug,(a)

o) — () (o). 22)

The solution of (2.2) for ¢t > a then is:
u(t,a) = ug, (a) = ugy (0)e Jo v _ u(to,0)e Jo vz _ u(t —a,0)e I (@ - (2.3)

Let
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ola) :=e Jo V(@)de
which expresses the probability of a newly infected individual remaining infected at
infection age a. That means a fraction o(a) of the population infected at time t — a
will still remain infected at time ¢ with age a. Simple calculation yields

d'(a) = —y(a)o(a) <0
Naturally, the following assumption on o (a)

o(c0) =€ fo viwde 0, (24)

should be imposed since no individual will “survive” to infinity age. Accordingly
u(t,00) = 0 forany t € R.

Next, we need to track those infected individuals who are already infected at ¢t = 0
with age ag and still remain infected at ¢t with age a = ag + t. Let ug(ag) = u(0, ag),
which is the initial age distribution of the infected class. Solving (2.1) for a > ¢, one
obtains

t'y(w)dw _ Uo(a _ t) O'(Cl)

u(t,a) = upla — e Jo- oa—t)

2.5)

Here, o(a)/o(a — t) describes the probability of those already infected initially at
t = 0 with age ap = a — ¢ still remaining in the infected class at time ¢ (with infec-
tion age a).

Summarizing the above, the solution of (2.1) is expressed piecewise as below

u(t —a,0)0(a), a<t
u(t,a) = { U()(a _ t) o(a) a>t. (26)

o(a—t)’

The piecewise nature accounts for the two sources for u(z, a): one is from the initially
infected individuals for a > ¢ represented by ug(a — t) = u(0, a — t), and the other
is from the new infections (“birth” or “production™) during [0, ¢ — a] for a < ¢ repre-
sented by B(t — a) = u(t — a,0).

Many diseases have latency, and the latent period can vary from individual to indi-
vidual. For some diseases, the individual latencies vary slightly; for such a disease,
one may assume a fixed constant latency. If considering a fixed latency 7 > 0,

E(t) := / u(t,a)da, I(t):= / u(t,a)da,
0 T
then represent the total numbers of latent class and infectious class, respectively.

Accordingly, U(t) := E(t) + I(t) is the total number of infected individuals and
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R(t) := /0DO ~v(a)u(t, a)da,

sums up all those who have recovered at different infection ages and, hence, gives the
total number of recovered classes at time 7.
Throughout this work, we use the following classical/standard notations:

s(t) := S(t)/No, s(0) =850 and r(t):= R(t)/Ng, 1(0) :=re. (2.7)

2.2 The related mean period

Consider the recovery age as a random variable £. Then
PO<é<a)=1-o0(a) = / ~v(x)o(x)dx
0

Accordingly, the probability density function of £ is f(a) = v(a)o(a). Assuming
fixed constant latency 7 > 0 as stated above, then

o wv(@)o(z)de [ o(x)dx o) .
Te = fOT v(x)o(x)dx  1-o(7) 1—o(7) d
(

(z)
_ T m@oyds _ [F oz
froo v(x)o(z)dz o(T)

2.8)
17

represent the mean time infected individuals stay in the latent class and the mean time
of an infected individual stays in the infectious class, respectively. Consequently,
T7 — 7 is the mean infectious period and

Tior = /OOO xy(z)o(z)dr = _/000 xdo(x) = /000 o(z)dz — zo(z)[i_°

= /0 " o)ds 29

= /0 o(x)dx —|—/T o(z)dz
=o(n)Tr+ (1 —0o(1))TE

is the mean infected period, which is the weighted sum of T and 77.
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3 Derivation of the model
3.1 The derivation of the REs for B(t) and FOI F(t)

After the preparations in Sect. 2, we are now in a position to follow the idea in Breda
et al. (2012) to formulate our new REs in terms of the new FOlIs in (1.5). Assume
that the infectivity of infected individuals with infection age @ is 8(a) € [0, 1] for
a € [1,00). Then the total infectivity of the infectious population at time ¢ is

C(t) = /OO Bla)u(t,a)da. 3.1

As is known, this is traditionally defined as the force-of-infection when focusing on
physiological infectivity (see, e.g., Anderson and May 1991). Particularly, if 5(a) is
independent on a, C(t) = BI(t).

Now, with the new FOI given in (1.5), the incidence rate is accordingly revised to

B~ [ B PO)SHult, )lda = Sp()C(0)

(3.2)
= P(t)S@)C(t) = [R#)C(H)] - S();
accordingly, the force-of-infection in (3.1) is revised to
F(t) := R(t)C(t) (3.3)

In (3.3), C(¢) and P(L) measure the efficiency of physiological infection (focusing
more on features of epidemics) and effect of behaviour change respectively. In other
words, F'is a result of combining the infectivity and effect of behaviour change.

Obviously, u(t,0) = B(t) holds, since the incidence accounts for new infections
occurring per unit time. Moreover, for ¢t > 7, the incidence rate B(¢) can also be
expressed as

B(t) = /TOO B(a)Sp(t)u(t,a)da
— Sp(t) ( / B(a)u(t, a)da + /t h B(a)u(t,a)da) (3.4)

— Sp(t) (/t o(a)B(t — a)da + G(t))

T

where
o(a) = { 0, a€0,7) (3.5)
and
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/ B(a uoaﬂ(())mzlmudaﬂai@)da

I AN U )

Here ¢(a) is continuous in a € [, 00), and it is the expected contribution to the FOI
from those infected individuals with infection age a (according to Breda et al. 2012).
Note that T},; < 0o ensures fToO p(a)da < co.

(3.6)

When 0 < ¢ < 7, a > 7 implies a > t and hence
B,(t) = Sp()C(t) = Sp(t / Bla)u(t, a)da = Sp(t)G- (1) (3.7)

where

T ( _t)
N N A C) N p(n+1)
= [ wota— 0 F 0 da= [ w5
Denote
e ={ G0 127 (39)

G°(t) reflects the contribution to new infection at ¢ by those already infec-
tive at t = 0. G°(t) is continuous at ¢t = 7. Because ¢(a) goes to zero when
the infection age a of an individual tends to infinity, G(¢) also tends to zero, i.e.
limy_y 00 G°(t) = limy— oo G(t) = 0.

Following Breda et al. (2012), Diekmann et al. (2021), we may extend the domain
of B(?) to include negative axis, so that we actually have

G(t) = /too p(a)B(t —a)da and G,(t) = /OO p(a)B(t — a)da,

due to the fact that ug(a — t) = B(t — a)o(a — t). Combining the above, we then
have obtained the REs for B(¢) and F() as

B(t) = Sp(t) /OO p(a)B(t — a)da (3.10)

and
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F(t) = P(t) /

T

h o(a)B(t — a)da = /OO Bit)gla) F(t—a)S(t —a)da qqy

Revised kernel

for t € (—o0, 00) rather than for ¢ € (0, 00) only. This allows us to consider the ini-
tial time to be at —oo for both (3.10) and (3.11), as is done in Breda et al. (2012),
Diekmann et al. (2021). We point out that in contrast to (1.6), the RE (3.11) is no lon-
ger a traditional scalar RE because the kernel P;(t)¢(a) = P(L(t))$(a) depends not
only on the infection age a but also on the time variable ¢ through the severity L(%).
Moreover, the severity measure may involve the past values of I(¢), as demonstrated
in (1.4). This means that even for the current value B(¢) or F(f), we need knowledge/
information of not only the current “practically susceptible population”, but also the
entire history of B over the interval (—oo, t].

