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1. Introduction

HIV-1 has two predominant infection modes, the classical cell-free infection and direct cell-to-cell transfer.
In the classical mode, viral particles released from infected cells travel some distance to find a new target
cell to infect. Recently, it was revealed that HIV-1 can be transferred from infected cells to uninfected cells
through direct contact via some structures, for example membrane nanotubes or macromolecular adhesive
contacts termed virological synapses [6-8]. During this cell-to-cell transfer, many viral particles can be
simultaneously transferred from infected CD4™ T cells to uninfected ones.

In the preceding paper [4], we incorporated the two modes of transmission into a classic model leading
to the following model system
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%it) =~T*(t) — dy V (¢). (1.1)
Here T'(t), T*(t) and V(t) represent the concentrations of susceptible CD4™ T cells (target cells), produc-
tively infected T cells and free virus particles at time ¢ respectively. A time delay, s, from the time of initial
infection until the production of new virions, is considered, and s is assumed to be distributed according
to a probability distribution f(s). Target cells are infected by free viral particles and infectious cells (pro-
ductively infected cells) at rates 51T(¢)V (¢) and ST (¢)T™*(t) respectively. e~ represents the survival rate
of infected cells during the time delay s, from the time of the infection to the time when release of viral
particles starts. Target cells are recruited at a constant rate H. Free viral particles are released by infected
cells at a rate YT (¢). The losing rate of target cells, productively infected cells and free viruses is drT'(t),
dp«T*(t) and dyV (t) respectively. We found that the basic reproduction number was underestimated by
some models where only one mode of virus spread was considered. In model (1.1), we assumed that target T
cells have a constant source term and an exponential death rate. This is mainly for the purpose of reducing
the difficulty level in analyzing the model, since introduction of delay into the model has already made the
model an infinite dimensional system.
It is more realistic to assume that the population of the CD4™ T cells has a logistic growth function.
De Boer and Perelson [3] considered the cell-free virus infection with logistic cell growth by model

T — axz)(1- 721) - G+ TV
%(:) =BTV (t) — 611(t),
d‘Zz—Et) = pI(t) — cV (1), "

where T'(t), I(t) and V (t) represent target cell counts, productively infected T cell counts and free HIV-1
virus loads at time t respectively. Here, target cells grow at a rate ap and this growth is limited by
a carrying capacity, Tyqqe cells. Tiop is the total number of T cells, Ty, = T + I. 8 is a true infection rate
and - combines all other virus-induced depletion of the CD4™ T cells. §; represents the turnover rate of
productively infected T cells. Virus particles are produced by productively infected cells at a rate p and
cleared at a per capita rate c. In this model, we see that infected cells are produced only by the route
that free viruses infect uninfected T cells. Mathematical analysis of this model can be found in [5] when
~v = 0. Although the notation in [5] is different from that in (1.2) and the model is about HBV, the model
in [5] has the same properties as model (1.2) mathematically when v = 0. It was found that when the basic
reproduction number is less than one, the infection cannot establish. When the basic reproduction number
is greater than one, the infection can persist and the Hopf bifurcation may occur, that is, (1.2) has periodic
solutions for some range of parameter values.
Culshaw et al. [2] studied the cell-to-cell spread of HIV-1 by model

% =rcC(t) (1 — C(t)c—;l(t)> —krCt)I(t),
% =k / C(u)I(u)F(t — u)du — prI(t), (1.3)

where C(t) and I(t) represent the concentration of target cells and productively infected cells respectively.
Target cells assume logistic growth rate. r¢ indicates the effective reproductive rate of target cells. Cps de-
notes the effective carrying capacity of the system. Target cells are infected by productively infected cells



X. Lai, X. Zouw / J. Math. Anal. Appl. 426 (2015) 563-58 565

at a rate k;C(t)I(t). k1/k; represents the fraction of infected cells surviving the incubation period. It is
assumed here that the cells productively infected at time ¢ were infected u time units ago, where u is
distributed according to a probability distribution F'(u). For the corresponding ODE models, the positive
equilibrium is globally stable, while delay models exhibit Hopf bifurcations. We see that in this model, the
infection is assumed to spread directly from infected cells to target cells, neglecting cell-free virus infection.
In this paper, we study the virus dynamics which combines diffusion-limited cell-free virus transmission
and cell-to-cell transfer of HIV-1, and the effects of cell-to-cell transfer of HIV-1 on the virus dynamics with
logistic target cell growth. We use the same notation as in model (1.1), and consider the following model

T =rro(1- ) v - aror o),
dT;t<t) =TV (L) + BT ()T*(t) — dp=T* (1),
WO — (1) - ayvie). -

where r is a target cell growth rate, and this growth is limited by a carrying capacity of target cells, Th;. The
constant « represents the limitation of infected cells imposed on the cell growth of target cells, generally
a > 1. In this model, we do not consider any delay effect.

