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) stability switches when the delay varies, and show that Hopf bifurcations may occur within
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certain range of the model parameters. By combining the normal form method with the
center manifold theorem, we are able to determine the direction of the bifurcation and
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Genetic regulatory system the stability of the bifurcated periodic solutions. Finally, some numerical simulations are
Delay carried out to support the analytic results.
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Periodic solution

1. Introduction

In order to examine the capability of genetic regulatory systems for complex dynamic activity, Smolen [3] proposed a
model in the form of two ordinary differential equations for the transcript factors (TFs). Denoting by TF-A the level of
the transcriptional activators, and by TF-R the level of the protein that represses transcription by binding to TA-REs (the
responsive elements of the TFs) the model is given by the following ode system:

diTF—A] ki f[TF — A]? CTE AL
dt [TF—AP+Kiq(1+[TF —Rl/Kga) 1bas» .
- ’ —kog[TF —R]
dt [TF — AP + Koq(1 + [TF — RI/Kra)

where k; ; is the maximal transcription rate of TF-A, ky ¢ is the maximal synthesis rate, k;4 and ko4 are degradation
rates, K; 4 and K, 4 are the dissociation constants of TF-A dimer from TF-REs, 11 4 is a basal rate of synthesis of activator
at negligible dimer concentration, Kz 4 is the dissociation constant of TF-R monomers from TF-REs. See [3] for detailed
explanation for the model (2) and the parameters.

Using the numerical software AUTO, the authors of [3] numerically observed sustained oscillations for the model (2).
They also suggested the oscillations could be generated by time delays which is ubiquitous in genetic regulatory systems.
Indeed, in the same paper, the authors introduced a delay in to a scalar equation resulted from setting TA — R =0 in (2),
and also numerically observed oscillations, which partially confirmed their claim that time delays serves as another source
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to generate oscillations or complex transients. In a more recent work, Smolen et al. [4] modified (2) by incorporating a delay
T into (2) to obtain

d[TF —A] ki f[TF — A )k ATE - A

dr _<UT—AF+KMG+UT—RVMw>“ ©) —fallF = Al+ 11t )
d[TF—R] _ ko f[TF — AJ? ) kT - R

dt _<UT—AP+KMO+UT—Rvmm)“ vy —daall¥ — K]

where 1 is the time between changes in TF-A concentration and the resultant changes in the rate of formation of new TF-A
due to TF-A transcription. Again, sustained oscillations were observed my numeric simulations of (2). No rigorous analysis
has been given for (1) and (2), either in [3] or [4], and thus the simulations were in some sense based on lucks. On the
other hand, Hopf bifurcation analysis on a system is a useful approaches that can provide much information about periodic
solutions near a destabilized steady state, in terms of the system’s parameters. This motivates us to perform a theoretical
analysis on the modified model (2), aiming to obtain certain range for the model parameters within which Hopf bifurcations
occur giving rise to some periodic solutions.

The rest of this paper is organized as below. In Section 2, we simplify the notations in (2), consider existence of a positive
equilibrium and its stability, and show that Hopf bifurcation can occur for some parameter values. We use the delay 7 as
the bifurcation parameter, and thus, the obtained result confirms that the delay does cause oscillations in this model. In
Section 3, by using the normal form theory and the center manifold argument presented in Hassard et al. [1], we derive
some formulas that can determine the direction of the Hopf bifurcation and the stability of the bifurcated periodic solutions.
We also perform some numeric simulations, guided by the results obtained in Section 2, to confirm the theoretical results.

In this section, we shall employ the result due to Ruan and Wei [2] to study the stability of the positive equilibrium and
existence of local Hopf bifurcation.

2. Stability and Hopf bifurcation analysis
Through out this paper, we assume K; 4 = K, 4. For convenience, we re-label the unknowns and parameters as below:

kif=ki, kog=ks, kig=l, kpa=h, Tips=r, Kra=4q, Kig=Kyq=p,
TF—A=x, TF-R=y.

By the above re-labelling, system (2) is translated to

x(t) = ket — o) —Iix(t) +r

TR +p+ye-o 3)
. kax2(t — T)
y) = —bhy®.

X(t—1)+p(l+yt—1)/9

Let us firstly consider possible steady state (equilibrium) of system (3), which satisfies the following system of equations:

k 2

2# —hx+r=0,

x> +p(+y/q) )
k 2
2X Ly =0.

