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gamma distributions, the PDE model is transformed into an ODE one. To explore
the effect of mutations, we analyze our model without mutations first. In this case,

f‘oerywqicr':ldimtation two strains of viruses are proved to die out when both of the individual reproductive
Back mutation numbers are less than one; otherwise, their evolution will comply with competitive
Age-structured exclusion principle meaning that the stronger one will survive finally. Then, the
Linear chain trick mutations are considered in the model. We verify that there may exist a coexistence
Coexistence equilibrium equilibrium which is globally asymptotically stable under some specific conditions
Globally asymptotic stable about mutation rates. Therefore, mutations can lead to coexistence of two strains.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Viruses using RNA (ribonucleic acid) as their genetic material are called RNA viruses. Because of their
high infection rates, RNA viruses can cause extraordinary tough human diseases, such as HIV, hepati-
tis C, SARS and influenza [9]. Mathematical models have been used to study the diseases caused by RNA
viruses, particularly HIV, for over 25 years [8,10,11]. Results from mathematical models on virus dynam-
ics within-host virus have been fruitful. In particular, these results conclude, if there are two strains of
viruses in a single host competing for the same type of T-cells as their host cells, the competition exclusion
principle generically holds in the sense that either both strains go to extinction (when the basic repro-
duction ratios are less than one), or one strain (the one with larger basic reproduction ratio) will win the
competition. Here, the word generically means except that the two basic reproduction ratios are identical
which can barely hold since these two ratios depend on a large number of model parameters (see example
in [4]).
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However, mutations may alter the previous competitive balance. In general, viral RNA polymerase
lacks the proof-reading ability [12], so RNA viruses have higher mutation rates than DNA viruses. Un-
der the natural selection, their short generation times and relatively high mutation rates can help RNA
viruses quickly adapt to changes in their host environment. It is difficult for scientists to develop ef-
fective vaccines to prevent diseases caused by RNA viruses [17]. For this reason, people would like to
know more about mutation. There are many good research results, but most of them only study the im-
pact of forward mutation. Generally, the backward mutations rarely survive in natural state. Recently,
some researches showed that the impact of backward mutants cannot be neglected for drug resistance
surveillance [13,16,20]. Therefore, two directions of mutations, forward and backward, are considered in this
paper.

Ordinary differential equations models are used in [4], for which a unique coexistence equilibrium is
found and its global asymptotical stability is explored when mutations are treated as small perturbations.
However, adopting ordinary differential equations is a bit too idealized and simple for studying the viral
evolution in hosts. This is mainly because that treating the production rate of new virus particles (virions)
by an infected cell as a constant (independent of the infection age) would have neglected some important
processes in virus replication. Indeed, it is known that viral proteins and unspliced viral RNA accumulate
within the cytoplasm of an infected cell, and thus, they actually ramps up [2,6,18]. Therefore, infection age
should be incorporated into the model. Motivated by the age-structured model

% =s—dI(t) — kT (t)V(t),
aT*  oT* .
9 + ot —0(a)T"(a, 1), (1.1)
% B / p(a)T(a, t)da — cV (1),
0
T(0,t) = kVi()T(¢), t=0

in [7], we extend the research by introducing a mutant strain of the virus into this age-structured model.
More realistic representations about RNA virus infections will be allowed in our age-structured model.
Meanwhile, the effect of forward and backward mutations between the wild strain and mutant strain on
viral evolution is also considered in our work.

The rest of this paper is organized as follows. In the next section, we present the formulation of
mathematical model. In Sections 3 and 4, we choose the Gamma distributions for the two kernels in
the PDE model and utilize the linear chain trick to transform the partial differential equation model
to an ordinary differential equations model, for which we work out the basic reproductive number. In
Section 5, we study the equilibria and their respective stability in two situations, one is without mu-
tations and the other is with mutations. Finally, we end this paper by a brief discussion about our
results.

2. Model

Denote by T'(t) the population of the susceptible host cells, by V;(t) the population of viral strain ¢
(¢ =1,2), and let T;(a,t) be the population of the target cells infected by viral strain ¢ with infection age
a at time ¢. Uninfected cells are produced at constant rate b, and die at rate d. After infection at constant
rate [; by strain ¢, they progress to the productively infected class. There are two death rates in this class:
one is a constant background death rate m;; and the other is an infection dependent mortality rate u;(a).
The infected cells can produce virus at an infection dependent rate p;(a). Free viruses are cleared at a
constant rate ¢;. Meanwhile, we suppose that the forward and backward mutations happen between the two
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Fig. 2.1. The flow chart of the model (2.1).