For mathematical convenience, we rescale the model (1.4) by

T(t) T*(¢) dr- ]
t) = —= t) = t) = t t=dp«t
u( ) Tr ’ w( ) Tor ) ’U( ) ’YTM ( )’ T+t
p1= Pyt p2 = PaTe 5= n= dv
dz. drs ' dr+’ dp+’

then the rescaled model reads

W) _ su)[1 ~ att) ~ awft)] - pru(to(d) - pru(tofd),
) — pra(t)ett) + pru(tyutt) — ()
P ww(e) — o). (15

The rest of the paper is organized as follows. Nonnegativity and boundedness of solutions of system (1.5)
are given in Section 2. Stability of the infection-free equilibrium is discussed in Section 3. Uniform persistence
of the infection is shown in Section 4. Stability of the positive equilibrium and Hopf bifurcation are analyzed
in Section 5. The Hopf bifurcation is illustrated numerically in Section 6. In Section 7, we give our conclusion
and discussion.

2. Nonnegativity and boundedness of solutions
Assume initial conditions for system (1.5) are given as follows:
u(0) = up > 0, w(0) = wo > 0, v(0) =vp >0, and wup+wy < 1. (2.1)

Since the right hand side functions of (1.5) satisfy the Lipschitz condition, there is a unique solution
(u(t),w(t),v(t)) € C(]0,+0),R;) to system (1.5) with the initial conditions (2.1).
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Theorem 2.1. Let (u(t),w(t),v(t)) be a solution of system (1.5) satisfying the initial conditions (2.1). Then
the solution is positive and bounded: 0 < u(t) < 1,0 < w(t) <1,0 < v(t) < v+ %, for allt > 0. Moreover,
u(t) +w(t) <1, for allt > 0.

Proof. To prove the positivity of solutions, we suppose by contradiction that ¢;, « = 1,2, 3, are the first
times when u(t), w(t), v(t) reach zero respectively, and tg = min{tq, to,t3}.

First, if tg = t1, we assume 1 # t3 and t1 # ¢3. Then u(t1) = 0, w(t1) > 0, v(t1) > 0, and u(t), w(t),
v(t) > 0 for all t € [0,¢;). From the first and second equations in (1.5), we observe that

%[u(t) + w(t)] = du(t)[1 — (u(t) + w(t))] — 6 — Du(t)w(t) — w(t), Vte[0,t]. (2.2)

It is easy to see that u(t) + w(t) < 1. In fact, for any t* € [0,¢1] such that u(t*) +w(t*) = 1, we have
d * * * *
%[u(t) + w(t)] |t:t* = —6(a— Du(t)w(t*) —w(t*) < —w(t*) <O0. (2.3)

This means u(t) +w(t) <1, for all ¢ € [0, ¢1]. Thus we have u(t) < 1 and w(t) < 1, for ¢ € [0,¢;]. From the
third equation in (1.5), we see that

du(t)
<1- t
o S 11— (),
which means
—ut Lo —ut L
v(t) <e M v(0) + ;(e“ —1)| <v(0)e M + o t €10,t]. (2.4)

Again from the first equation in (1.5), we have

du(t
) > o) + (o2 + bew(®]u(t), 1€ 0.1]
thus
u(t) > u(o)e*fcf[Plv(8)+(P2+5a)W(S)]dS’ t € [0,t1]. (2.5)

We know from (2.4) and (2.5) that

u(tl) > u(O)ei fgl[Pl(v(O)e*WJr%)Jr(p'erzsa)]ds _ u(o)ef[v(o)pl(lfe*l”l)+(p1i+ﬁ2+5a)t1] >0,

which contradicts u(t;) = 0.
Second, if tg = ta, w(t2) = 0, u(tz) > 0, v(t2) > 0, and wu(t), w(t),v(t) > 0 for ¢ € [0,%2), then from the
5),

second equation in (1.5), we have

d“:i_iﬂ > —w(t), te0,t),

thus
w(ty) > w(0)e™ 2 > 0,

which is in contradiction to w(ts) = 0. Notice that this case includes all the cases of ty # t1 or ty # t3 or
t1=t27ét3 Ortgztg#tl 0rt1:t2:t3.



X. Lai, X. Zouw / J. Math. Anal. Appl. 426 (2015) 563-58 567

Third, if tg = t3, v(t3) = 0, u(tz) > 0, w(ts) > 0, and u(¢), w(t),v(t) > 0 for ¢t € [0,t3), then from the
third equation in (1.5), we have

thus
v(t3) > v(0)e #s > 0,

which is in contradiction to v(t3) = 0. This case includes the cases of t3 # t1 or t3 # to or t3 = t1 # t2. So
far we have considered all the cases and found a contradiction for each case. Therefore, there is no such t;,
i = 1,2,3. This means u(t), w(t),v(t) > 0, for t > 0.

With the positivity of the solution (u(t), w(t),v(t)), we know that (2.2), (2.3) and (2.4) hold for all t > 0.
Therefore,

u(t) +w(t) <1, v(t) <v(0)+ =, Vt>0.

This completes the proof. O

Furthermore, from (2.4), we see that

o(t) <e <v(0) — 1) +1

Therefore, if v(0) < -, then v(t) <  for all ¢ > 0.
In fact, we can see from Lemma 4.1 and Lemma 4.2 appearing later, that the set

1
Y::{(u,w,v)€R3 u>0, w>0,v>0 ut+tw<1, US—},
1

is invariant for the solution semiflow of (1.5).
3. Stability of the infection-free equilibrium

For model (1.5), the basic reproduction number is given by

Ro = Ro1 + Roz, Ro1 = %7 Roz2 = pa.