We point out that the REs (3.10) and (3.11) naturally lead to the iterated transition
property (semi-group property) and allow us to track how the current value depends
on the past values. For example, for any a1, a2 > 0, from (3.10), we can obtain

oo

B(O) = Sr(t) [

T

v(ag) {Sp(t — as) / w(a1)B(t —as — al)dal} day (3.12)
which is a result of two iterative trackings. See Fig. 1 for an illustration of (3.12).
3.2 Full general model

With the above preparation, a general model without demography can be formulated
by RE as

§'(t) = —B(t) = —F()S(?)
{ F(t) = P(t) [ p(a)F(t —a)S(t — a)da (3.13)

Corresponding to the model (3.13) with ¢(a) given in (3.5), we have the following
compartmental model (see details in Appendix):

Fig. 1 Depiction of the RE (3.12) of B(?)
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S0 = Fs

t) = — u(t,a)da — u(t,7) + F(t)S(t)
t):—ff 1 tada+u(7 7) (3.14)
R’(t fo ~v(a)u(t, a)da

We assume there is no recovery individual at the epidemic’s beginning time
t =tg (i.e., R(to) = 0) throughout this paper. In the sequel, as we proceed further,
we will take ¢ty = —oo or tyg = 0, depending on the purpose.

Remark 3.1 It is worth noting that (3.13) and (3.14) can both be obtained from the
equation (2.1), respectively. Age density of the infected population u(¢, ) establishes
a bridge between the REs model (3.13) and the compartmental model (3.14).

Observe that in (3.14), the equations of E’ and I’ couple via the term u(¢, 7), which is
the rate at which The infectious class gains from the latent class. Now we determine
u(t, 7) by (2.6) as below.

For t > 7 (long-time), by (2.6),

u(t,7) =u(t —7,0)0(r) = B(t — 7)o (7).

That means that, with probability o(7), those individuals who get infected at time
t — 7 will enter the infectious class from the latent class at time .
If t < 7 (short-time), again by (2.6),

a(7)

u(t,7) = uo(r — t)m.

At such a time ¢, only those who are already infected at time ¢ = 0 are possible to
enter the infectious class (with probability o(7)/o (7 —t) ), because at time ¢, all
newly infected individuals during [0, #] have no chance to become infectious (their
infection ages are all less than the latency 7. Moreover, noting that

uo(t —t) = u(—(r — 1),0)0(r — t) = B(t — 7)o (T — 1),

we have actually also have u(t, 7) = B(t — 7)o (7).
Summarizing the above, we conclude that on the whole time axis, there holds

U(t, T) = B(t — T)O'(T). (315)
From the first equation of (3.13), we obtain
S(t) = S(to)e Jiy Tl _ S(to)A(t; to) (3.16)
with

Alt;tg) ==e fto Fleds
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19 Page 12 of 45 T. Cheng, X. Zou

representing the probability for an uninfected individual at time ¢ to escape from
becoming infected at least until time ¢. Furthermore, the cumulative force of infection
(CFOI) during the period [to, t] is given as

Y(t;to) == / F(€)de. (3.17)

to

According to (3.16), given that S(¢p) ~ Ny (the total population), we actually have
the following relation among the CFI Y (¢; (), “escaping" probability A(¢; tg) and
Soo 1= 8(00) = S(00)/Np:

o0 = A(00; tg) = e Y (0it0), (3.18)

Obviously, divergence of Y (00; t) is equivalent to s, = 0 from (3.18).
Denote

A

Ro(t) : = P(0)Ny /tga(a)da, > (3.19)

Then the basic reproduction number of (3.13) is given by

Ro = Ro(0).
The following theorem simply means that the disease will eventually die out. This is
not surprising because the model does not have a demographic structure, and hence,

there is no recruitment for the susceptible class.

Theorem 3.1 For model (3.14), the total infected population U(co) = 0 holds.
Accordingly, E(co) = 0,1(c0) = 0.

Proof We leave the proof in the Appendix. O

Because of the results in Theorem (3.1), it is reasonable to assume the following for
the severity variable:

Assumption 3.1 L(oo) =0and L'(0c0) =0;and U =0 = L = 0.

4 Final epidemic sizes for the model (3.14)

4.1 The case that the initial condition is given by S (—o0):

To make mathematical analysis easier, Breda et al. (2012), Diekmann et al. (2021)
(references therein) assume time starts from —oo. This assumption gives some con-

venience in the analysis due to the occurrence of the related integrals in the REs. In
this subsection, we adopt this assumption on the starting time, i.e. tg = —o0, so that
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B(¢) and F(f) have the explicit expressions (3.10) and (3.11), respectively. Further, we
also accordingly impose the following initial conditions:

Assumption 4.1 lim;_,_ ., S(t) = Ny and lim;_, o, U(¢) = 0.

This assumption means the total infected population U was negligible in the infinite
past. Under the Assumptions (3.1) and (4.1), there are hold

tl}rinooPl(t) = P(L(+00)) = P(0), tﬁl}rinw P/(t) =P (L)L’ =0 and tﬁl}rinw F(t)=0. (4.1
It follows from the expression (3.10) that
F(t)= Pl(t)/ v(a)B(t — a)da
=2t [ F(t- S - p(ada (42)

= n) [ Fo)Sme—win

— 00

The cumulative force-of-infection over (—oo, T') is

me@:[%ﬂwt

+o00 T —a
:_/ ¢@{l “ﬁh)amﬁ}m

—_/*"Ogo(a){Pz(t)St—a|t__oo / S(t—a dPl ) }da 4.3)

::ﬁATV+ﬂ*“ﬂ/+w@W)P%*“ﬁ*fﬂkanT““qua

=R, (T) + Ry — P(T)H(T)

where
Rp(t) = ; HEF/(€)dE, Ry = Ry() (44)

with
A= | T p@st—aya= [ : ot — ) S(n)dn. 45)

Thus,
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Rp(t) = P (t)H(t), (4.6)

which indicates P, (t) and ﬁp(t) have same direction of change.

Differentiating H(t) gives

. dS(t —a)
() = / (ilt / B(t — a)pla)da = —C(t) < 0;  (47)

We may also use the alternative formula in (4.5) to obtain

H(t)=— /00 @(a)%da =St —T1)p(r)+ /00 ¢ (a)S(t —a)da.  (4.8)

T

Here, we should mention that only for very special p(a) do the (4.6) and (4.8) reduce
to explicit differential equations (DEs). For some details on this, see Sect. 5.
Also, a simple calculation leads to

A Foo
Pi(~o00)H(~o0) = Ai(—o0) / (@)S(—00)da = Ro;

Py(00)H(00) = RoSoo-

(4.9)

Summarizing the above, the properties of 7:[(t) are given in the following

A

Lemma 4.1 H(t) given in (4.5) is strictly decreasing on t € (—oo0,00) with
H(—00) = = Z0) and H(c0) = —%’(‘;ﬁ.

Before discussing the property of R,,, we give the following Lemma.
Lemma 4.2 Assume that fand g are functions defined on R, satisfying

1) g:R = (gm,9m) C (0,00) be a differentiable, bounded and monotonic func-
tion with

f = t) = gm;
grele() 97m§1€1£9() gu;

(ii) f: R — (0, far) be a differentiable and bounded function satisfying
f(Foo) = sup f(t) := fum < oo.

teR

Then
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/ T g @

— 00

converges. Moreover, if g is strictly decreasing, then

+oo
(Gm — ga0) s < / g(O) f (t)dt < 0. (4.10)

—00

Proof See Appendix. i

By the property of function P;(t) (i.e. P(L)), Lemmas 4.1 and 4.2, we immediately
have the following theorem.