C2

viral strains at rate €; and eg, respectively. The corresponding transmission diagram is shown in Fig. 2.1.
Translating the diagram in Fig. 2.1 into equations, our model takes the form:

L b d1(t) - BTWVA(D) ~ BT (1)Va(0),

oTy  OTy

I 0 (pata) + ) T (0, 1),

oTy  OT}

a—j + 3—5 = —(Mz(a) + mg)Tz*(a,t),

% =(1-¢€) /pl(a)Tl*(a,t)da + € /pg(a)Tz*(a,t)da — a1 Vi(t), (2.1)
0 0

% =(1—¢€) /pg(a)TQ*(a,t)da + € /pl(a)Tl*(a,t)da — caVia(t),
0 0

T7(0,t) = B1Va(t)T(t),

T5(0,t) = BaVa(t)T(t), >0

System (2.1) will be reduced into DDE. By the method of characteristics, the following two partial
differential equations with boundary conditions

ory  oTy
da ot

oT;  OTy
da ot

= —(ul(a) + ml)Tl*(a,t), = —(ug(a) + mg)T;(a,t),

can be solved and their corresponding solutions are:

LiVi(t —a)T(t —a)oy(a), t>a,

Tﬂm@{o 12 22)
T (a,t) = {gm(t —a)T(t — a)oz(a), ;ﬁ i Z, (2.3)

where o1 (a) = e~ Jo' (1 @+m)dE and gy(a) = e~ Jo' 2@ +m2)de Gubstituting (2.2) and (2.3) into the equa-
tions for V; and V, in (2.1), we obtain
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% =b—dT(t) — ST (t)Vi(t) — BT (t)Va(t),

% =Aill—e) /p1(a)T(t —a)Vi(t — a)oi(a)da + Baeo /pQ(a)T(t —a)Va(t — a)os(a)da — e Vi (1),
0 0

% =l —e) /pQ(a)T(t —a)Va(t — a)oz(a)da + Prey /p1(a)T(t —a)Vi(t — a)oy(a)da — coVa(t).

’ 0

(2.4)

For convenience, y;(a) is assumed to be a constant u;, leading to o;(a) = e~ (#i+mi) for § = 1,2. System
(2.4) can also be rewritten as

L b dT (1) ~ BT(OVA) — BT (1)Va(0),
t
% =/l —e) /pl(t — a)e” Wt OT(0) V) (a)da
0
+ Po€a O/pg(t - a)ef("ﬁm”(t*a)T(a)Vg(a)da —aVi(t), 25)
t
% = f2(1 — €2) /p2(t —a)e” 1AM E=IT(0) Vs (a)da
0
+ Brer /p1(t — a)e”mFmIE=) T\ V) (a)da — caVa(t).
0

3. Equivalent ODE system under Gamma distribution

For convenience to show our main idea, we assume that two strains have the same natural death rate
and infection remove rate, i.e., g3 = po = p and m; = my = m. Moreover, according to the properties
of production rate, we select the Gamma distribution as used in [21], which can approximate many other
frequently used distributions, for p;(a) and pa(a):

an—l e
pi(a) = p2(a) = panla) = me o, (3.1)
where n > 1 is an integer and o € R™. Denote
~ o
a= ,
1+ (4 m)a

leading to

[1+ (u+m)a]” = <%)n

We can rewrite the last two equations in (2.5) as:

At a

M —el><§)n / Bl(a)l?a,n(t—a)da+€2<g)n / Bay(a)pan(t — a)da — 1 Vi,



L. Dai, X. Zou / J. Math. Anal. Appl. 426 (2015) 953-970 957
dV; a\" |
a
—2 = (1-e) (E) /BQ( )Pan(t —a)da+ € < ) /31 a)pa,n(t —a)da — cVsa,
0

where B;(t) = 8, Vi(t)T'(t), i =1,2.
Let

I

zi(t) = a( )n/tBl(a)pa,j(t —a)da, y;(t) = &(g)n/th(a)pa,j(t —a)da,
0 0

for j =1,2,...,n. Then, for j € {2,...,n},

¢
da;(t) (G—Dt—-a)y™? ¢ (t—a)™! _c-w
” ( ) / G- e @ B()da—a /]—l'aJ‘H & Bi(a)da
0

0

=~y (0 — ().