2+pd+y/q

For biological reasons, we are only interested in positive solutions of (4). It is very hard, if not impossible, to find an explicit
expression for a positive solution of (4). Therefore, instead of looking for an explicit form of it, we shall prove the existence
in an implicit way by some analysis.

Dividing the two quotient terms in (4), one can express y in terms of x by the following simpler formula:

k
Y= (ix—r). (5)
kllz

Substituting the above expression into the first equation of system (4) gives the following equation for x:

ki x?
2 lkz =hx-r (6)
x>+ p(+ gz (ix—1)
which further leads to
B+ U2 +VX+R=0 (7)

where
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f'(z) f(z)
T T
Fig. 1. f(x) =0 has a unique positive root under (A0)(i).
phiky r+k < 2k2r> —rp ( kor )
U= - s V= 1——, R=—1——"—]. (8)
kil2q l P kilhq l kil2q

The following lemma confirms establishes the existence of a unique positive root of (7) under some conditions.

Lemma 2.1. System (3) has a unique positive equilibrium (x, y) under the following assumption:

(AO0) R < 0 and one of the conditions holds:
(i) A:=U? -3V <0;
(i) A:=U?> -3V >0and —U — VA <0;
(iii) A:= U2 =3V >0, -U —vA>0and f(=45/8) <.

Proof. Let f(x) =x> 4+ Ux2+ Vx+ R. Since f(0) =R <0 and f(+o0) = +o0, by the intermediate value theorem, f(x) =0
has at least one positive root. Next we show that this root is unique under (A0), under either of the three conditions in (A0).

Notice that f'(x) = 3x> +2Ux + V. If (i) holds, then f’(x) > min f’(x) = 3V — U?)/3 >0 for all x > 0, implying that the
positive root is unique, as is demonstrated in Fig. 1. If (ii) holds, then f’(x) has two zeros

_—U-VA _ —U+VA
-3 T3

with x; < 0, meaning that the cubic function f(x) attains its unique local maximum at left-hand side of the vertical axis.
This together with f(0) = R <0 implies f(x) only has one positive root (see Fig. 2). For case (iii), f/(x) also has the two
zeros but now with both being positive. Thus, the cubic function f(x) attains its local maximum at x; > 0 with the value

f(#g) < 0. Thus, f(x) =0 also only has one positive root, as is shown in Fig. 3.

We have seen that under (AO), f(x) =0 has a unique positive real root, denoting it by x. Plugging x back either to (5)
or to the first equation in (4) will give a value for y. But since there is no explicit formula for X, one cannot confirm that
this value of y is positive from either of these two equations. Thus, we need to seek alternative way to show this. Indeed,
plugging x into the second equation in (4) and rewriting the resulting equation as

X1 X1

i} ko _
v+ 3@ +p)y- 222 =0, (9)
p Lp

one immediately sees that this quadratic equation has two real roots, one is positive and the other is negative. Denoting
the positive one by y. This shows that under the assumption (A0), system (3) has a unique positive equilibrium (%, y),
completing the proof. O

In order to determine the stability of (x,y), we linearize (3) at (x,y) to obtain

x(t) = =L x(t) + ki Mx(t — ) + ki Ny(t — 1),

10
y(t)=—byt) +koMx(t —t) +koNy(t — T), (10)

where

2px(1+y/9) N— (—p/¥*

TRt ty/r 2+ p(+y/DP
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f'(2) f(z)

f'(x) f(x)

xT1 T2 x

Fig. 2. f(x) =0 has a unique positive root under (A0)(ii).

f'(=) f(z)

1 o xr

Fig. 3. f(x) =0 has a unique positive root under (AO)(iii).
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The characteristic equation of (10) is

22 + (11 +1 - kzNe_)”T - klMe_“)A + Ll — l]kzNe_M— — lzk]Me_)”T =0. (11)
When t =0, Eq. (11) becomes

A2+ Bia+ Bo=0, (12)
where
Bo =1l —likoN —bkiM and By =1+ —koN —k M.

The signs of By and B; play an important role in determine the locations of the roots of (12). For By, we can show that
Bo > 0 as below. Consider the function

. ](1)(2
X+ p(l+ gz (hix—1)

H(x) —hx+r.