System (1.5) has three equilibria: the trivial equilibrium Ey = (0,0,0), the infection-free equilibrium E; =
(1,0,0) and the positive equilibrium E = (i, w, ), where

_ I 1 _ 1) <1 1) _ 1
U=———=—=, W=—=——"—(1—=]), U= —w.
pr+up2  Ro Ro + da Ro Iz

We can easily see that for model (1.4), the basic reproduction number is Ry = Ro1 + Roz2, where

_ Ty By Rog = T B2

Ro1 = = .
01 dT* dV ) dT*
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In the following, we consider stability of equilibria for model (1.5).
Theorem 3.1. For system (1.5),
(i) The trivial equilibrium Eq is always unstable;
(ii) If Ry < 1, the infection-free equilibrium E; is locally asymptotically stable.

If Rg > 1, Eq is unstable.

Proof. To discuss local stability, we consider linearized system of (1.5). The Jacobian matrix of (1.5) at Ey

is given by
6 0 0
Jo=10 -1 0 |,
0 1 —u

which has a positive eigenvalue A = §. Therefore, Ey is always unstable.
The Jacobian matrix of (1.5) at Ej is given by

=0 —(ba+p2) —p1

J=10 p2—1 P1
0 1 —
We see that it has an eigenvalue \; = —§ < 0, and other eigenvalues are given by eigenvalues of the matrix

—1
Jlo(p21 pl)’
—p

that is, the roots of characteristic equation
M+ ad+ag =0, (3.1)
where
ar =p+1—po,
az = pu(1 = p2) — p1 = p(1 — Ro).

We see that if Rg < 1, then a3 > 0, ag > 0, and all eigenvalues have negative real parts. If Ry > 1, then
as < 0, and Jyo has at least one positive eigenvalue. Therefore, E; is locally asymptotically stable if Rg < 1,
and unstable if Rg > 1. O

Theorem 3.2. If Ry < 1, the infection-free equilibrium F1 is globally asymptotically stable.
Proof. We have to prove that lim;_, o (u, w,v) = (1,0,0). Since u(t) < 1 for all ¢ > 0, we have
dw(t
WD < prott) + powtt) — i),

dt
v(t)
dt

d

IN

w(t) — po(t).

For the linear cooperative system
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dlfl_it) = p10(t) + p2(t) — w(t),
P — (o) - it (82)

there exists a principal eigenvalue Ay associated with strictly positive eigenvector & [9]. Given M > 0, it
follows that the linear system (3.2) admits a solution (w(t),%(t)) = Me*'¢y. Choosing M > 0 such that
(w(0),v(0)) < (w(0),v(0)), by the comparison principle, it follows that

(w(t),v(t)) < Me™'e, Vit = 0.
From (3.1), we see that Ao < 0 if Ry < 1. Therefore, if Ry < 1, we have

lim w(t) =0, lim v(t) =0.

t—+4o00 t—+o0
Then the first equation in (1.5) is asymptotic to the following equation

da(t)
dt

= sa(t)[1 - ()],

which is the logistic equation. Since § > 0, it is easy to see that lim;, . @(t) = 1. By the asymptotic
autonomous semiflow theory (see Corollary 4.3 in [12]), we have

tiiinoo u(t) = 1.
Thus, if Rg < 1, then
(u,w,v) = (1,0,0), ast— +oo.
This completes the proof of the theorem. 0O

4. Uniform persistence of infection

Notice that when uy = 0, the unique solution of (1.5)—(2.1) is given by

u(t) =0, w(t) = woe™", v(t) =e M

¢
Vg + wo/e(“_l)sds] , Vt>0. (4.1)
0

We see that w(t) — 0 and v(t) — 0 as t — +o00. Therefore, if uy = 0, the system cannot be persistent. To
discuss the persistence of system (1.5), we consider the following solution space:

1
X::{(u,w,v)€R3‘u>O, w>0,v>0 u+w<1, US;},

the interior subspace of X:
Xo == {(u,w,v) € X |w > 0and v >0},
the boundary of Xg:

0Xp :=X\Xp = {(u,w,v) EX’szorsz},
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and
My := {(uo, wo, v0) € OXg | D¢(uo, wo,v0) € OXo, t >0},
where @, is the solution semiflow defined by (1.5).

Lemma 4.1. The sets X and Xy are positively invariant for the solution semiflow @, defined by (1.5).
Moreover,

My = {(2,0,0) | 0 <@ < 1}. (4.2)

Proof. Given (ug,wq,vo) € X, we consider the different cases of wy and vy:
(i) If wo = 0 and vy = 0, then

Uq
uo + [1 — uple%

u(t) =

>0, wt) =0, o{#)=0, Vt>0. (4.3)

(ii) If wop = 0 and vy > 0, then

d
Ew(O) = p1u(0)v(0) = pruguy > 0.

Thus, for small e > 0, w(t) > 0 for t € (0,e). We assume t2 to be the first time when w(t) reaches zero
other than ¢t = 0. By the same argument as in the proof of Theorem 2.1, we obtain that u(t) > 0, w(t) > 0
and v(t) > 0.

(iii) If wp > 0 and vy = 0, then

%U(O) =w(0) = wp > 0.
Like in case (ii), it follows that u(¢) > 0, w(¢) > 0 and v(¢) > 0.

(iv) If wo > 0 and vy > 0, from Theorem 2.1, we have u(t) > 0, w(t) > 0 and v(t) > 0.