Similarly, for j =2,...,n,

When j = 1, there are

=
=
|
Q)
N
s e)
~——
3
o
&
S
)| =
)
&
QL

and differentiating the above leads to

d.’tl (t)
dt

dyl() BZ(AY (t)T(t)—%yl(t)'

Thus, with p;(a) and ps(a) specified by (3.1), the system (2.5) is equivalent to the following system of
ordinary differential equations:
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dr

’r =b—dTl' — BTV — BoTV3,
dl’l a " 1

—_— = — | WV T — =

& ﬂl(a) 1 3T

dx 1

@~ g

axn 1

? = é(xnfl - fUn)a

d a\" 1
iﬂ:ﬁ%ﬁ)t@r—:m (3.2)
dt « a

dyg - 1

dr —a(yl y2)7

ayn 1

4t~ @ T

dVp (1 —«)

3, — n n — V7
dt o v + y “an
dV; 1-—

—2 = ( AEQ)yn"i'Txn_CQ‘/Q-
de Q a

Thus, in the rest of this paper, we only need to study the above ODE system.
For a nonnegative initial set, it is easy to prove that the corresponding solution of (3.2) remains nonneg-
ative (e.g. by [14, pp. 81, Theorem 2.1}).
2n+3
RY"

Lemma 3.1. The system (3.2) is dissipative, i.e. there is a forward-invariant compact set I C such

that every solution eventually enters I'.

Proof. Adding equations about <L, % and % in (3.2) gives

E{T—F(g) m1+(g> }—b dT — ($1+yl>§b—d*{T+<g> m1"‘(g> yl}’
dt Q a Q a

where d* = min{d, 2}. Thus, limsup,_, [T + (£)"21 + (£)"y;] < Z. Similarly, we can obtain that

limsup(V; 4+ V3) < Ab <E) , limsupT < 9,
ca d

t—o0 d*

and

b
limsup(z; +y;) < d_<_>’ j=2,3-.n.

t—o0
Consequently, the feasible region is given by:
2n+3
(Taxla‘rZa e Tns Y, Y2, - 7ynavl7‘/2) € R( n+ )|

I'= T55T+<>m+u+w+mmun_w, : (3:3)
IieriSdb( ), Vi + Ve < Cad*(g)”,sz,...,n

It can be verified that I" is positively invariant with respect to (3.2). Now, dissipativity follows because all
upper bounds above are independent of the initial condition. O
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In addition to the above set I', we will also refer to the set
H:= {(T7x1,y1,x2,y2, ey Ty Yn, V1,02) € RN T oy, Vi, Vo >0, i =1,2, .. .,n},
in the remainder of the paper.
4. Basic reproductive number

The infection-free equilibrium of the system (3.2) is

b
Ey= |- .
0 <d30,07 70>

The basic reproductive number of the model is closely related to the stability of the Ej.

959

(4.1)

Typically, next generation matrix is utilized to calculate reproductive number for ODE models (see
example in [19]). To reveal some special relation of the two viral strains for the model (3.2), we choose an

alternative approach developed in [3] to calculate this important number.
Following [3], we now rewrite (3.2) as

dT

Frie b—dT — BTV, — B2TVa,
dx

a :Ax+ﬂ1Tle,

d

d

d—‘t/:Dlz—FDQy—C'V,

where z = (Z’l,l‘z,. . 7x7L)Ta Y= (ylay% s ay'rL)Ta V= (Vlv‘/?)T7 C= (6170;()’62)7 B= (%)nel(n)7

00 --- (1—&61) 00 - e
Dl:(O 0 - 2 )’ DQ:(O 0 - (1(;2))’
_% 0 O .- ... 0

1 1

2 i 01 e e 0

o 1 -1 ... ... 90
A= .. )

0o 0 0 -1

and e;(n) = (1,0,...,0)7.

(4.2)

During the mean duration of its lifetime, a virion of the strain 1 can actually generate a Dirac input
bB1/c1d in the second controlled system z' = Az + $;TV1 B (see demonstration in [3]). This input then

generates secondary viruses given by formula:

A

+oo
by .
tA _ %01 41
61d/Dle Bdt = "ADy(~47)B.
0

Since
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a 0 0 0
a a 0 0
) a o o« 0
—A = : . : . s
a o a

we obtain

Di(-AT")B = ((1 — 61)(%)71) |

er(2)n

Therefore, based on the input b8;/c1d, two fractions of offsprings for strains 1 and 2 respectively are given
by

R11 = (1 — 61)(g> % R12 = €1 (g) % (43)

a) cd’ cd’

both of which result from viral strain 1.
Similarly, the numbers of offspring of strains 1 and 2 produced by a single virion of strain 2 are given
respectively by

R21 = €2 (g) @ R22 = (1 - 62) (g> @ (44)

cod’ a) cod’

Now, assume that a single viral particle is brought into a host, and let p (¢) be the probability that the
initial invasion is caused by a virion of strain 1 (strain 2). So, p + ¢ = 1, and all new viruses resulted from
this virion are distributed among the two strains by the following formula:

<R11 RlZ) (p> _ <pR11 +qR12>
Ra1i Ra q pRo1 +qRa ) -

Therefore, the total number of new viruses resulted from an initial virion is the L; norm of the above vector,

ie.,
pRi11 + qRi12
= (pR R R R
’(pR21+qR22> X (pR11 + qR12) + (pPRa1 + qRao)
=p(Ri1 + Ra1) + ¢(Ri2 + Raz) = pR1 + ¢Ro,
where
b ~ n b ~ n
R, =Ru; +R12:& 2 ) Rz:Rzl-i-Rm:ﬁi 2 ) (4.5)
cad\ a cod \ &

account for the individual reproductive numbers of strain 1 and strain 2 virus respectively. Thus, the basic
reproductive number corresponding to the model (3.2) is obtained by taking the maximum over all possible

:KRM R12>
1 Ra1 Rae

initial distributions:

(Ru R12>(P>
R21 Rao q

= max{R11 + Ri2,Ro1 + R22} = max{Rl, RQ}
1

Ry = max
p+q=1
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5. Equilibria and their stability

In this section, we will prove the existence of other equilibria for system (3.2) and analyze their stability.
The following theorem discusses the stability of the infection-free equilibrium E.

Theorem 5.1. If Ry < 1, the infection-free equilibrium Ey is globally asymptotically stable on Ri"“.

Proof. Let us consider the stability of infection-free equilibrium Ejy in I' under the condition Ry < 1. We
construct a Lyapunov function as follows:

T T a\" | &
—To[ = —In=— —1 - R .
% 0<TO n )+<a) {;_1(xz+yz)+vl+v2}

Calculating the derivative of V along trajectories of (3.2), we obtain:

dy 4T T a\” a\" a\”
E:E<l_%)+<5> {ﬁl(a) VT — Wy +ﬁ2<a) V2T—C2V2}

T n n
= b—dT—b?O +dTo + S1ViTo + B Vo _Cl<%> |41 —02(%> Vo

T Ty a\" b a\" a\" b )"
= b<2 T ?) + [51 <E> dor 1] <5) aVi+ {52 (5) don 1} (5) caVa
= (2 — TZO — ?) + (R —1) (%) aVi+ (R —1) (%) caVa.

Notice that 2 —T/Ty —To/T < 0 and the equality holds if and only if 7' = Tp. Thus, if Ry < 1, then % >0

and%:OifandonlyifT:TmVl=03LndV2:0.Thus7 % SOifR0<1;andil—]t} = 0 is if and
only if (T,z,y,V) is at Ey. Consequently, we can conclude that the virus free equilibrium Ey is globally

asymptotically stable in H. O

When Ry > 1, then either R; > 1 or Ry > 1. If R; > 1, there is a single-strain equilibrium E; =
(T%,21,...,2L,0,...,V;,0) given by

r-2(8) amar@)(2) L e - (T o)
1

a « c1 o

where f(Tl) = b—dl'. In parallel, if Ry > 1, there is another single-strain equilibrium Fs; =
(T,0,...,0,42,...,92,0,V2) given by

no

e () gean)(2) L e = TTEY )

o Co a

where f (TQ) = b — dT2. In the sequel, we will discuss the stability of F4 and F5, and the existence of
a positive (coexistence) equilibrium. To study the effect of mutations, we distinguish the case when the
mutations are absent and the case when the mutations are present.

5.1. In the absence of mutations
First, let us consider the case e = €3 = 0. Since R; and Ry depend on many model parameters, the

critical case R; = Ry is sensitive in the sense that a small change of any model parameter would destroy
this identity. Thus, for practical purpose, we exclude this case in our discussion.
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Note that R; = b/(dT") for i = 1,2. Thus
R; >R, iff 7% <712 (5.3)

The following theorem establishes the global stability of E; or E5, depending on which strain has larger
basic reproduction number.

Theorem 5.2. Assume that Rg > 1.

(i) If R1 > Ry and Ry > 1, then E; is globally asymptotically stable with respect to positive initial
conditions.

(ii) If Ry > Ry and Ra > 1, then Es is globally asymptotically stable with respect to positive initial

conditions.

Proof. We only need to prove (i), since (ii) is parallel to (i). We construct the following Lyapunov function
on H:

(T T a\" | < x; T; ~ (Vi
_ml ~1 [ [ 1
L=T (F—lnﬁ—l>+(5> [;xi(f—%—lnj—%—l>+Vl(vl —In ) ZyZ—FVQ
The derivative of £ along the trajectories of (3.2) is calculated as below:
dc AT T o il il V!
== (1-= = (1= )+ (1- 22 v
i) (3) 20 -2) e (- 2) (-5 e