Theorem 4.1 For R, is defined in (4.4), there holds

~Ro, <R, <0. (4.11)

By (4.3), the CFOl at t = oo with tg = —oo is

1 .
Y(oo;—0)=In|{ — | =R, + Ro (1 — e Y(o0i—00) ) 4.12
S p
That is
_ln(soo) :Rp+Ro(1_Soo); (413)
equivalently,

Y(o0;—00) R,
— 110ime0) | Top, 4.14
oo Re | R, (19

Remark 4.1 Compared with (1.8) and (1.9) which depend on a single parameter
Ro, (4.12) and (4.14) depend not only on parameter R, but also R,,. Note that R,
accounts for the impact of the fraction function P;(t) = P(L(t)), which reflects the
behaviour changes during an epidemic. To some sense, %, captures the cumulative
effect of behavioural adaptation/or NPIs over the entire infection window (—o0, 00)
on the final size, reflecting both its direction (i.e., whether the effect is beneficial
or adverse, via the sign) and strength (via the magnitude); Theorem 4.1 shows that
R, < 0 confirming the beneficial effect of behavioural adaption/or NPIs, as intui-
tively expected.

Rearranging the final size equation (4.13) yields
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19 Page 16 of 45 T. Cheng, X. Zou

Theorem 4.2 Given that S(—o0) & Ny, the final size relation (FSR) of model (3.14)
is explicitly presented in the form

Soo = 677{0(175‘”)77%?; (4.15)
or equivalently,
Too =1 — e RreRoreo (4.16)

where ﬁp (t) and R, are defined in (4.4) and s.. and ro are as in (2.7).

From the formula (4.15), we can see the fraction s, is necessarily the intersection
point of the following functions

gi(z) = e R0 go(z) = Rra (4.17)

in the open interval (0, 1). Note that ¢; () is an exponentially growing function and
q2(z) is an linearly growing function with slope e~ *» depending on R,,.

Observe that go(z) is increasing in the parameter R,, and g2(z) = = when
R, = 0. This together with the fact that Ry < 0 implies the following

(C1) IfR,<1,q(x)>zonzecl0,1),thatis g (z) > g2(x) for any R, < 0.
It means there is only one so, = 1 € [0, 1]. Therefore, in this case, the final size
7'~ 18 close to zero. The same conclusion is also obtained in Brauer (2005), Breda
et al. (2012) without R, term.

(C2) If'R, > 1, there exists a critical value R for critical value R, such that

(i) when R, € (R;,0), qi(z) and g¢2(z) have two intersect points
xf € (0,1/R,)and x5 € (1/R,,1);

(ii) when R, = Rs", there is only one intersect point z* = 1/R, € (0,1);

(i) when R, = 0, there is only one intersect point z* € (0,1/R,).

The critical value Rj" is indeed determined by the two tangential conditions
¢1(z) = q2(z) and ¢} (x) = ¢4(x) which turns out to be

Ry =m(R,) =R, +1

which satisfies

(1 R0)2 cr
R <R, <0
for any R, > 1. And
¢S5 (x) = R (4.18)
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is the tangent line of ¢, (=) with the tangent point (1/R,,e'~R¢). See Fig. 2 for a
illustration.

Remark 4.2 P;(t) = 1 indicates R, = 0. In this special case, C2-(ii)—(iii) shows s;
will eventually fall down to a level s, below 1/R,, provided that R, > 1.

Remark 4.3 For the case (C2)-(i), there are two intersection values z] and x3.
Remark 4.2 seems to suggest that x5 should be excluded and 7 is the true value of
500 Another intuition to support this suggestion is that x3 is not s is that R, impact
x and z3 in totally opposite direction: the larger |R,| is (note R, < 0), the larger
x7 is and the smaller x3 is. Noting that R, accounts for the effect of the intervention
or human behaviour changes and precaution induce the fraction P;(¢) should help
mitigate an epidemic and hence increase the final since so,. Unfortunately, we cannot
exclude x5 at present and can only leave it as a conjecture, as stated below.

1
Ro*

Conjecture 4.1 If R, > 1, the final size s, satisfies s, <

It is difficult to prove the conjecture 4.1 here for a general case which is plausible.
Fortunately, we can prove this conjecture for some special cases, as is done in Theo-
rem 5.1 in the next Section. Notably, in classical SIR models without behavioural
change, the conclusion of Conjecture 4.1 is both mathematically provable and bio-
logically sound. And 72%, is the so-called normalized herd immunity threshold, i.e.,

the peak of new infections (Fine et al. 2011). The inequality 5o, < 72%3 reflects that

active infections still generate secondary cases at a declining rate even after herd
immunity is achieved until removal or recovery, driving the susceptible population
below the threshold before the epidemic ends.

Assume that the above conjecture is true, then the dependence of s = 7 onR,,
leads to the following lemma.

q1(z), g2(z)
o © o o o o o
SIS S

o

e

o

Fig. 2 Demonstration of ¢1 (x) and g2 (z)
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19 Page 18 of 45 T. Cheng, X. Zou

Theorem 4.3 (Effectiveness via |R,|) Suppose R, > 1 is fixed and s, < 72%,’ then

the decrement of R (i.e. increment of |R,|) leads to the increment of s, i.c. the
decrement of the final size 7. Indeed, the decrement of R, from 0 to a negative
value leads to the increment of so, with the rate 1/ R, — <= |.

Proof See the Appendix. O

As described in Remark 4.1, R, represents the cumulative effect of behaviour change
on final size over the entire infection window, and R, < 0 always hold (see Theorem
4.1), indicating a beneficial impact on control. Theorem 4.3 shows that |R,| mea-
sures intervention effectiveness: a greater |R,| leads to a larger fraction of individu-
als escaping infection under certain conditions.

We have mentioned that adopting the initial time to be at ¢y = —oo brings in some
convenience in analysis. However, it has an inconvenience for numerical computa-
tion. For convenience simulations that will be done in Sect.5, we explore the scenario
of adopting initial time at £y = 0 in the next subsection.

4.2 The case with initial condition given by 5(0)

Denote L(0) := Ly. According to the property of P(L) described in the Assumption
1.3, we have

Fi(0) = P(Lo), Fi(o0) = P(L(0)) = P(0).

st (4.19)
= no) ([ B gty + 6 ))
— Pt (SO)p(t) = S(t— 1) /St—a )da+G()>
where
dS(t—a)  dS(t—a) _
o = = F(t—a)S(t—a)
ForO0<t<Tr
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In summary,

ro-{ 0 37 @21
In addition
-7 o(a) a | =P(1)G(T) = Fi(1
tim ) = ) ([ (0.1 - 20t = R(IG) = Fi(n).422)

Thus, F(¢) is continuous.
Analogously to (4.5) and (4.4), define the following function

7:[0(t) — { f: ¢(a)S(t — a)da = 0 Tt —m)S(ndny t>T (4.23)

0 t<r
t
R,(t) == [ Ho(a)P/(a)da, t>T (4.24)
. t
Re(t) :==No | Pa)pla)da, t>T (4.25)
. t
Ry (2) ::/ P(a)G(a)da, t>T (4.26)
Rop(t) := %ﬁc(t) +Ry(t) + Ry(t), t>7 (4.27)
0

and use the notations

Il
Pl

Ho = Ho(00), Rpp := Rp(00), Re = Re(00), Ry := Ry (00), Rop := Rop(0).(4.28)

The following properties hold:

Ho(T) =0, Ho=

and

Differentiating Ho () leads to
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19 Page 20 of 45 T. Cheng, X. Zou

Hy(t) = o050+ [ o0 Vda = o050) - (1 - 60)

: (4.29)
=(r)S{t—71)+ / ' (a)S(t — a)da.