In summary, sets X and Xg are positively invariant for the solution semiflow @; defined by (1.5). Next,
we assume that (ug,wg,vg) € My. This implies that @;(ug, wo,vo) € 0Xo. Hence, cases (ii), (iii) and (iv)
cannot occur. That is, wg = 0 and vy = 0. This proves (4.2). We complete the proof of the lemma. O

We see that Jyg is a quasi-positive matrix. By Corollary 4.3.2 in [9], A\g(u1) = max{Re A\ € o(J10)} is
an eigenvalue of Jyg, called the principal eigenvalue, where o(Jio) is the set of eigenvalues of matrix Ji.
From Theorem 3.1, we know that if Ry > 1, then A\g(u1) > 0. By continuity of the principal eigenvalue, we
have A\g(u; —19) > 0, for some 79 > 0.

Lemma 4.2. If Ry > 1, the solution (u(t),w(t),v(t)) of (1.5) with initial value (ug,wo,vo) € Xo satisfies

lim sup|| (u(t), w(t), v(t)) — (u1,0,0)|| = no,

t—o0

where up = 1.

Proof. To prove the lemma, we suppose by contradiction that

lim sup | (), w(t), v(t)) — (u1,0,0)]] < 1o,

t—o00
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for a solution with some initial value (ug,wg,vp) € Xg. Then for this solution, there exists a tg > 0 such
that u(t) > uy — no, w(t) < Mo, v(t) < Mo, for t > to. Thus, from the second equation in (1.5), we have

dl:l—it) > p1(ur — no)v(t) + p2(ur — no)w(t) —w(t), t>to.

It is easy to see that Ag(u; — np) is the principal eigenvalue of the linear cooperative system

du;_z(tt) = p1(u1 —n0)0(t) + pa(ur — no)w(t) — w(t),
du;_it) = () — pi(t). )

Let (£1,&)T be the strictly positive eigenvector associated with Ag(u; — 79), then (w,9)T =

erolui=molt (¢ )T is a solution of (4.4). Since w(ty) > 0, v(tg) > 0, there exists a ¢ > 0, such that
(w(to),v(to))T > ¢(w(to), o(to))T. By the comparison principle, we have

(w(t), o))" > et (e 6)T, Vit > t. (4.5)

Since Ag(uy —no) > 0, it follows from (4.5) that w(t) and v(t) are unbounded. Thus we obtain the contra-
diction and prove the lemma. 0O

Theorem 4.1. For system (1.5), if Ro > 1, the infection is uniformly persistent with respect to (Xo,9Xo),
in the sense that there exists an n > 0 such that

htrgg)lfw(t) >, htrglor.}fv(t) > . (4.6)
Proof. By Lemma 4.1, Xy is positively invariant for the solution semiflow @; defined by (1.5). Furthermore,
&, is compact and point dissipative. By Theorem 1.1.3 in [16], there is a global attractor A for @;.

Let M = (1,0,0). From the proof of Lemma 4.1, we know that My is the maximal compact invariant
set in 0Xo. From (4.3), we see that (J,¢,,, w() = {M}. Lemma 4.2 implies that M is an isolated invariant
set in X, and W*(M)NXg = 0, where W#*(M) is the stable set of M. Furthermore, there is no cycle in My
from M to M.

Define a continuous function p : X — R4 by

p(z) = min{wg, vo}, V= (ug,wop,vy) € X.

Then from Lemma 4.1, we see that p~1(0,max{1,1/u}) C X, and that p(z) > 0 for z € Xy. Moreover, if
p(x) > 0, then x € Xy. Thus, p is a generalized distance function for the semiflow @, : X — X. It follows
from Theorem 3 in [10] that there exists an n > 0 such that

min p(z) >n, YyeX,.
z€w(y)

Therefore,

lim inf w(t) > 7, liminf v(¢) > 7,

t—o0 t—o0

which completes the proof of the theorem. 0O
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Remark 4.1. If R > 1, the target cell population wu(¢) is uniformly weakly persistent in the sense that there
exists some 1 > 0 such that

lim sup u(t) > 7. (4.7
t—oo
In fact, if (4.7) is not true, then by the definition lim sup,_, ., u(t) = lim; o sup, >, u(7), for any £ > 0 there
exists a t; > 0 such that sup, -, u(r) < ¢, thus u(t) < e for ¢ > t;. This means lim; ,, u(t) = 0. In this
case, the second equation in (1.5) is asymptotic to the following equation

IoH
=
—~
o)

which has only one equilibrium @ = 0. By the asymptotic autonomous semiflow theory (Corollary 4.3
in [12]), w(t) — 0 as t — oo. Similarly, from the third equation in (1.5), v(t) — 0 as ¢ — oo. These
contradict (4.6), that is, the uniform persistence of w(t) and v(t).