— £(T) (1 - T?l) (B1TV1 + B2TV2) <1 ) <%>n[ﬁ1V1T<g>n

1 "2l A1 131 1. 1
— =z — VT <—> —+ —x1 + = (21 — 22) — =221 + =25 + = (x2 — 73)
«Q Q T « o T2 [0 «
1% 1. 1 14! 1., 1V .
- __-732 + = a 3 + - (xn—l - xn) - :_n-rn—l + Z«T}L — :—1$n + CV11
axsg a a Ty « a v

1 a\" 1 1 1 1
+ ZTn ~ aVi+ BQVQT(E) =0 + = (y1 —Ya) -+ 5(%-1 —Yn) + =Un — 2V

T A A a\"[n a\" gl
— 4(T) (1 - —) LT 4 VT + (:) [:f; 61V1T<—> &
T a a a) x
1) 141 12! 1 .
S PN P —1$n+01V11—01V1—62V2]
a Ty axs Ty i
Tl . a\” Al /a\"
=fM)(1- = T — o = S 1
(1= %)+t e 2) ver 22 (2) iy
O VTE o w wy o Vi
ViTlg, ® x3 4 T, Vi)
all . Tl :f?% n
:f(T) 1— — | + BT — BoVoT *f(T) l—-— )+ == (n+2)
T T «
T NT#  m_ws ws _xn—l_f/fxn}
T ViTlg, @ x3 4 Tn Wiz}
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- T PN 1 7a\" 7
_ B 1 4 172y, 21 L
= (f(T)—- f(T ))(1 T>+52V2(T %) + a(a) {(n+2) 7
_ VlTi"} o r xy r3 _ Tpo1 Vllxn
ViTle, 13 3 14 x,  Vidy |

It is obvious that

[F(T) = f(T")] (1 - T?l) =d(T* - T) <1 - T%) <0.

The second term of the right side in the expression of % is also nonpositive. Moreover, the relation of
arithmetic and geometric means implies that

7! ViTz T T T Ty Vizx
e b 2 e e A > (4 9)
T ViTlz oz a3 4 Tn \ 4%

Thus, we have proved % < 0; and % = 0 if and only if the state is at the equilibrium F7, implying that
F is globally asymptotically stable in H. O

This theorem shows that when the basic reproduction number is larger than 1, then competition exclusion
would be the generic result in the absence of mutations, implying that coexistence is generally impossible.
Taking (i) in Theorem 5.2 as an example, if R; > R and Ry > 1, then regardless of whether Ry < 1 or
R, > 1, E; is globally asymptotically stable, which means that strain 1 will win the competition. Therefore

there is no coexistence equilibrium.
5.2. With the effect of mutations

In this section, we investigate the effect of the mutations by assuming that €; > 0 and e5 > 0. Let
€ = (€1,€2), s0 € # 0 in this case. The first result along this line is that the coexistence equilibrium becomes
possible due to the presence of mutations.

Theorem 5.3. Assume €1 > 0 and €3 > 0, and suppose c1 # co. If one of the following conditions holds, then
system (3.2) will have a unique positive equilibrium E:

(i) R;i>1and Ry > 1,‘
(i) Ro <1 but Ry > 1+ 2E(1—Ry);
(iii) Ry <1 but Ry > 1+ <E(1 - R,),
[

where k is a positive constant to be determined by a quadratic equation in the proof of the theorem.

Proof. If a positive equilibrium exists, its components are given by

B d+BiVi + BaVa'

with V; and V5 being determined by
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Al —e)b (a)n Bacab <a)” o
(d+61f/1+62‘72) « VlJr(d"'BlVl—Fﬁgfﬁ) o Vo =1V,

Bl - (a)" pieb (3" o0
2l <g) Vs + 161 = (E) Vi = coVa.
(d+ Vi + B2Vo) \ (d+ Vi + B2V2) \
By simplification, Egs. (5.4) can be rewritten as
- son oo (B B
(Ri1 — 1)e1coViVa + Ro1c3 Vs — c1eaVi Vs d —Vi+ V2 =
5, 5 (5.5)
Ri2ciVE + (Rag — D)eieaViVa — 0102V1V2< 7 Vi+ 2V2) =
Because Vi # 0, subtracting the second equation in (5.5) from the first one leads to
o (V2 Va )
R2102 = + (R11 - R22)Clc2 == | — R1201 =0. (56)
Vi Vi
Setting z = V5 /Vi, Eq. (5.6) becomes a quadratic equation
asz? + a1z +ag =0, (5.7)

where
= —Riac} =R —-R = Roic3
ag = 12€71, a1 = ( 11 22)01027 a2 = Ing1Cy.