The sign of H{,(t) is not clear. Unfortunately, it seems not direct to get the boundary
of Ry, which is different from the R, defined by (4.4) in Sect. 4.1.
Assume that T > 7 > 0,

Y(T;0) :=In <%) _/OT F(t)dt = (/OT Fz(t)dt—l—/TTFl(t)dt)

(4.30)
=Y(7;0) + Y(T;7) = Yo(T;0) + %R (T) — P(T)Ho(T) + R, (t)
where
Yo(T:0) = /TPl(t)Go(t)dt - / PL(t)G (£)dt + /TPl(t)G bt
0 T
=Y (1;0) + Ry(t)
—1)
= / {/ (- t dt} da
{ — 1) dt} da 4.31)
(a— t)

/ {/0 il a_t )dt}da
{/ a—t) t)dt} da.
with

v(rso) = [ " B()C (1)t = / TPms){ / octuom)“’ﬂj’(;)“dn}dt. (432)

Yo(T;0) is the something that occurred before time ¢ = 0.
Letting T tend to infinity, we get
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¥i(oi0) = /°°@<a>{/°°Wdt}da
/ {/ iy a_t )d}da (4.33)
- [ vt [ gy g e

Furthermore,
Y(t;7) = Ry(t) + %ﬁm — Pi(t)Ho(t) + Ry(t) = Rop(t) — Pi(t)Ho(t)(4.34)
and

oo

Y (00;0) = Yp(00;0) + S(O)/ ©(a)P(a) {1 — Pl(oo)e—Y(oo;O)} da

N /TOO {/: o(a)S(t — a)da} P (t)dt

S
= Y0(00:0) + Ry + 77 Re = Pi(00)Hy
0

5 o (4.35)
=Ry (1= 52 ) R = [ la) (PO~ S0)PUI(@)
—/ P®uo(a=t) 1 4,
0 ola—1)
So (Re  _yiw
=Rpp + F(; (R —e Y v0>> Ro + Yo(00;0).
Correspondingly,
Y (00;7) = Rop — Ro%ﬂe—”“"). (4.36)
0

We collect our findings into the following theorem.

Theorem 4.4 Given the initial condition S(0) = Sy, the final size relation of the
model (3.14) is

Y (00;0) = Rpp + — So —C — e Y (0:0) Ro + Yp(00;0) 4.37
PP
NO RO

where Yj(00;0) is given in (4.33). Moreover, the following form also holds:
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Y (00;7) = Rop — ROL(T) e~ Y (o),
No

equivalently,
0=1In(s0) + (Rop — Ro) + RoToo — In(s(7)).

where ﬁop(t) and R, are given in (4.27) and (4.28).

Remark 4.4 In Brauer (2008) and Breda et al. (2012), Yy(o0; 0) is set to 0. Letting
Yo(00;0) 4 01in (4.35), we obtain

Y (oci0) = Ry + 52

& _ o~ Y(o030) Ro < Rpp + & (1 _ e—Y(OC;O)) Ro,(4.38)
N() 0

Ro N,
Note that R, reflects the contribution from those already in the infected class at time
t = 0 to the cumulative force-of-infection through the epidemic. When the initial

N ON_OSO is small, then R4 is small and hence, can be safely omit-

fraction of infectors
ted. Thus,

Rop(t) — Rp(t) = Rel(t) (4.39)
which leads to the following result:

Corollary 4.1 If Yo—50 js small i.e. Yo=5%0 — ¢ for 0 < € < 1, then
Yy N, Ny

Y (00;0) = Ryp + <Z - eY(°°;0)> Ro

or

R
—1In (S00) = Rpp + Ro {RC — soo] < Rpp + Roloo-

In what follows, we consider a special case of “survival" probability (probability of
staying in the infected class). For such a special case, we can obtain more explicit and
possibly more useful results.

Consider

v(a) = { e {2 2)) (4.40)

With this piecewise constant recovery rate function y(a), the “survival" probability
function o (a) becomes

@ Springer



On final and peak sizes of an epidemic with latency and effect of... Page 23 0f45 19

e~ aqel0,T
o(a) = { Vie 120 g [E [T), o) (4.41)
where
Vy:=V(r) = er2—71)7
with
V(t) =2t e o, 7). (4.42)
Accordingly,
1 nT a 1)e 727 1
Tpe Lo T o q o Vel et 1
Mmoo l—emr” Y2~ N7 V2
Obviously,
-
lim TE = - lim TE =0.
71—0 2 Y100
Accordingly,
(a) = 0, a€l0,7), 443
wla) = Bla)Vye 12% a € [1,00). (4.43)

By computing, we get

Gr(t) = o(t) [T, uo(mB(n + ) plmydn + 52 [2°uo(m)B(n +t)dn <,

5 4.44
Glt) = o(t) ] uolm)B(n + D) phsdn+ 5L [ uo(n)n+ )y t=7. Y

In reality, the initial age density function ug(a) can have various situations. In the
sequel, we will discuss two situations: continuous and discretely centred.

Assumption 4.2 The initial infection-age distribution wg(a) is continuous and
satisfies

/T ug(a)da = Ey, /00 ug(a)da = Iy. (4.45)
0 T

For the continuous initial density function, we have

Lemma 4.3 If ug(a) satisfies the Assumption 4.2, and
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pla) = { %’VTea_ii?’Tzl’ € [r.00), (4.46)

then the following final size inequality holds:

1 S .
Y(00;7) <R, | max{ —,1p — ﬂe_y(oo’ﬂ + Rpp- (4.47)
V: Ny
Especially, if v; = 0,
S .
Y (o0;7) <R, (1 - 7(7-) €_Y(OO’T)> + Ropp- (4.48)
0
Proof See the Appendix. O

Assumption 4.3 The initial infection-age distribution ug(a) is discretely centred,
meaning that ug(a) = 0 for all a except for finite many values of a.

For example, if all initial infectives have infection-age 7 at t = 0, and all the infected
but not infective have infection-age a; € (0, 7) at ¢t = 0 then the initial infection-age
distribution is

Iy, for a=r,
up(a) = ¢ FEo, for a=ay, (4.49)
0, Otherwise.

The Assumption 4.3 on ug(a) indicates G°(t) = 0, R4(t) = 0 and Yy(t;0) = 0,
Y (7;0) = 0. Further,

~ So A .
Rop(t) = LR(t) + Ry (1), (4.50)
Ny
Therefore, we have
Y (£0) = Y (t;7) = Rop(t) — Pi(H)Ho (1), (4.51)

and thus, the limit of Y (¢, 7) as t — oo reduces to

S .
Y (00;7) = Rpp + (1 — S(r) e_Y(OO’T)> R,
No

— [ el (PONy = SO)P(I(0)} do 4.52)

SO R S(T) —Y (oco;7
:Rpp—f‘(]\]ol]zo_JVOG ¥( ’) ROSRpp+RO(sO_SOO)'
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Summarizing the above, we have the following conclusion.