5. Stability of the positive equilibrium E and Hopf bifurcation

In this section we consider stability of the positive equilibrium E. Noticing that

(1 — 2u — aw) — p1v — pow = —du = ~Ro

5(Ro — 1)

_ _ P1 _
+ =\ — = )
pIU T P20 < W + p2>w Ry + da

_ _ 1
(1 = pau) — pra = pr — (pap + p1) 5— =0,

Ro
the Jacobian matrix of (1.5) at E is given by
) 7 (3 ) —pr
J =1 p1v+ pow pott — 1 p1U
0 1 —
The corresponding characteristic equation is
A3 4+ DA 4+ b\ + b3 =0, (5.1)
where
5 P2 0 Ro1
by = — 1-£2 - =0,
1 R0+u+ Ro Ro—l—u—I— Ro

_ _ _ _ [ b« _
by = —— (1 — pati + p) + p(1 — p2ut) — p1e + (P10 + pow) (R_o + p2u>

Ro

1) P2 5(R0 — 1) oo P2
= —1(1 — = I S AN =
R()( +,[L R0)+ R()+(504 R0+R0
_ i Ro1 0 Rop2 + dc

= RO

"R ) T Ro Re 100

-1
Ro (Ro ) > 0,
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0 _ o _ _ 0 _ [ b« _
by = ——(1 = pau)p + pru(p10 + pow) — prv— + p(p10 + p2w) | —— + pauu
Ro Ro Ro

_ _ _ oo B
= (P10 + paw) {plu + u(R— + pzuﬂ
0

(),

Ro + da
= %('Ro -1 >0,
e ) () ]
- R%KR% * %) K‘” %) + 77220027:(?3(730 - 1)} +u<u+ %) - H%(Ro - 1)}
(L Ry Rt gy (e B (e B Y R e, )
Nz iﬂ“/@ {(Pl iﬂﬂﬂz " p1 fum) p1 +p;:2 Tuéa (pr+pp2 = )
2
" ﬁ(;ﬁ ﬁ) i (MJF p1 illwz) - Pl+ﬂ§21+u5a(p1 +“p2_“)}'
We denote
b1(p)b2(p) — bs(p) = G(p)F(p),
where

p= (p17p2,,u,5,01),
_ op
(p1+ pp2)3(p1 + pp2 + poa)’
F(p) = (0p+ p1)(p1 + pp2)(p2 + 6a)(p1 + pp2 — p) + S [p(pr + pp2) + p1] [(p1 + pp2) + pdal

2
+ [1(p1 + po2) + p1]” [(p1 + pp2) + pda] — pi(py + pp2)?(pr + pp2 — ).

We see that if Rg > 1, then b; > 0, i = 1,2,3. Thus, if biby — bg > 0 then E is locally asymptotically
stable by the Routh-Hurwitz criterion, and if b1by — b3 < 0, E is unstable. Since G(p) > 0, the sign of
bi(p)ba(p) — bs(p) is determined by the sign of F(p). If there is a p = (py, pa, i, 0, @) such that F(p) = 0,
then there is a Hopf bifurcation at E, by Theorem 2 in [14]. In fact, when p = p, we have bz(p) = b1 (p)b2 (D),
and further the characteristic equation (5.1) has a negative root A; = —b1(p) and a pair of pure imaginary
roots 5\2,3 = +i4/b2(P).

First, we consider the Hopf bifurcation at E choosing p; as the bifurcation parameter, that is, the
parameters (pg, i, 6, @) are fixed at (po, fi,d, @) while p; changes near p;. Then F(p) is a function of pi,
which can be expressed in the following form

F(p1) = —p} + (8a + p2 +1 — 3pps + p? + 3u) o
+ (3u3p2 + uBda+ Sppa + 6p® + 2p3p + 28appa + Sp + 6% per + 61 pa + 207 S — 3p§,u2)pf
+ (bap®ps + 2017 p3 + 6% o+ 26° P apy — p3p® + 204° py — by pa + 2 pada
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+3utp3 + P + 3 p3 — 1P 3 + 2u° padar) py
— 0% 1P apg + pBps + 0p 3 + B P aps — o’ ps + 6t p3 + 1 p3da + 6%t paa,

where we omit the bar of (pa, [, s, @) for notational convenience. We see that if p; = 0, then Ry = p2 > 1,
and

F(0) = p®p2(p2 + 6a) [6(p2 — 1) + i pa + 0p] > 0.
On the other hand, lim,, 4 F'(p1) = —o0. Therefore, F(p1) = 0 has at least one positive root.

Proposition 5.1. Assume that parameters (pa, i1, 6, ) are fived. If Rog > 1 and F(p1) > 0, then E is locally
asymptotically stable. If there exists a critical value py > 0 such that Rg > 1 and F(p1) = 0, then a Hopf
bifurcation occurs at E when py passes through the critical value p;.

By the similar arguments, we can obtain the following results about different bifurcation parameters.

Proposition 5.2. Assume that parameters (p1, 1,6, ) are fived. If Rog > 1 and F(p3) > 0, then E is locally
asymptotically stable. If there exists a critical value py > 0 such that Rg > 1 and F(p2) = 0, then a Hopf
bifurcation occurs at E when py passes through the critical value py. Here, F(p) is a function of pa:

F(pa) = (prp® + 1° + 16 — 1’ p1) p3
+ (Wbapy + 8 pPa — p1p® + 30 pr + 20T — 16 + St + 260 p1 + 0 + 3t py — 3P pT) s
+ (2u3p15a + 0up? + 20102 P o+ 2p2 pba + 2ut prda + 0% pta — S pda — pdapy + p3
+3u°pt + 6% pi — 3upi + 201°p1) pa
+ 07+ Supt + 0% papt + 1P pi + P pida — pi + 82 pra+ 2uP ptdac+ 0P pt + 3upt + plda,

where we also omit the bar of (P, i, 0,&) for notational convenience.