Note that if e = 0 = €, then Ry5 = 0 = Ray, i.e. a9 = 0 = ag, and thus, (5.7) cannot have a positive
root, unless Ry; = Ras (which will be assumed to not hold), i.e. (3.2) cannot have a positive equilibrium.
But now, we have assumed ¢; > 0 and €5 > 0, implying Ro; > 0 and Rj2 > 0. Hence ag < 0 and as > 0,
implying that the quadratic equation (5.7) has one positive root, denoting it by k, corresponding to a
nonzero solution (Vl, Vg) of (5.5) with Vi, V, having the same sign.
Substituting Vi = kV; into (5.5) gives
. i (10 B
11¢c1Vi + RoreakVy — iV (1 + = 7 =4+ —k:V)

R1261‘71 + Rngngl — Cgkf/l (1 + — 61 Vl &le) =0,

from which, we obtain the following expression for V;:

o [(Ri —Des + Ry — Desk]d

Vo= T k) (B W) (5:8)

Therefore, Vi > 0 provided that at least one of the three conditions stated in the theorem holds. The proof
is completed. O

We have proved the existence of the positive equilibrium E as e changes. Furthermore, we begin the
analysis with the two boundary equilibria £; and Fs to investigate the origin of the equilibrium E Denoting
the vector field of system (3.2) by ¢g(X,¢), we find that g(E;,0) = 0, where ¢ = 1,2. Then, 1f 5% (E;,0) is
invertible, we can establish a unique equilibrium F;(¢) near E; by implicit function theorem for small e. We
verify this condition below.
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Proposition 5.1. Assume the equilibrium E; exists (i.e., R; > 1). Then, %(Ei, 0) is invertible fori=1,2,
respectively.

Proof. Firstly, we consider the situation for E;. The Jacobian matrix of linearized system (3.2) at Fj is
given by

0 J4(’/l)
where
—A(G)"V 00 0 —HT
sVt -+ 0 0 Bu(&)nTt
0 1 1 0
Ji(n) = “ - ,
0 0 0 -1 0
0 0 é -G (n4+1)x(n+1)
0 0 0 —B11
00 --- 0 0
00 --- 0 0
JQ(”): . : )
0 0 0 0
0 0 0 0 (nt1)xn
and
-1 0 0 (g
ook 0 0
Ju(n) = : :
0 0 -1 0
0 % _02 nxn

Then, det(J) = det(J1(n)) det(Ja(n)). It means that, if both det(J;(n)) and det(Jy(n)) do not equal zero,
the determinant of J at Ej is nonzero. Next, we will prove that neither det(.J;(n)) nor det(Jy(n)) is zero.
Indeed, direct calculation of the determinants give

1\ =2 —d - ﬁlv} 0 _A/Blle BiVier
d€t<J1<7’L)) = (—5) det ﬁlVll(%)n —% ﬁlTl(%)n = (—1)(n_1)m 7é 0
0 % —C1

and

(n—2) ST B
det(Ja(n)) = (—i) det <_% HTHE) ) — (~1)(»=2 Ca?(n_% £0

(07

under the assumption ¢; # cy. Therefore, the determinant of Jacobian matrix J is nonzero at Ej.

In the same way, we can demonstrate that det(J) # 0 at Es. Hence, %’((Ei,()) are invertible for all
1=1,2. O
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When Ry < 1, only E; exists in yhr absence of mutations. Obviously, the positive equilibrium E bifurcates
from the equilibrium F; when mutation happens. However, the situation about the origin of E becomes
more complicated when Ry > 1. Next, we will analyze the case when (5.3) holds (i.e., Ry > Ra2) to find out
whether E is equal to E1(e) or Es(e).

Define a mutation matrix

where

Note that in the equilibrium equations, Z, = Z,_1 = ... =1 and ¥, = Yn_1 = ... = Y1, and the rest of
the equations except for the first one can be simplified to

KVT — ST* =0, (5.9)
P(e)NT* — MV =0, (5.10)

where

O Q)=

[P a) s

Q= O

Substitute ST* = KVT into (5.10), we obtain

where

51(1—61)(Q)n m(@)n
U(G) — Cc1 [e% [(63) [e}%
M(@)n ,32(1—62)(§)n :
C1 o C2 [e%
Finally, the problem about a positive solution becomes the existence of positive eigenvalue associated with
positive eigenvector of matrix U(e). Calculating

C1
_ Biex

Cc1

.

51(1*61)(
’ sy mu-dlg)

(

’ =0, (5.11)

we obtain the two eigenvalues of U(e) as

Bip—e —€ —€ B— —€ 4Bz (1 ¢ ¢
/\1(6):[“(1 D+ (1 e) +\/ 12(%)n 2(1 - )2 + 4282 (1 — 2)7 1)

and

Bi1—¢ B2(1 —e9)] — /[2L — €1 B2(1 —¢ 48102 (1 _ ¢ — ¢
g B+ - e) wq(l?(g)lm(l PSR —a-e)

[e%
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Because of Aj(€) > 0 > Az(e€), the principle eigenvalue is A;(e) which generates a positive eigenvector by
Perron-Frobenius theorem. In addition, it is easy to find that A;(0) = 7 and Ay(0) = 72. Thus, Es(e) is
nonpositive, i.e., the unique positive equilibrium E equals E;(e) when R; > Ry > 1.