Lemma 4.4 If ug(a) satisfies the Assumption 4.3, then the final size relation is,

So S(7)
~In(s00) = Ry + R Re ~ Ros — In ( N ) . (4.53)

Remark 4.5 If P;(t) = 1, then

Moreover,

Y
Rc = Rm 7e'op = FORW
0

and the final size equation (4.53) for s, is transformed to the formula (1.1) for r.
We point out that when P;(¢) < 1, in our numerical simulations for the special models
presented in the next section, we observe that the inequality R,, < R, (correspond-
ing to Theorem 4.1 in Sect. 4.1) always holds. See, Figs. 3b and 7. Unfortunately, we
are unable to prove this inequality for the general model.

Eal

0251+ Rop=Ro 1
/2

0.05

Fig.3 aR, € [0, 3]; bh € [0, 1], R, = 3. Other parameters are 7 = 4,y = 0,72 = %, Nop = 300,
Eo=5,1p = 5,R(0) = 0
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5 Some applications and numerical simulations: reduction to DEs

In this section, we demonstrate the theoretical results established in the preceding
sections by some particular simple examples that can reduce the model to DE models.
We will also present some numerical simulation results to illustrate the theoretical
results.

We begin with, as a preparation, the following Lemma, which is parallel to the
Lemma 4.2 but is only on the half line [0, 00).

Lemma 5.1 Assume that
(1) ¢g:1[0,00) = [0,00) is differentiable, bounded and strictly increasing with
9(0) = 0 (hence g(t) € [0, gar) Where gar 1= sup,¢(g o) 9(t) = g(0) );

(ii) f:[0,00) — [0,00) is differentiable and bounded, and satisfies

0 S /OO fl(t)g(t)dt S gJWfM~ (51)
0

Proof See the Appendix. O

We now choose two particular simple forms for the kernel function ¢(a) to explore
the impact of P;(¢) on the final size, reflected by the relation between s, and Rp
or Rop.

The first one is the one given in (4.43) with 3(a) = S (constant), which is rewrit-
ten below as

0, a€c[0,7)
p1(a) = { 56(%7%)767%(1, a € [r,00), (5.2)
For this kernel, The corresponding basic reproductive number is
o 7)P(0) N
R, = P(O)No/ v1(a)da = w = {PL(0)NoBo(m)}(Tr — 7). (5.3)

Remark 5.1 The special case of v; — 0 corresponds to the scenario that a pre-
infectious individual cannot recover before getting infectious. In this case, the latent
period T makes no difference in R,.

The second form is taken from Champredon et al. (2018) and is given by
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_f Bes(et e, i 4
va(a) = { Byae—ie, it 5 =e

€ (0, 00). (5.4)
With this kernel, the basic reproduction number of the model is

Ry, = —20 (5.5)

5.1 The case p(a) = p1(a)
For this kernel, u(¢, 7) is determined to be
u(t,7) =Bt —7)o(1) = (7)Sp(t — 7)I(t — 7). (5.6)

The formulas (4.7) and (4.8) lead to

A

—BI(t) = @(1)S(t —7) — 72 H(1) (5.7)

which establishes an explicit expression for #(t) as

At) = *”7(27)5@ _ 4 %I(t) (5.8)

Also, the model (3.14) for this kernel reduces to

S’<t) —BI(t)Sp(t)
E'(t) = BI(1)Sp(t) =M E — o(1)I(t = 7)Sp(t —7) 59
() = “rol 1 (M (- 7)Sp(t - 7) (9)

In summary, the integrated model reads

S’( )= —BIR(t)S
E'(t) = BI(t)Sp(t) = nE — (1)t — T)Sp(t —7)
1/( ) = —721 + Be T I(t — T)P(I(t — 7))S(t — 7) (5.10)
Rp(t) = P/(t)H(t).
For the scenario of tg = —oo, the initial condition is

(S(=00), B(=00), I(=00), H(=00), R, (=00)) = (No, 0,0, R,/P(0),0).

and for the scenario tg = 0, the initial condition is
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5(0) = S, E(O):Eoz/o E'(t)dt, I(O):IOZ/O r'tdt  (5.11)

— 00 — 00

and
A 0 A
Rp(0) = / H(t) P/ (t)dt (5.12)

which is difficult to determine.

Although the theoretical results for the scenario that ¢ starts from the infinite past
described in Sect. 4.1 are more brief and straightforward, it is not easy to verify these
conclusions by numerical simulation.

In the rest of this section, we will choose P(L) = e~ with h > 0 and use the
results in Sect. 4.2 to show the numerical results.

5.1.1 Thecase ™ > Owithtyp =0

We consider a particular initial density specified below.
E
— aeo,m), ac(o,m),
up(a) =4{ " o (5.13)
integral on [r,00) with contraint/ ug(n)dn = I.

T

Then for ¢t € [0, 7),

Ey Ey _
t,7) = —o(t)= —e M 5.14
ult,) = 2o(t) = e, (5.14)
and, accordingly
Bo() (1=V(t) Eq
G (t) :{ v; <wl—72 T +I°> T (5.15)
Bo) (B4 1) =
Bo(t) 1-V: Eq
G(t) = Ve (’71*72 TO + IO) 7 7é V25 (516)
Bo(t)(Eo + Io) 7 =72
1 1-V, E 5
ﬁg(t) — { NoVr (:/1_’}’2 Ea IO) Re(t) m # 72, (5.17)
BHOR (1) M ="

The disease dynamics for ¢ € [0, 7] is then governed by the ODE system
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(t)=—ﬁf() p(t)
(()) BIW)Sp(t) — nmE — Bemt (5.18)
t) = =yl + Zte Mt

Fort > T,
u(t,7) =oc(r)B{t —7) = Be " ""I(t — 7)Sp(t — 7).

Plugging the above calculations into (5.9), we obtain

S'(t) = —ﬂf( )Sp(t)
E'(t) = BI(t)Sp(t) — E — Be™ " I(t —7)Sp(t —T)
(t) = —yol + Be T I(t — 7)Sp(t —7) t € [1,00).(5.19)

Hy(t) = (7)S(t = 7) = 72 Ho (1)
Rl (1) = ( o(t) + Flo(t) 7 + BI(1)) A(t)

with the new and translated initial condition (S(7), E(7), (1), Ho(T), Rop(T)) =

(Sr, Er, I,0,0) with (S(7), E(7), I(7)) = (S:, Er, I;) determined by solving the
ODE system (5.18) on [0, 7].

By simulating the system (5.19) with the particular L(¢) = I(t), it is easy to
numerically verify the FSR given in the Theorem 4.4. Figure 3 shows the numeric
results with the parameter values specified in the caption. From Fig. 3, we observe
the following.

(a). If R, is fixed, an increase in 4 from 0 increases s, (i.e. decreases the final size
roo); for fixed h > 0, so decrease as R, increase; Further, so, < 1/R, holds,
which confirms the Conjecture 4.1.

(b). Ro — Rop > 0. This inequality can be theoretically proved for the SIR model
(5.20) (the case of 7 = 0), see Lemma 5.2 below. In addition, s, decreases (or
the final size ro, increases) as R, increases.

Unfortunately, all the rigid proof of these aforementioned numerical results (shown
in Fig. 3) is not easy for the model (5.19).