6. Numerical simnulation

We choose the baseline parameters in model (1.4) as r = 0.1, Ty = 1000, dp~ = 0.4, v = 850 and dy = 3
[1,11]. Then for model (1.5), we have § = 0.25, p = 7.5. We set o = 1.2 and use p; and py as bifurcation
parameters.

Notice that if p; = 0, then Ry = p2 and

]
b1by — b3 = ? [5(p2 - 1) +op+ ,LLQpQ}.
2

Thus, if Ro = p2 > 1, biby — bg > 0. Therefore, E is locally asymptotically stable for all §,a, 1 > 0, pa > 1
and p; = 0. This is the case when there is only cell-to-cell transmission, which is considered by Culshaw
et al. [2] for a = 1.

When p; > 0, the surface F(p1, p2) is shown in Fig. 1. We see that F is also locally asymptotically stable,
when p; and ps satisfy Rg > 1, p1 < p1 and py < pa, where (p1, p2) is at the intersection curve of the two
surfaces in Fig. 1, F(p1,p2) = 0.

First, we consider p; as a bifurcation parameter. Assume 35 = 0.65 x 1073, then pp = 1.625. When the
parameters are fixed at § = 0.25, « = 1.2, p = 7.5 and py = 1.625, F(p;) = 0 has a positive root p; =
79.98204093, a negative root p; = —13.50810411 and a pair of conjugate complex roots p; = —10.68071841+
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Fig. 1. The surface of F(p1, p2), when § = 0.2, a = 1.2, = 10.
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Fig. 2. The function F'(p;1) has only a positive root p; = 79.98204093.

0.2299679133i (see Fig. 2). Thus p; = 79.98204093 is a critical value for bifurcation. Since Ry > po > 1, we
see that if 0 < p; < py, E is locally asymptotically stable, while it is unstable if p; > py (see Fig. 3 and
Fig. 4). When p; = p1, there is a Hopf bifurcation, and a family of periodic solutions bifurcates from E (see
Fig. 5).

When p; = py, J has a pair of pure imaginary eigenvalues A = £0.4531462285i and a negative real eigen-
value A = —8.3881137969. In the following, we determine the bifurcation direction and stability, magnitudes
and periods of the bifurcated periodic solutions by applying the normal form theory and Maple program
developed by Yu [13] using computer algebra system. First we transform the fixed point to the origin and
let p1 = p1 +¢, and then transform the Jacobian matrix of system (1.5) evaluated at the trivial equilibrium
solution to Jordan canonical form. By the linear transformation

U U T
wl|l=w]|+P| x|, (6.1)
v v T3

where
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Fig. 3. Trajectories of system (1.5), when p; = 20. We have Ro = 4.291666666, and E is locally asymptotically stable, where
E = (0.233009709, 0.041759907, 0.005567988).

] 0.08137178429 0.9127757680 0.0000000000 0.4946210560
w | = | 0.01824228214 |, P =1 0.0025286175 —0.4048829165 —0.5771230032 |,
v 0.002432304285 —0.0029139233 —0.0538083311  0.6498300164

system (1.5) is transformed to

dz i
dr

:Fi(l'l,xQ,fE;?,;f‘:), i= 172737 (62)
where

Fy = 0.4531462284x5 + £(—0.0001967387 — 0.00197119162; + 0.00435232501:,
— 0.053757844x3) + £(0.0488215521 2125 — 0.588173231 17125 + 0.0264557501 2322
+ 0.002643870527 — 0.3194996052z3) + O(c)
— 0.02066492222% — 46.2688096803x1 23 + 4.62297804332 1
— 25.0663848848x2 + 2.5051303527 232,
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Fig. 4. Trajectories of system (1.5), when p; = 70. We have Ro = 10.958333333, and E is locally asymptotically stable, where
E = (0.091254753,0.020179391, 0.002690585).

Fy = —0.453146228421 + £(—0.0004372035 — 0.0043804908z; + 0.0096719770x2
— 0.1194636492z5) + £(0.1084939488z 125 — 1.307071031221 23 + 0.0587914287z 322
+ 0.005875355027 — 0.710009664523) + O(¢)
+0.4616677914x7 — 102.6557485267x1 73 + 10.00414797762 1 5
— 55.7633503054x3 + 5.42111481322325,

Fy = —8.388113796923 + £(—0.0000370843 — 0.000371559921 + 0.0008203919-
—0.0101330897z5) + £(0.009202622921 75 — 0.1108677664z 123 + 0.0049867790x 372
+ 0.000498356627 — 0.060224107023) + O(e)
+0.0381351380x% — 8.70775145012 3 + 0.8491105307x 1 25
— 4.729812814623 + 0.46012171012375.

It is easy to see that the Jacobian matrix of system (6.2) at = = (0,0, 0) is in the Jordan canonical form
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Fig. 5. Trajectories of system (1.5), when p; = 80. We have Ro = 12.291666667, and the Hopf bifurcation occurs at E, and there
is a stable limit cycle. Here E = (0.081355932,0.018239128, 0.002431884).

0 0.4531462284 0
J = | —0.4531462284 0 0 . (6.3)
0 0 —8.3881137969

The general normal form can be written in polar coordinates as

Z—: =r(ve +v1r?) + O(e°r,er®, %),
ﬁ_w 4 2L O(22 op 4t
7 = wo+ToE Tt + (e%,er?,r?).