In the following, we apply Lyapunov function method to analyze the stability of the equilibrium E.

Theorem 5.4. Assume that Ry > Ry > 1. Then, E is globally asymptotically stable in H' for all sufficiently
small €1 and €.

Proof. We will use the same Lyapunov function

E—T1<£—ln£—1>+(g> [
T1 T1 Q

RYE7 z; ~ (Vi Wi "
in(j—}—lnj—%—1>+vl (f/l ~In o —1>+Zyi+V2

i=1 1 1 i=1

as before. Calculating % along the trajectories of system (3.2), we have

ac R 71 A 2 fa\" 71

— =[f(T) - f(TH][1 - = TH—T%H) + 2L = 2) — —

1 [f(T) - f( )]( T>+52V2( )-l—a = (n+2) T
TS w_wm_ws_ween Wa) (e\"W(za e

ViTle, 2 @3 a4 T, Vidl a) w\a ~Ta

S Tl il (67 " Tl VlT.fil T T2 T3

=[fm)—fMH(1-=)-Z2(=) |+t =+ =422

s - (- ) - E(8) [Fr a2 o

- Vit o
+ -+”“’;1+(1—6)V1Af—(n+2)(1—el)n*+2}—ﬁzvz(TQ—Tl)
n 14n
1 1 (a\". 1/a\"
F gm0 (5) 2 - 5(5) en

S Tl i‘l « nT1 VlTJAJl X1 T2 I3
< [f(T) = f(TH] (1 - = —%(:) [—+A —+ =+ =+ =
sum-1m(1-7 ) -2(5) [Tt m e e

1
Tp—1 1%n i 72 _ 71
NI . +(1—¢€) Vil —(n+2)(1_€1)n+2:| —ﬁQVQ(T —T)
1 1 a\"”
- N —=(1= 2] — | L.
+a(n+ )[ ( 61) ](a) Ty

When (5.3) holds, we can find €,,n7 > 0 such that Vi (¢) + Va(t) > n for all € € (0,¢,] and all sufficiently
large ¢ by Lemma 5 in [4]. Let v = Bo(12 — T), then

Bo(T? = T)Vo = AVo > ~(n — V).

So, the following inequality holds in I" for €; € (0, €,]:

ac N T il fa\"[TT  WTE oz @
— < [f(T) - (T [1-%) -2 = Tttt
dt_[f() i )]( T) a(&) [T+VllT1:c1+$2+$3

A

T3 Tp_1 Vi, 1
2 1— — 2(1 — n+2 | — V;
+x4+ + - + ( El)Vla?}L (n+2)(1—e) m+V1
1 1 « "
= [ -1 —e)mz|( =) 2}
+=(+2)[1-(1-«) ](a) I,
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By the relation of arithmetic and geometric means, we then obtain

i’l « " Tl VlTi/L\'% T ) I3 Tn—1 Vllil,'n _1
—— | = — —— — = - 1— — — 2(1 — n+2 S()’
a (a) [T * VllTlxl + To + T3 + Ty + + Ty + 1) iz (n+2)( )

1
n

ie.,

1 L o n
<@ - @) (1= ) v+ 22— 0y (2) 0

for all € € (0, €,].
Next, choose ¢, > 0 such that

1
1—616 571,

for all €1 € (0,€p]. Let € = min(e,, €). Thus, for any € € [0, €], we obtain that

(n+2)[1—(1—61)“‘1+2](g> &y —m < —%

S

dL

W <vm s (1-5) - e

T 4

Choose N > 0 sufficiently large such that

—74—T’+W1<N

for all solutions of (3.2) in I" and all € € (0, €]. Meanwhile, let §; > 0 be such that

Tl
[F(T) — £(7Y)] (1 - ?) < (N+1),
for all T' < §; and all € € (0, €].
At last, choose a d3 > 0 such that

m m
7 Vi < -
1 +7V1 3

for all V; < ;5 and all €; € (0, €]. Now, denote
Iy ={(T.o1,y1, 22,92, .., Ty Y, Vi, Vo) EHNT 2 T > 61, Vi > 0}

If (T, 21, Y1, T2, Y2s - - - > Ty Yn, Vi, Vo) € (HN )\ I5 and all € € (0, €, at least one of following results holds:

(i) T <01, then £ < —(N+1)+ N =—1;
(ii) Vi < 02, then ‘é—ﬁ < -3

Therefore, for all (T, 21, y1,%2,Y2, -, Tn,Yn, V1,V2) € (HNT) \fg and all € € (0, €], there holds

dL
dt = <0

Note that the positive equilibrium E depends on € = (e1,€2), and so does the Lyapunov function £. It is
easy to see that the nonnegative function £(T, 21,41, ..., %n, Yn, V1, Va, €) is continuous and bounded on set
I's x (0,€] an it can reach a finite positive maximum:
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p:= max L(T,z1,Y1,---,%n,Yn, V1, Va,€) > 0.
F5><(O,€]

Define a new set
F5 = {(T7x171/17$2»y2;~ <. 7$nayn7vlvvv2) eHNI: ﬁ(Tvmlvylv'"7xn7yn7V17‘/276) S P, Ve € (O,E]}

So, there holds Iy € I's C HN I" and Iy is closed which can be implied by the continuity of £. Obviously
I's is compact.

In the following, we need to show that all solutions of (3.2) in H enter and remain in I for all large
time. Because I is an absorbing set for all € > 0, without loss of generality, we need to prove this for all
solutions in I" (instead of in H).

Let &(t) = (T,21,Y1,T2,Y2, - -y Tn, Yn, V1, V2) € I' be a solution of (3.2) for some fixed e € [0, €. Tt is
easy to verify that the inequality ‘il—f < 0 holds in set I"\ I's. Because of £ > 0, there exists a to > 0 such
that @(to) € I's C T's. Next, we will prove that &(t) € I's for all t > ty. For the sake of contradiction, let us
assume that there is a 1 > to such that &(t1) ¢ I's. Then there should be a t5 € [tg,t1) such that &(t3) € I's
and @(t) ¢ I's for all ¢ € (t2,t1]. On the one hand, we have

C(@(tz),é) <p< E(@(tl),e)

by definition of I's. On the other hand, however, for all ¢ € (t2,%1], we have &(t) ¢ I's and consequently
®(t) ¢ I's so that L L(D(t),€) = %&£ < 0. This contradiction shows that &(t) € I's for all t > to.
Let us define

H = {(T,ml,yl,xz,y27...,xn,yn,Vl,Ug) € RZn+3) ‘T+in—|—V1 >0, 0= 1,2,...,n} > H.

Since E1(0) € IntH' is globally asymptotically stable in H' for ¢ = 0 when R; > Ry > 1. The condition
(H1) of Corollary 2.3 in [15] holds. As a result, E (or Fj(e)) is globally asymptotically stable in H' for all
ce(0,ffif Ry >Ry >1. O

6. Discussion and conclusion

In this paper, we study the effect of mutations on the evolution of two viral strains through proposing a
within-host age-structured model. Comparing with the ordinary differential system in [4], our age-structured
model better presented the biology of RNA viruses infection. Meanwhile, the corresponding analysis of the
model becomes harder. Fortunately, under some assumptions, we are able to restore the information about
viral infection age to new variables by which the age-structured model is transformed into an ODE model
with discrete stages. We treat the resulting stage model as a controlled system to gain its corresponding
basic reproductive number for the model. In this way, the process that begins with viral attachment and
ends with the release of new viruses is better understood. When mutation is absent, unlike in [7] where
only numerical simulations were presented, here an analytical proof about global stabilities of two boundary
equilibria without the effects of mutations is given in this paper. Moreover, we demonstrate that the evolution
of two viral strains would comply with competitive exclusion principle, meaning that the stronger one
would survive finally when both boundary equilibria exist. Furthermore, when both forward and backward
mutations are present, the existence and stability of a unique positive equilibrium are discussed. We also offer
a mathematical explanation on how these two strains coexist with the help of small mutation rates. Moreover,
we show that the coexisting equilibrium would be globally asymptotically stable when the mutation rates
are a small.
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We point out some general models of multi-strain virus with infected cell age structure have also been
proposed and discussed in P. Magal et al. [5] and Browne [1]. But our model allows both forward and
backward mutations, which makes the analysis a challenging job, and in mean time, demonstrates some
thing that cannot be observed in [1,5].

In real world, mutation rates cannot always be fixed in viral evolution. When a mutation rate changes
as times goes by, how would it affect the viral evolution? Moreover, when mutation rates exceed the critical
values in our paper, will the stability of the related equilibria change or not? Although we found that the
stability remains unchanged in our numeric simulations, we cannot assert that it is globally asymptotically
stable with any values of mutations. Rigorous mathematical proof/disproof is needed, but it seems to be
very challenging. For viral evolution, the environmental selection is another significant factor. Even for a
small change in environment, it might alter the direction of viral evolution. Hence, it worthwhile to take
into consideration natural selection in a model. We leave these for possible future research projects.
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