Obviously, H(x) =0 is equivalent to f(x) =0, and hence H(x) = 0 also has the unique positive root x. This, together with
the fact that H(0) =r > 0 and H(oco) = —co implies that H'(X) < 0. Now

pkaly 2 _ kor
b= 1 2hip0 g
[+ p(1+ e (lix— )P

l.

Substituting X into the above equation and noting that y = k’:—iz(l 1X — 1), we easily see that H'(X) < 0 reduces to By > 0.
The following lemma follows directly from the fact that Sy > 0.

Lemma 2.2. The following hold:

(I) If B1 > 0, then all roots of (12) have negative real parts.
(I) If B1 <O, then all roots of (12) have positive real parts.

(1) If By =0, (12) has a pair of purely imaginary roots +i./fo.

Note that N and M depend on k; and k; via X and y. Thus, the sign of 81, in general, cannot be explicitly determined.
The following numeric example shows that both cases of (I) and (II) are possible.

Example 1. Consider the same parameter values as used in Paul Smolen [3]:

k»=03, L=1, L=02  p=10, q=02  r=04.

When 7 =0, the systems (3) becomes the following ordinary differential equations:

oo kix?(t)
0= Fori00 1590 O T4

0.3x%(t) (13)
yt) = ' —0.3y(t).

X2(t) + 10(1 + 5y (1))

By numeric calculations, we can obtain g1 =1 +1, —koN —k;M =0 at k; =9.9211 or 10.8337. For k; = 9.9211, the equilib-
rium of system (13) is (x,y) = (1.3638,0.1457); for k; = 10.8337, the equilibrium of system (10) is (x,y) = (3.1987,0.3875).
When k; <9.9211 or k; > 10.8337, we have 8 > 0; when 9.9211 < k; < 10.8337, we have 8; < 0. The conclusions (I)-(III)
in Lemma 2.2 shows that Hopf bifurcation occurs when k; either increase to pass 9.9211 or decrease to pass 10.8337. These
results are summarized in the following theorem.

Theorem 2.3. Consider system (13):

(i) The unique positive equilibrium (X, y) is asymptotically stable when k; < 9.9211 or k; > 10.8337.
(ii) The equilibrium (x,y) is unstable when 9.9211 < k; < 10.8337.
(iii) System (13)undergoes a Hopf bifurcation at (x, y) when k; increase to pass the value 9.9211 or decrease to pass the value 10.8337.

The above results are numerically confirmed, as illustrated in Figs. 4-6.

In the rest of the paper we assume that 8; > 0 holds, hence (x, y) is stable when 7 = 0. We will explore how the time
delay 7 affects the dynamics of (3). It is well known (see, e.g. [2]) that a root A = A(t) of (11) depends on 7 continuously;
if it will ever leave the left half plane and enter the right half plane on the complex plane as T increases, it must cross the
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k1=9.89
0.45 4.5 : . - : . , :
0.4} 1 4 1
0.35- J 3.5
0.3 1 x 3
0.25- ] 25
>
0.2} J 2
0.15} 1 >15
0.1} . 1
0.05} . 0.5+ 1
0 oL T ’
0.5 4.5 0 100 200 300 400 500 600 700 800
t
Fig. 4. Phase plots for system (13) with k; =9.89, k, =0.3,1; =1,1b, =02, p=10,q=0.2, r=0.4.
= k1=10
0.45 : : . K1=10 : : 4.5 , \ \ \ \ - \
04| 4 ]
0.35} 3.5 ]
0.3} 3 i
0.25} x25 J
>
0.2+ > 2t i
0.15} 1.5
0.1+ 1t /|
0.05¢ 0.5 4
0 0 . ! . . ! . h
0.5 0 100 200 300 400 500 600 700 800
X t
Fig. 5. Phase plots for system (13) with k; =10, k, =0.3,1;, =1,1b,=0.2, p=10,g=0.2, r=04.
= k1=11
0.7 ; . k.1 1 . . 7 . : : :
0.6+ § 6 _
0.5+ , 5 1
0.4 ] x 4 i
>
0.3+ . > 3} 1
0.2+ . 2t 1
0.1+ i 1 |
0 R I
1 2 3 4 5 6 7 0 100 200 300 400 500 600 700 800
X t

Fig. 6. Phase plots for system (13) with k; =11, k, =0.3,1; =1, =02, p=10,q=0.2,r=04.

purely imaginary axis, and this is exactly the situation where Hopf bifurcation occurs. So, we need to explore the possibility
of purely imaginary roots of (11) as T increases. For convenience of notations, we denote