5.1.2 Thespecialcase 7 = 0andty = 0

If 7 = 0, the model (3.14) reduces to the SIR model
{ ' )) —BI(t)Sp(t)
R/(t)

*’YI+BI() p(t) (5.20)
for which the basic reproduction number is
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Ry =20 (5.21)

By simple calculations, we can obtain the explicit formulas for functions 7:10(15),
R.(t) and R, (t) as

Holt) = L5y + 2 pgey - £ONo
V2 V2 V2
(5.22)
= Ro 1oy - Koy
P(0) P(0)
with Ho(0) = 0 and Ho(o0) = Rosee/P(0);
Ro(t) = BN, / o(a)P,(a)da
- o (5.23)
= _?8)/0 o' (a)P(a)da;

and

. . R,

Rylt) = ~Relt) + s Ro

t
P(t)1—-0(t) — 5= t) P/ (t)dt. 5.24
01 =o(0) - g5 [ o 624
Corresponding to the Assumption 4.2, we give the following assumption:
Assumption 5.1 [ u(0,)dn = I.

Under Assumption 5.1, we obtain

B/ sa—t)e 2lda = 6(’_"’2t/ up(n)dn = Be~ "2y = ©(t)10,(5.25)
0

where G(f) is the total infectivity of the infected population at ¢ = 0 at time ¢.

Yo(t0) = Ry (t) = = Re(t) (5.26)

Then

Rop(t) = Re(t) + Ry (1)

Ro Ro

(5.27)
= P PO o) - 5

Using the Lemma 5.1, we get
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/t r(t)P/(t)dt > 0.
0

Then the following result holds

Lemma 5.2 For model (5.20) with P;(t) = P(I(t)) under the Assumption 5.1,
Ro — Rop > 0 holds, see Fig. 7.

According to the theorem (4.4), we get the following inequality of the FSR of the
model (5.20)

- ln(soo) = ROT(OO) + (Rop - RO) —In (30) < ROT(OO) —1In (50) ) (5.28)

which includes

W%’O) < e (5.29)
Based on numerical simulation, system (5.20) in this Subsect. 5.1.2 exhibits similar
qualitative features to system (5.20) in Subsect. 5.2. For brevity, the related figures
and results are omitted here and included in the Appendix. In fact, the model pro-
posed in Sereno et al. (2022) is similar to (5.20). To some extent, the work (Sereno
et al. 2022) validates our modelling and results through real-world applications.

5.2 The case p(a) = p2(a)

If choosing the kernel ¢(a) = w2(a) and letting 7 = 0, the model (3.13) reduces to
(Details in the Appendix)

((?) _ _ﬂgpj BSpI

= —€ —+

(t) - —ﬁI Vel (5.30)
R(t) =

For this kernel, the basic reproduction number R, of (3.14) has the same expression
as (5.3) with 7 = 0.
Functions #(t) and R, (t) have the following forms:

H(t) = —ZR(1), fzp(t)z/o P/(a)H (a)da (5.31)

Since

and accordingly,
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[Va)
]
=

i
IA

s(t) < s(0), t>0.

Remark 5.2 It needs to be emphasized that we choose L(t) = U(t) in this Subsect.
5.2 to make the following theoretical analysis much easier. However, in practice, Uy
is not easy to assess due to the difficulty of obtaining and tracking Ej in the early
stages of epidemics.

Calculations lead to

U'(t) = P()SBI — 71 = R, (if((g)) - 7;) <R, (SPP(S)) - 7;) U (5.32)

U (t) =R, <5]/§((5))> 5T + R, <5]f(g)) - 7;) AT (5.33)

With the above preparation for this kernel, we then obtain the following results for
the reduced model (5.30).

Theorem 5.1 For system (5.30), s satisfies so0 < R%) Moreover, if P;(t) = P(U),

soo<7%.

Proof See the Appendix. O
Moreover,

Lemma5.3 IfU'(t,,) = 0, then U" (¢,,) < 0.

Proof See the Appendix. O

Remark 5.3 Lemma 5.3 indicates that if U has a critical point, it must be a local maxi-
mum. Further, the continuous differentiability of U implies that U(f) has, at most, a
single peak U (t,,). In other words, if U’(0) < 0 then U,,4, = U(0); if U’'(0) > 0,
then there exits ¢,,, > 0 such that U’ (¢,,) = 0 and U,a. = U(¢,,) and t,, is the pre-
cisely the time at which the fraction of infected individuals reaches the peak Upyax.
Unfortunately, we are unable to determine the peak size analytically.

In summary, we have the following Theorem.

Theorem 5.2 (Peak time and size) Consider P;(t) = P(U). Then, U’(0) > 0 (which
>

is equivalent to P/(0) > 0) if and only if s p(0) %S). Moreover,

(I) When R, < 1, then U’(t) < 0 for all ¢ > 0, the maximum value of U(¥) is
attained at to = 0, that is, Upnae = I1(0) + E(0);
(II) When R, > 1, then
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(a) if sp(0) > P(O) , there exists a t,,, > 0 such that U’(¢,,) = 0. Accordingly,

S(tn) = p(ZSS;) where U = Ultn):
(b) if sp(0) < 0) , then U’ (t) < 0 for all ¢ > 0, the maximum value occurs at

=0, that is, Uypaz = Io + Ep.

Remark 5.4 (See Fig. 5) From Theorem (5.2)-(1I), since ¢,, is the threshold for U’ (¢),
the value

_ PO) N,
S(tn) = BT Re

is indeed the threshold for herd immunity (HIT), i.e. the value of S under which U
can no longer increase (Fine et al. 2011). Thus, the involvement of P;(¢) leads to the
increment of herd immunity threshold compared with the classical herd immunity
level Ny/R,, since P(0)/P(Upaz) > 1.

The following result is a direct result of Lemma 5.1.

Theorem 5.3 (See Fig. 4b) For (5.30), R, = ﬁp(oo) < 0 always holds.

Recall that the CFOI over period [0, ¢] of the model (5.30) is

BR(HR{E) |
5/

Y (t;0) = +Rp(1) (5.34)

Moreover, pluging ¢ = oo into the above fomula (5.34) deduces the FSR of the model
(5.30) to

0.35

(a) (b)
Fig.4 Ro = 3,7 = 55,€ = 15, h € [0,5] and No = 300, Eo = 5,1p = 5, R(0) =
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In — =R,r(00) + Rp.

which can be rewritten as

Inse = RoSoo + [Insg — Ro — Rp)

The equation clearly shows that s, is decreasing in R, implying the NPIs or behav-
iour changes reflected by the fraction function P;(t) = P(L(t)) can increase the final
size S0 provided that R, is no less than the minimal (critical) value R, where

R;T =1 +1n80 —R[) +IHRO.

The above conclusion is obtained for (5.30) by analyzing its CFOI; similar results
have also been discussed in Theorems 5.1 and 4.3 for other cases of the model. In
summary, we have the following theorem.

Theorem 5.4 (See Fig. 4b) For any fixed R, > 1 is fixed, R, decrease if and only if
Seo Increase (i.e. 7, decrease).

We point out that, by its definition, R, (hence s ) actually depends on several things,
including Ry through the kernel ¢(a) and P;(t) = P(L(t)). However, the depen-
dence is generally very difficult to analyze. In Figs. 4 and 5, we present some numeri-
cal results to demonstrate such dependence. To this end, we choose L(t) = I(t) and
P(L) = e " = e~"! Figure 4a shows the relationships between /4 and R,. By
altering the non-biological parameter %, one can adjust the efficacy of NPIs (i.e. the
value of R,,). Figure 5 focuses the impact of the basic reproduction number R, on
both R, and s... Figure 5b is parallel and also is similar to Fig. 3a, and the explana-

0.05

Fig.5 Ro € [0,6],7 = 55,€ = 15,h = 0.2and No = 300, Eg = 5,Ip = 5, R(0) =0
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tion of Fig. 5b is omitted here. In Theorem 5.2 and Remark 5.4, the theoretical results
for the peak epidemic size of the case L = U are presented. In practice, the number
of the exposed class E is sometimes more difficult to collect precisely, whereas the
mathematical analysis of the case L = I is relatively complicated.