For system (6.2), wy = 0.4531462284 corresponds to the pair of the pure imaginary eigenvalues. vy and 7y
can be found from linear analysis. By the theory in [15], we have

1/ 0%°Fy 0% Fy
Vg = < —+
2\ 0x10e  0Oxo0e
= (0.0048359885 + 0.0542469744x1 + 0.0293957144x3)
= 0.0048359885,

EZO, IiZO

z;=0
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Fig. 6. The function F'(p2) has only one positive root p; = 24.06639452.

1 < 0*Fy 0%F, )
T0 =

.\—r
-10

2 Oxo0e B 0x10¢
= (0.0021902454 — 0.0542469744x2 + 0.653535515623 — 0.00587535501 )|, =0
= 0.0021902454.

=0, ;=0

On the other hand, v; and 77 are determined by nonlinear analysis. Applying the Maple program developed
in [13] to system (6.2), setting € = 0, we obtain

vy = —0.09674296998, 71 = —2.380920393.

Therefore, the normal form of the system (6.2) up to the third order is given by

d

d—r = r(0.0048359885¢ — 0.0967429699817),
-

df 2

7 = 0.4531462284 + 0.0021902454< — 2.3809203937°. (6.4)
-

System (6.4) has equilibrium solutions 7 = 0 and 72 = 0.0499880095¢. The solution 7 = 0 corresponds to
the equilibrium solution E of the original system (1.5). Linearization of the equation dr/dr indicates that

7 = 0 (FE) is stable for ¢ < 0, that is p; < p;. When ¢ increases from negative values and crosses zero,
a Hopf bifurcation occurs and the amplitude of the periodic solution is given by

7 = 0.2235799845\/z, ¢ > 0.

Since 11 < 0, the Hopf bifurcation is supercritical and the bifurcation limit cycle is stable. The amplitude
of the bifurcating limit cycle is 7 = 0.2235799845./z, and the frequency is

w = 0.4531462284 — 0.1168272258¢.
Similarly, if we fix § = 0.25, « = 1.2, g = 7.5 and p; = 70, F(p2) = 0 has only one positive root

P2 = 24.06639452 (see Fig. 6) and two negative roots ps = —9.466977953 and ps = —10.77608331. Thus
p2 = 24.06639452 is a critical value of bifurcation. When 0 < py < pa, E is locally asymptotically stable
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Fig. 7. Trajectories of system (1.5), when ps = 1. We have Ro = 10.333333333, and E is locally asymptotically stable, where
E = (0.096774194, 0.021235716, 0.002831429).

(see Fig. 7), while it is unstable if po > ps. When ps = po, there is a Hopf bifurcation, and a family of
periodic solutions bifurcates from E (see Fig. 8).
Let ps = pa + ¢ and the linear transformation (6.1) with

U 0.0299403637 —0.0074850909 —0.7295387145 —2.0958254600
w | = | 0.0071963462 | , P =1 0.2403560052 —0.2794433946  2.0958254600 |,
v 0.0009595128 0 1 —7.5000000000

then system (1.5) is transformed to

dxi
dr

:Fi(xlaanx3;€)7 1= 172737 (65)
where

Fy = 0.483299960925 + £(—0.0002317009 — 0.0069984666, + 0.0138985043z
+0.00689135683) + £ (0.25977498862 23 + 0.1053782781325 — 0.000963420327
+0.06556985982:2 + 0.417878621721x5) + O(e)



X. Lai, X. Zouw / J. Math. Anal. Appl. 426 (2015) 563-58 581
x107°
3 9
x 10 t=0
2 8.5 |
8 L .
1.5
> 7.5} 1
2
1 71 ]
6.5 1
0.032 6 1
5.5 L L L L L
0.026 0.027 0.028 0.029 0.03 0.031 0.032
u
(a) (b)
0.032 gx 107
0.031 85l
0.03 8
75
> 0.029 =
7
0.028
6.5
0.027 6
0.026 L L L L 5.5 1 1 L L
0 100 200 300 400 500 0 100 200 300 400 500

Fig. 8. Trajectories of system (1.5), when p = 25. We have R = 34.333333333, and the Hopf bifurcation occurs at E, and there
is a stable limit cycle. Here E = (0.029126214, 0.007008232, 0, 0009344309783).

Fy =

— 0.0069840861x% — 57.155077708421 23 + 14.07085775702 25

— 14.412601577022 + 3.5483096890z522,
—0.4832999610x; + £(—0.0004807986 — 0.0145223983x1 + 0.0288405483z
+0.01430013662:3) + £ (0.5390546324 1 3 + 0.2186686613z322 — 0.00199917702
+ 0136062893822 + 0.8671327754x,25) + O(e)
+0.45269018332% — 118.5331112012z, 75 + 28.929720124321 75
— 29.919800065522 + 7.295333944 12525,

F3 = —7.786928485615 + £(—0.0000303249 — 0.0009159543x1 + 0.0018190263z
+0.000901935823) + £(0.0339991640z x5 + 0.0137918334z325 — 0.000126091827
+0.008581736222 + 0.0546916540z,25) + O(e)
+0.02769546772% — 7.476226073621 75 + 1.825142712521 72
— 1.887073807223 + 0.46025421352525.
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It is easy to see that the Jacobian matrix of system (6.5) at = (0,0,0) is in the Jordan canonical form