A=B+B—(aN+kiM)?,  B=(1h)?* — (l1kaN + Lk M)
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Lemma 2.4. Assume that
(A1) A<Oand A2—4B >0

hold. Then Eq. (11) has a pair of purely imaginary roots iwj, j =1,2,at T = f,{, j=1,2andn=0,1,2,..., where

j —wlj arctand, if6 <0,
T, =
0 ij(n —arctans), ifs >0,
j j nmw
rn:To+_’ n:1,2, 7.]:1’2,
@j
—A—+/AT—4B —A++/AT—4B
a)l = —’ a)2 = —?
2 2

koN((@))* + 1) + kiM((0))* + B)

~ kaNlp((@;)? + B) + ki My (@))% +B) (9

Proof. Substituting A =iw (w > 0) into Eq. (11) yields

—? +[li + 1 — (kaN + ki M) (cos 0T — isinwt)Jiw + lil — (l1kaN + ki M) (cos 0T — i sinwt) = 0.
Separating the real and imaginary parts leads to

wkoN 4+ ki M) coswt — (l1kaN + ki M) sinwt = w(l; + 1),

wkaN + kM) sinwt + (l1kaN + kM) cos ot = —w* + L1 15. (15)
Squaring and adding both equations of (12) results in the equation,

o* + Aw* + B =0. (16)

Obviously, if (16) has no positive solution for w?, then (11) cannot have purely imaginary roots. Now, under the assumption
(A1), (16) has two positive solutions for w:

—A—+/A2—4B ” —A++VA2—-4B
Y 2=\~
2 2

with o < w;. Let

j —wlj arctand, if § <0,
Ty =
0 ij(n —arctané), if § >0,
and define
j j nmw 3
L =7+-— n=12,..., j=12,
@j

then (tnj,a)j) solves Eq. (15). This means that iw; is a root of Eq. (11) when 7 = r,{ (n=0,1,2,..., j=1,2). This completes
the proof. O

The following lemma verifies the transversality condition.

Lemma 2.5. Let A(T) = «(T) 4 iw(T) be the root of Eq. (11) satisfying oz(r,{) =0and w(f,{) =wj. If

1 (ki M+kyN)?

1
(A2) (@))2+12 + ()2 +12 = (kiM~+kaN)2 ()2 +(k11,M+ka1; N)2

holds, then

a/(rn]) > 0.
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Proof. Substituting A(7) into (11) and differentiating both sides with respect to T gives

" 1 Lo kiM + koN T
dt o AA+DL) A+ AAKIM +koN) + (koliN + kb M)] A7

At T = r,{, A=iw;j and hence,

(%)

Taking out the real part, one then obtains

B 1 n 1 n kiM + koN tnj
i (a)j)z—ia)jlz (a)j)z—ia)jll (—a)j)2(1<1M+k2N)+ia)j(k211N+k112M) ia)j'

A=W}, T=T,

il 1 1 (k1M + ko N)2
(@' (r)) = 5 T 2 202 2
(wj)2—|—12 (wj)2+ll (kiM +kaoN)*(wj)? + (kiloM + kal1N)

which is positive by (A2). This completes the proof. O

Summarizing the above analysis and applying the Hopf bifurcation theorem for functional differential equations (see, e.g.,
[1]), we obtain the following theorem.

Theorem 2.6. Assume that 8, > 0, and (A1) and (A2) hold. Then (X, y) is asymptotically stable for t € [0, Ty) with Tg = min{ tol, ‘[02 1,
and it becomes unstable for T > 7. System (3) undergoes Hopf bifurcations around (x, y) as T increases to pass T = ] for j=1,2
andn=0,1,2,..., where r,{, j=1,2andn=0,1,2,..., are defined by (14).

Although there is a sequence of critical values for the bifurcation parameter 7, only at the smallest one 7o = min{t(}, rg}
it is possible for the bifurcated periodic solution to be stable and hence numerically observable. In the next section, we will
investigate the direction of the Hopf bifurcation and the stability of the bifurcated periodic solution near the first critical
value 1.

3. Direction and stability of the Hopf bifurcation

In this section we shall study the direction of the Hopf bifurcation and the stability of the bifurcated periodic solutions
near 7p, by using the algorithm developed in Hassard et al. [1] which is based on the normal form and center manifold
theory.