Figure 6 aims to present some numeric simulations on how the final size and peak
size are impacted by the choice of L(#) and / in the fraction function P(L) = e~ "%,
The comparison is between L = I and L. = U with different values of /. The numeric
results seem to suggest that, in controlling peak size and final size, the effectiveness
of Non-pharmaceutical and Non-biological precautions when applying only the num-
ber of I(¢) to measure the severity level L(¢) is not as good as when considering all
infected numbers (i.e. U(?)), but it is still better than no precaution (i.e. h = 0).

6 Discussion

In this paper, we aim to explore the final epidemic size for general epidemics charac-
terized by infection age, focusing on the effect of behaviour changes on the epidemic
size. We employ the renewal equation approach, the power of which seems to be
under-estimated in the literature. Our results show that the final size relation depends
on both R, and R, (or R,;) with R, (or R,,) accounting for the effect of behaviour
changes. In addition, by the approach in Breda et al. (2012), we figure out the relation
of the final size to the CFOI. As described in Remark 4.1, behaviour change alters

1 : : : - - - - - -
~
N By(t) = P(I),h = 0.001
09} \. ’ A
S P(t) = P(U),h = 0.001
N
o8k N i
\v
\~
07f N i
\.
\~
. N 4
06 N
\.
N
< 05f N .
“
\¢
04t N, <
\A
h=0 N
03} N .
\ N
02} | — N, 1
N
J Lo N
0.1 | | | N, 4
N
\ I N
o N Y
0 01 02 03 04 05 06 07 08 09 1
S

Fig.6 Ro = 5,7 = 55,€ = 15 and No = 2000, Eo = 5,Io = 5, R(0) = 0. Here, h = 0 repre-
sents the scenario without behavioural adaptation, where / serves as the flexibility index with which
the population adaptively responds to the severity of epidemics. A larger # means stronger behaviour
response. The extreme points of the curves represent the peak size, ¢maz, While the x-axis value at
these extreme points corresponds to the herd immunity threshold, s(¢.,). Additionally, the leftmost

zero points, which lie to the left of z = s(¢m, ), correspond to seo, Or equivalently, 1 — 7o
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this relation via introducing the parameter R,,, in contrast to the results in Breda et al.
(2012).

The assumption that time extends along the entire axis ({9 = —oo) simplifies
mathematical analysis but makes numerical simulations impractical. By adopting this
extension, some researchers are able to establish relatively more theoretical conclu-
sions, but they can obtain fewer quantitative simulating results (Breda et al. 2012;
Brauer 2008; Diekmann and Inaba 2023). Limiting the time starting from a finite
value (tp > —o00), we repeat, in Sect. 4.2, the derivations and inductions in great
detail to overcome the stumbling block in numerical simulations. Section 4.2 places
more emphasis on the contribution of initial states than Sect. 4.1, through incorporat-
ing the term R, (t) or R,.

The theorems on the FSR in Sect. 4 provide theoretical support for estimating the
magnitude of the epidemic through the estimate of the basic reproduction number
R, as well as the intervention effect term R, which is not easy to determine. In
Sect. 5, by choosing two particular and simple forms for kernel function ¢ (a), we
are led to a differential equation for R, (t) or R, () [see the last equation of (5.10)
or 5.19], which can be analyzed and simulated easily. Further research is needed to

analyze R, so that more information can be gathered on the impact of fraction func-
tion P;(t) = P(L(t)) on the final size.

As mentioned in the previous sections, the Conjecture 4.1 is analytically challeng-
ing, although its conclusion is essential and biologically meaningful. It is certainly
worth working on. Thus, an immediate research project is to establish sufficient con-
ditions under which the Conjecture 4.1 holds.

Section 5 shows that for some special cases as dealt with in Sects. 5.20 and 5.2,
the framework of the general infection-age model (3.14) reduced to simpler forms
that can actually offer some information about the herd immunity threshold (HIT),
the peak size (PZ) and the calendar time ¢,,,. In this Section, we partially answer the
(Q1) posed at the beginning, both theoretically and numerically, showing that behav-
ioural adaption can effectively reduce (resp. increase) the final size r, (resp. increase
Soo0), PZ and HIT in concrete cases (see for instance Figs. 5 and 8 along with their
descriptions). However, for the general case of the general model (3.14), it is very
challenging to analyze the HIT and PZ. More mathematical techniques are needed
to theoretically obtain information on the HIT and PZ for the general model (3.14).

As introduced earlier, following (Cheng and Zou 2022, 2024), we adopt the notion
of “practically susceptible population” and consider susceptibility at the popula-
tion level. In fact, more reasonably, adaptive behaviour changes are heterogeneous
due to different cultures, societal norms, economic costs, etc. Some recent work
(Almeida et al. 2021; Berestycki et al. 2023; Diekmann and Inaba 2023; Tkachenko
et al. 2021), and references therein take into account heterogeneity in both infection
risk and social mechanisms. For example, Diekmann and Inaba (2023) incorporate
separable static heterogeneity into compartmental models using RE methods with
less focus on the final size equation/relation. In reality, humans’ behaviour response
to infection risk exhibits adaptive/or dynamic heterogeneity, which compartmental
models do not accurately capture. Additionally, the RE method is more powerful for
generalization than compartmental models. The theoretical derivations of the final
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size relation by RE-methods, coupled with individual-level heterogeneity of adaptive
behaviour change, are often mathematically challenging but meaningful.

In summary, we believe this work first provides a general and plausible framework
for estimating the final epidemic size when considering Non-pharmaceutical inter-
ventions and/or psychological effects. From a mathematical point of view, this work
generalizes the force of infection described in Cheng and Zou (2022) to reflect the
above-mentioned effects and derives the corresponding REs. As is seen, the incor-
poration of Non-pharmaceutical interventions and/or psychological effects results in
REs with time-varying kernels. 1t is the time-varying nature of the kernel that makes
the model novel, the analysis more difficult, and the results more interesting both
mathematically and biologically.

Appendix

The derivation of model (3.14)

E'(t) = /OT Wda = /OT —y(a)u(t,a) — %da

= —/ v(a)u(t,a)da — u(t, ) + u(t,0)
0
= —/ v(a)u(t,a)da — u(t, ) + B(t)
0
o0 o0 o0 ('1)
ou(t,a) ou(t,a)
I'(t) = — 2 da=— — ik S
(t) /7- 5t da /T ~v(a)u(t,a)da /T 5a da
_ / Y(@)u(t, a)da — u(t, 00) + u(t, 7)
TOO
= —/ ~v(a)u(t,a)da + u(t, 1)
Proof of Theorem 3.1
d(S+U ° *°
dS+0) = —/ ~y(a)u(t,a)da = —/ B(t —a)o(a)y(a)da (2)
which is strictly negative, S + U is strictly decreasing and positive. Therefore,
limy 0 25HEY) — 0, that is, U (c0) = 0. Further, since (1), E(t) > 0 forall t < oo,
E(o0) =0,I(c0) =0. O

Proof of Lemma 4.3 Under the Assumption 4.2 of ug(a), then

min {; 1} Gar(t) < G(t) < max {; 1} Gt ()