0 0.4832999610 0
J = | —0.4832999610 0 0 . (6.6)
0 0 —7.7869284856

For system (6.5), wp = 0.4832999610 corresponds to the pair of the pure imaginary eigenvalues. vy and 7
can be derived from linear analysis similarly to the previous case, then we have

1( 0°F 0?F,
Vg = < =+
2\ 0x10e  Ox20e )| g .,
= (0.0144202741 + 0.1093343306x3 + 0.4335663877x1)
= 0.0144202741,

1 0?Fy _ 0*F,
2 81’286 656188

= (0.0072611992 — 0.2695273162x3 + 0.0019991770x; — 0.4335663877x)
= 0.0072611992.

X =0

T0 =

=0, ;=0

$,;:0
On the other hand, v; and 71 are determined by nonlinear analysis. Applying the Maple program developed
in [13] to system (6.2) again, setting ¢ = 0, we obtain

v, = —0.2039007979, T = —21.07423997.

Therefore, the normal form of the system up to the third order is given by

d

L 7(0.0144202741¢ — 0.2039007979r2),

dr

df

- = 04832099610 + 0.0072611992¢ — 21.07423997r". (6.7)
-

System (6.7) has equilibrium solutions ¥ = 0 and 72 = 0.2039007979¢. The solution 7 = 0 corresponds to the
equilibrium solution E of the original system (1.5). Linearization of the equation dr/dr indicates that ¥ = 0
(E) is stable for € < 0, that is p» < pz. When ¢ increases from negative to cross zero, a Hopf bifurcation
occurs and the amplitude of the periodic solution is

7 = 0.2659360998/z, & > 0.

Since v < 0, the Hopf bifurcation is supercritical and the bifurcation limit cycle is stable. The amplitude
of the bifurcating limit cycle is 7 = 0.2235799845./z, and the frequency is

w = 0.4832999610 — 1.4831513940¢.
7. Conclusion and discussion

In this paper, we considered the direct cell-to-cell transfer of HIV-1 in addition to cell-free virus trans-
mission by mathematical modeling. We found that the basic reproduction number Ry is larger than that
of previous models which just considered cell-free virus spread mode. In fact, R is the sum of the basic
reproduction number determined by cell-free virus infection, R, and that determined by cell-to-cell infec-
tion, Ro2. When applying models considering only cell-to-cell transmission or infection by cell-free viruses
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to experimental data, parameters are always estimated to be an average of the effect of both modes of
transmission. Thus, the estimate of R based on a model neglecting cell-to-cell transmission is not the exact
basic reproductive number of the model with infection by cell-free mode, but an average of both modes of
infections.

When only cell-free spread of HIV-1 is considered, we have 8 = 0 in (1.4), and the model (1.4) becomes
the model (1.2) with v = 0 or the model considered in [5]. We see from the analysis in [5] that the basic
reproduction number is Ry = 5;4%1‘7 When Rp; < 1, the infection cannot establish. When Rg; > 1, the
infection can persist, and for some large 81 the Hopf bifurcation occurs, that is a family of periodic solutions

bifurcates from the positive equilibrium E. This property is very similar to the case when cell-to-cell transfer
is considered simultaneously. However, the basic reproduction number Ry; is only a part of Rg, the basic
reproduction number of (1.4), that is, the case when both transmission modes exist. On the other hand, we
see from Fig. 1 that the bifurcation critical point p; decreases as py increases. Therefore, the bifurcation
critical point 5, decreases as [ increases. That means the periodic solution occurs for smaller infection rate
of cell-free mode (1, when cell-to-cell transfer establishes compared with the case when only cell-free mode
is considered.

In contrast, when only cell-to-cell transfer is considered, 51 = 0 in (1.4). We know from the analysis
Td]‘; B 2, The infection cannot establish if Rgo < 1, while
it persists if Rz > 1. Furthermore, the positive equilibrium F is stable if Rgz > 1, and there are no Hopf

in [2] that the basic reproduction number is Roz =

bifurcation and periodic solutions. Since Rg2 is only a part of Rg, the basic reproduction number is also
underestimated when only the cell-to-cell mode is considered. The dynamical behavior of the system is very
different from the case when both infection modes are considered where the Hopf bifurcation and periodic
solutions occur for some values of infection rates §; and (s, that is, for some p; and ps.

The nonlinear term, say the logistic growth of target cells, leads to the Hopf bifurcation and periodic
solutions of the system for some range of parameter values. With stable periodic solutions, the concentration
of infected cells and virus load cannot stabilize at a constant level, but show oscillations. This is important
for experimental or clinic estimation of virus load. Due to the periodic oscillation, lower (or higher) virus
load detected at a moment does not indicate the same lower (or higher) load for a long time. The oscillations
of viral load levels in the plasma are also plausible under the effects of immune responses or delays in the
virus infection dynamics [1].

In the model (1.5), we do not consider any delay effects, such as the delay from the time of initial infection
until the production of new virions. Culshaw et al. [2] considered this delay for the cell-to-cell infection model
and found that there is a Hopf bifurcation for some critical values of the delay time. For the model (1.5), if
we consider delay effects, there may be Hopf bifurcations for some delay time. This needs further study.
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