Let T =19 + . Then u =0 is the Hopf bifurcation value for system (3) in terms of the new bifurcation parameter pu.
Let X(t) =x(t) — X, Y(t) = y(t) — y, t = st and still denote X (t), Y (t) by x(t), y(t), st by t. System (3) can be written as

ki(x(t — 1) +X)?
x(t—D+X2+p(l+yE—1)+y)/q9)

ka(x(t—1) +3%? _
(=1 +X)?+p( + (=1 =/q)

)'c(t):‘r[ —ll(X(t)+7c)+r],

y(t) = r[ L(y() +y)}. (17)

Choose the phase space as C = C([—1,0], R2). For any ¢ € C let

_l 0 0 kiM kN -1
Lu(¢)=(fo+“){ 0 —12:|[2;E0; :|+(TO+M)|:IZM ZLNMZZE—I; }
def

= (to + 1)Bp(0) + (to + w)Co (1)

and

KM (e — 1) +2Qux(t — Dyt — 1) + Nyt — D) + B Mot - 1)

+3Qax2(t — Dyt — 1) + 3Rax(t — Dy*(t — 1) + Nay*(t — 1)) + 0 (x*(t — 1), y*(t — 1))
B (M2 = 1) +2Qix(t — Dyt — 1) + Nyt — 1) + 2 (M3t = 1)

+3Qax>(t — D)yt — 1) +3Rox(t — DY2(t — D)+ Nay3(t — 1)) + 0 (x*(t — 1), y*(t — 1))

F(u,¢) = (10 + 1)

where
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v 2 10x> 8x*
1= = — = =,
%2 1 bd+y) %2 1 pd+Y) 2 %2 1 pd+¥) 3
X+ == [+ == x4 5]
N 2)*(2p2
1 = Y2 I RE]
52 1 pA+Y) 13,2
(%2 + B2 13q
0 2Xp 4x°p
1=— = = )
[x2 + p(ljy)]zq [x2 + p(lc;Ly)]3q
u 24x 72x3 48%°
2== = = — =,
%2 1 bU+Y) 2 %2 1 pd+¥)q3 32 1 pd+Y)q4
(24 BN Rz 4 BN [x2 4 RUEN
N 6;(2p3
e
%2 1 pd+¥) 14,3
(%2 + P )4
R 4xp? 12%3 p?
2= 5 - > )
%2 o PA+Y) 3.2 52 o PA+Y) 4.2
[x* + === Fq" [+ =1
0 2p N 20x2p 24%%p
2=— -

52 4 pA+Y) 2 52 4 pA+Y)q3 52 4 PA+Y) 4"
¥+ =Z=1q ¥+ 57=Pq ¥+ 571

By the Riesz representation theorem, there exists a matrix whose components are bounded variation function
n@, 1) :[—1,0]— R¥ in 6 € [—1,0] such that

0
LM¢:/dn(9,u)¢(0) for ¢ € C. (18)
-1

In fact, if we choose

(to+m)B, 6=0,
Tl(evlu’): 0’ 96(_1,0),
—(to+wC, 6=-1,

then (18) is realized.
For ¢ € C'([—1,0],R?), define

AW do(0)/do, 0 €[-1,0), RG24 0, 6 €[—1,0),
we = weo =
J2 dne, we®, 0=0, F(i.¢). 6=0.
Then system (17) can be rewritten in the following form:
ur = A(pue + R(pue, (19)

where u; = u(t +0) for 6 € [-1,0].
For ¢ € C'([0, 1], (C?)*), define

—dyr(s)/ds, se(0,1],

A*Y(s) =
ve) {jfldTn(r,())w(—r), s=0.

For ¢ € C([—1,01,C?) and ¥ € C([0, 1], (C2)*), define
0 0
(¥,0) =¥ (0)¢(0) —//&(E —0)dn(©)¢(&)dé
-10

where n(0) = n(6,0). Then A* and A(0) are adjoint operators. Let q(¢) and g*(s) are eigenvector of A and A* corresponding
to iTgwo and —itpwy, respectively. By direct computation, we obtain that

. 1 .
q(6’) = (1’ E)Telwofoe’ q*(s) — B(l’ F)ela)of()s’
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where

E— iwoTo + 11 — klMefiwofO klNeiwofo
ki Ne—i®oto —iwoTo + Ip — kyNeiwoTo’