T T

where
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foo uo(n)ﬂ(n-i-t) dn
Gur(t) = (Bo + Io)p(t) 02 ¢ > 7. (:3)
Jo wo(n)dn
Moreover, particularly, if 5(a) = 3,
¢ Eo+ Iy~
| Pl@Ga(ayda = 250 R ), (4
1 ) No—So .- R No — So »
_ < <
mln{ T,l} No c(t) < Ry(t) _max{VT,l} Ny Re(t) (.5)
and
1 ~ 1 FEy+ Iy So ) ~ o o
SR < 1 20N Ro(8) < Rop(t) — Ryt
min {51} Ro(0) < (min {1} 224 30) Ru00) < Rop 1) - Ry (1)
1 FEo+1o  So\ 4 1 A
< max{ﬁ,l} oy ﬁo) Relt) < max{ﬁ,l}w) (6)
< max {VLT’ 1} 7@0(15)
This inequality implies (4.47). (]

Proof of Lemma 4.2 For any a < b, with the help of the second mean value theo-
rem for integrals (Roman et al. 2012; Dixon 1929), there exists &, € [a, b], which
depend on the choice of g, b, such that

ga,b

b b
/ g Wit =g [ @t ow) [ f@ar
a a Eab (7)

= g(a) (f(€ap) = f(a)) +g(b) (f(0) = f(&ap)) -

Further, we get the following inequalities:

g(a) (f(&ap) — f(a)) +g(b) (f(b) — f(ap))
< g(a) (f(&ap) — fa)) +g(b) (far — f(€ap))
< gm (far — f(a) + gm (far — f(&ap))
<gm (fm — fla)) < gmfm

(:8)

and
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g(a) (f(&ap) — f(a)) +g(b) (f(b) — f(&ap))
= f(&ap) (9(a) — g(b)) + g(b) f(b) — g(a) f(a)
> far(gm — gm) +g(b) f(b) — g(a) f(a)
> fru(gm — gum) — g(a) f(a)
> far(gm — 9m) — gm fr = far(gm — 2901)

Leta — —oo and b — oo,

+oo
faa(gm —290) < [ g(t) f' (t)dt < gnrfur.

Moreover, if g : R — (gm, gar) is strictly decreasing,

9(a) (f(€ap) = f(a)) +g(b) (f(0) = f(&ap))
= f(&ap) (9(a) = g(b)) + g(b) f(b) — g(a) f(a)
> g(0)f(b) = g(a)f(a)

holds. Hence,

+oo
(gm — gm)fu < [ g(t) f'(t)dt.

Choose a = —b < 0 < b and there exists &, € [—b, b] such that

[ sor

< g(=b) (f(&) — f(=0)) + g(=b) (fmr — f(&))
= g(=b) (fmr — f(=0))

Let b — 400,

[fg@fmaga

(9)

(.10)

(.11)

(.12)

O

Proof of Lemma 4.3 If choosing another set of parameters and keeping R, the same,

we get

—AR, =In(Se0 + ASso) + Ro(l — (500 + Asxo)) + Ry

A
=In <1 + SOO) — ROASOO
Soo

(.13)
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Moreover, if ASST?‘/ is small, we find by straightforward Taylor expansion that

As Ass
ARP:—( ® +o< i >—R0Asoo>

Soo Soco

1 (.14)
~ (Ro- ) Ao
S00
or
AR, 1
a0 R =R (19
(]

b 1) b
/ Fhg@ydt=g) [ fFede+ o) [ £yt
0 0 & (.16)

=9(0) [f(&) — f(O)] + g(O)[f(b) — f(&)]
Proof of Lemma 5.1 = 9(0)[f(b) — f(&)]
o1e) > [ P9 > 90)0) - (o (17)
Let b — oo,
gmfar > /O N f'(®)g(t)dt > gar far = frugu = 0. (.18)
(Il

1
Ro?

there exists a § > 0 such that s, = 7%0 + 0 and then s(t) > 7% + 4§ forallt>0
owing to the decrement of s(¢). Since lim;_, o sp(t) = P(00)ss0 = P(0)ss and
d > 0, for given (P(0)d)/2 there exists ¢y € [0, c0) such satisfying

Proof of the Theorem 5.1 Suppose to the contrary s, > which indicates that

5p(0) ~ PO)ssc] < T2

for all ¢ > tg. Thus, we have
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and

for all ¢ > tg. Then, for all ¢t > ¢y, we have

Ro»ys t I(t)

U(t) > Ulto)e > Ulto)

which means U(c0) = +00, it contradicts with U (00) = 0. Thus, soc < - holds.
Moreover, if Pi(t) = P(U), s < 7%0 Suppose to the contrary so, = 7%0 ie.
Soo = % Then

dU Ro (SP((Ot)) %o) v (SP(t) - 1;@)

das BNosp(t - sp(t)
P(0)
v a [l =5 ] s
dSds = dsp 50 () a9

(.19)

Ry 55 dS R, s

P(0) 1dsp  P(0) 1 [dPl dU PI}

which means d52 <0if 9% < 0.

av
dS|g_g

(P(U(Sm))sm _ P<0>) R, (M _ P(O))
PUGss  POGR)

oo

Thus, there is a 6 > 0 such that for any S(t) € [Sec, Seo + 9), % < 0. And hence,
U(Se) =0> U(Seo + 0/2), a contradiction. O

Proof of Lemma 5.3 Since U(t) > 0 forall ¢t € [0,00), U’(t,,) = O tells

Then, we have
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U (1) = Ro <8'P<tm)> (1)

P(0)
::RO<P%Uﬂﬂ@mp@?4$}%U@m»§@m)>Wﬂmw (.20)
~R, (W) Y (tm) <0

O

The details in reduction of the model (5.30)
Inspired by Diekmann and Inaba (2023), we rewrite @2 (a) as a vector form

pa(a) = B(a)" P Tdax (21)

ﬁ(a):(%)deli:((l))’v(a)i: :[_: O’Y]

The infected density u(t,a) on infection-age a corresponding to the kernel
v(a) = pa(a) is a two-dimensional vector:

atta) = (i) ).

which is different from the Eq. (2.1):

o 0
((‘% + 8&) u(t,a) = Bu(t,a) (22)
with boundary condition u(t,0) = [u2(¢),0]7. The age densities of total infected
individuals u(t,a) := ||u(t,a) ||; = ue(t,a) 4+ ui(t, a). Further, denote

+oo too
E@:A uﬂ@@J@:A wi(t, a)da.

exposed and infectious individuals, respectively. Further, simple calculations lead to
the model (5.30)
The figure and results of model (5.20) in Subsect. 5.1.2
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035 T T T T T T

03t 1
025} Rop =R

02

Soo

015

0.1F

0.05F

Fig.7 h € [0,2], Ro = 3. Other parameters are v = %, No = 300,E9 =5,Ip =5,R(0) =0
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susceptible fraction, s practically susceptible fraction, sp
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Fig. 8 Parameters are Ro = 4.5, y2 = %, Np = 1000, Ip = 5, R(0) = 0. The two figures demon-
strate that as / increases, the peak size reduces sequentially, the threshold for herd immunity(HIT)
increases sequentially (see the extreme points of these three curves), and the final size increases (see
the three leftmost zero points on the x-axis). Additionally, regardless of changes in 4, the threshold for
practically susceptible fraction s’73*® remains at 1/R,, which actually is the classical herd immunity
level without behavioural adaption
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