D=1+ EF + (kiM + FkoM + Ek; N + EFkaN)7oe~®0%,
Moreover, (q*(s),q(9)) =1 and (q*(s),q(8)) = 0.
Using the same notation as in Hassard et al. [1], we first compute the coordinates for describing the center manifold .£q

at u = 0. Let u; be the solution of Eq. (17) when w = 0. Define z(t) = (g*,u;) and W (t,0) = u:(#) —2Re{z(t)q(6)}. On the
center manifold £¢, we have W (t,0) = w(z,z,60), where

_ z2 _ z2 z3
W(z,z,0) = Wzo(G)E + Wi1(0)zz + W02(9)? + W30(9)g + e

z and Zz are local coordinates for center manifold £¢ in the direction of ¢* and g*. Noticing that W is real, if u; is real, we
only need to consider real solutions. For a solution u; € £¢ of (17), since u =0, we have

2(t) = iwoToz(t) + 4" (0)Fo(2,2). (20)

We rewrite this equation as

Z(t) = iwgToz(t) + g(2,2), (21)
where

2 z2 72z

o _ z _
£(z,2) =q"(0)Fo(z,2) =80 +g1122+g025 +g217 +--e (22)

By (18) and (20), we have

AW —2Re{q*(0)Foq(0)}, 0 €[-1,0),

W = ur —2zq — i] = _
AW —2Re{q*(0)Foq(®)} + Fy, 6 =0,

=AW + H(z,2,0),
def _
where Fy = Fy(z,2), and

22 z?
H(Z,f,@):HQOE+H1122+H02?+--~. (23)

Expanding the above series and comparing the corresponding coefficients, we obtain

(A —2iwgTo) W20 (0) = —H2(0), AWq1(0)=—H11(0),.... (24)

Note that u; = W (t,0) + zq(8) + zg(0) and q(0) = (1, E)Tei®0™? e get

x(t—1)= ze i@0T0 4 Zpi®oTo W(l)(—l), yit—1)= zEe™i®0T0 | ZEel®0T0 | W(z)(—l),

(1 () z ) > (1) z
WD) =Wy (D= + W (—Dzz+ W) (D= + -+,

2 52
z _ Z
w1 = W%)(—l)? + WPz + Wéﬁ)(—1)3 T
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It follows that

kLM [zemi@o0 4 Zeioom L WD (12 4 wD(—1zz+ W (—DZ + .. 2
+2Qu[ze 0™ 4 Zefn® L Wi (-G + Wi (-DzZ+ W (-DF
+ - lzEemi@0® 4 zEeioot 4 WD (—1)Z + WP (—1)zz+ W (-DF + -]
+ Ni[zEe~i@0® 4 zEeioot 4 WD (—1)Z + WP (—1)zz+ W (=15 + - ]2)
+ 8 (Malze0® + zef0® + W ()G + W) (-D)zz+ WS (DG + - ]
+3Qafze 0™ 4 zel0® L W (—1)E + W (—Dzz+ W (-DE
+ - PlzEe~ om0 4 7Bt L W (D + WP (—Dzz+ WP (-5 + -]
+3Rafze 710 4 zelo® L WP (—1)E + W) (~Dzz + W (-DE
+ - A[zEe~ 00 4 ZEei0™ 4 WD (DG + WD ()22 + WD (~DF +-- 12
+ Na[zEe~i@0 4 zEeio® 4 W@ (—1)Z + WP (=Dzz+ W (=DZ +---13)
Fo = 70 x + O -1, y*E—1)
K (M [zemieo0 4 Zeiwoto L WD ()2 + WD (—1zZz+ W (—DE + .- 2
+2Q,[ze 0% 4 zeiwon L W (—1)G + W (—Dzz+ W (-1 E
+ - lizEe~ @00 4 zEeioo® 4 WD (—1)Z + WP (—1)zz+ W (-1)F + -]
+ Ny[zEe~i@0m 4 zEeiom + W@ (—1)Z + WP (—Dzz+ W (=1)T + - 17}
+ B (My[ze—iooto 4 zeloon 4 Wi (—1)E + W=Dz + W (-DE + - P
-qurwm+@mm+wmeni W (—Dz+w (D%

- PlzEemi@0t 4 zEeint 4 WD (~1)G + WP (D22 + WE (=D + -]
4ﬁmufwm+mwm+w®(nz+wm(nu+wm(nz
+ - J[zEe~ @00 4 zEeiom 4 WD (—1)Z + WP ()22 + WP (DG + -2
+ Ny[zEe=i@0m 4 zEeioot 4 WD (—1)Z + WP (—1)zz+ W (=15 + - )
+0He— 1.y e —1)

Comparing the coefficients with (21), we have

To(k1 + k2 F)

20 = 5 (M1 +2Q E + Ny E?)e~2i@0m,
7ok + k2 F) - -
g1 = T(Ml + Q1E+ Q1E+ N{EE),
7o(ky + ko F _ o
gop = %(Ml +20Q,E+ N1E2)e2""0f0,
o = To(k1 + ko F) [M; (W (1)( 1)ei@ot +2W(1)( l)e"“’“’(’)
D
+ Ql( Wf?)( 1)e—la)()f() + W(Z)( l)elw()f() + W(])( I)Eela)()f() 4 ZW(])( I)Ee_lworo)
+ NI QREW P (= De™ 070 1 EW) (—1)e'0™) + Mpe ™0™ 4 Qy(E + 2E)e 0%
+ Ry(E + 2EE)e™ 0™ 4 N, E*Ee™'*0™], (25)
where
Wa(®) = 22q(0) + 5 1802 =4O + B, (26)

Wii(60) = —fiq«n + ﬂfne) +Es. 27)
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Fig. 7. Delay induced sustained oscillations: numeric simulations of system (3) with k; =11, k;, =03,11 =1,1,b, =02, p=10,4q=0.2,r=04 and 7 =
12 > 19 = 2.3026.
2iwy + 1] — klMe_ziwofo —kq Ne—2i@oTo -
1= . ) )
—kyMe~2Zi®oTo 2iwy + I — ky Ne~2iw0To

kl(Mle—ziworo +2Q1Ee*2"wof0 JerEzefziworo)
ky(Mje2i@oT 4 2Q Ee~2iw0T0 4 N, E2e—2ic0T0)

—1 _ —
. [—h+hM kiN } x[hwh+Qﬁ+Qw+Nwm }
2= )

koM —l +koN ka(My + Q1E + QE + NEE)
Solving the above equations to obtain E; and E;, and substituting them into (26) and (27), respectively, we can get

W»(#) and W11(#). Then g»; can be expressed by the parameters and delay in Eq. (17) Consequently, g;; in (25) can be
expressed by the parameters and delays in (17). Thus, we can compute the following quantities:

i g02l* | &2 Re(c1(0))
c1(0) = —— “2lgn? - 48 —_at
1(0) 0 <g11g20 g1 3 ) > H2 =~ R (o)

_Im(c1 (0) + 2 I ()

Y2 =2Re(c1(0)), Tr= o

(28)

which determine the properties of bifurcating periodic solutions at the critical value 7y as below:

(i) po determines the directions of the Hopf bifurcation: if w, > 0 (u2 < 0), then the Hopf bifurcation is supercritical
(subcritical) and the bifurcating periodic solutions exist for T > 7y (T < 7p);
(ii) y» determines the stability of bifurcating periodic solutions: the bifurcating periodic solutions are stable (unstable) if
Y2 <0 (y2>0);
(iii) T, determines the period of the bifurcating periodic solutions: the period increases (decreases) if To > 0 (T, < 0).

4. Numeric simulations

To illustrate the analytical results obtained in Section 3, we will choose parameter values as
k, =0.3, =1, l,=0.2, p =10, qg=0.2, r=04.

When k; = 11, the equilibrium is given by (x,y) = (3.5268,0.4263), and (Agp), (A1) and (A3) are all satisfied. Furthermore,
we have wg = 0.6656, T9 = 2.3026, g9 = 0.6165 — 0.5428i, g1; = —0.6120 + 0.3759i, gog» = 0.7630 — 0.3044i, and gy =
—6.6747 — 2.8357i, )/ (19) = 3.7758 — 6.8184. By (23), we can further compute to obtain

c1(0) = —3.5250 — 1.8938i, M2 =0.9335, Y2 = —7.0501, T, =12.4083.

Hence we conclude that the bifurcation occurs when t increases to pass tg, the bifurcated periodic solution is orbitally
asymptotically stable, and the period increases as well as T increase. These are illustrated in Fig. 7. Note that values of all
parameters are taken the same as in Fig. 6, except T = 12, showing the sustained oscillations are induced by delay.
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