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Abstract

In this paper, we study the threshold dynamics of a class of reaction-diffusion systems in a cylindrical 
domain with shifting effect. We first transform the reaction-diffusion system into a spatially inhomogeneous 
autonomous system using moving coordinates and analyze the fundamental properties of the solution to this 
new system. Then, we establish uniform asymptotic annihilation of the autonomous system by constructing 
an upper system sequence. Finally, employing the theory of asymptotic spectral radius, we investigate the 
threshold dynamics of the system, including existence/nonexistence and uniqueness of forced wave, as 
well as its global stability. Particularly, we establish a logarithmic relation between the asymptotic spectral 
radius and the standard generalized principal eigenvalue, thereby characterizing the influence of the climate 
shifting speed c on the asymptotic spectral radius.
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1. Introduction

Global climate change and industrialization have been a big concern in the scientific com
munity. This has stimulated ecologists to explore how environmental shifts influence population 
dynamics (see, e.g., [18,33]). In this regard, mathematical modelling can play an important role 
and has actually provided some useful and helpful insight to explain and understand the impact 
of such shifting environments through reaction-diffusion. For example, in their pioneering work 
Berestycki et al. [1], the authors formulated a one-dimensional reaction-diffusion equation with 
a forced speed c:

∂tu(t, x) = d∂xxu(t, x) + f (x − ct, u(t, x)), (t, x) ∈ (0,∞) ×R, (1.1)

where c > 0 is the speed of climate change, d is the dispersal rate, and f represents the growth 
function in the shifting environment. Under the assumption that the favourable habitat is sur
rounded by unfavorable ones, they established the existence and uniqueness of travelling wave 
solutions with the speed c (called forced wave) and the long time dynamics of (1.1). Later, 
Berestycki and Rossi [4] extended the results of [1] to higher dimensional cases with more gen
eral assumptions on f . When f in (1.1) is logistic form, i.e., f (x − ct, u) = u(r(x − ct) − u), 
Li et al. [21] investigated the persistence and extinction dynamics and established criteria to 
determine whether the population persists or becomes extinct. Furthermore, researchers have 
also investigated the spatial-temporal dynamics of other mathematical models in shifting habi
tats, such as integro-difference equation models [20,22,48], nonlocal diffusion equation models 
[23,34,35], and lattice differential equation models [13,25], delayed reaction diffusion equation 
models [7,16,37]. For more related studies, see [2,8--12,14,15,19,40,41,44,45] and references 
therein.

Among the various types of spatial domains are cylindrical domains. Reaction diffusion equa
tions in cylinders have also received considerable attention in recent years, particularly regarding 
asymptotic propagation and traveling wave theory of reaction diffusion equations in such do
mains; see [3,24,27,28,31,46]. When there is a shifting effect accounting for the environmental 
shift, reaction-diffusion models in such cylindrical environments have also gained growing inter
est (see, e.g., [5,6,32,38]). Berestycki and Rossi [5] extended model (1.1) to an infinite cylinder 
with Neumann boundary condition:{︄

∂tu = Δu + f (x1 − ct, y,u), (t, x1, y) ∈ (0,∞) ×R× Ω,

∂νu(t, x1, y) = 0, (t, x1, y) ∈ (0,∞) ×R× ∂Ω.
(1.2)

In [5], assuming that the favourable habitat is bounded. They demonstrated that the long time dy
namics of the solution are determined by the generalized principal eigenvalue λ of an associated 
linear elliptic operator: if λ ≥ 0, the solution converges to zero; if λ < 0, the solution converges 
to the traveling wave U(x1 − ct, y), uniformly for (x1, y) ∈ R× Ω. Subsequent research by Vo 
[32] investigated reaction-diffusion models in shifting environments characterized by globally 
unfavorable mixed habitats with favourable pockets extending to infinity. The study established 
criteria for species persistence versus extinction in cylindrical and partially periodic domains. 
Bouhours and Giletti [6] analyzed the spreading and vanishing of monostable reaction-diffusion 
models in heterogeneous environments. They investigated the large time behaviour of solutions 
when the subdomain shifts or contracts at a given speed c with a positive reaction term. We point 
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out that the above works are all for scalar reaction diffusion equations. Despite these advances 
for scalar R-D equations, reaction-diffusion systems in cylinders with shifting effect are rela
tively less understood, compared to their one-dimensional counterparts. It is known that for R-D 
systems, the comparison theorem and maximum principle are generally no longer valid, and this 
brings in challenges in the study of the dynamics of R-D systems unless a system is cooperative.

Recent advances by Yi and Zhao [38] have significantly extended the theoretical frame
work for spreading speeds and traveling waves in monotone evolution systems without spa
tial translation invariance. Subsequently, Yi and Zhao [39] further generalized their theory to 
non-monotone evolution systems without spatial translation invariance, providing a powerful 
tool to analyze the global dynamics for certain evolution systems with their limiting systems 
being uniform asymptotic annihilation. In particular, they applied these abstract results to a 
reaction-diffusion system in a shifting environment. This development contrasts with traditional 
approaches based on generalized principal eigenvalues - a key methodology in propagation 
dynamics (see, e.g., [2,4,5,10,32]). As demonstrated in foundational works by Berestycki and 
collaborators [4,5], generalized principal eigenvalues serve as critical indicators for population 
persistence or extinction in shifting habitats. However, the introduction of generalized eigenval
ues depends on the specific form of the equations, leading to distinct definitions for different 
classes of problems. Moreover, their applications usually require auxiliary tools such as regular
ity theory, comparison principle, and the construction of appropriate upper and lower solutions. 
In contrast, the asymptotic spectral radius theory developed by Yi and Zhao [39] transforms the 
above problems that require special treatment in the generalized eigenvalues into fundamental 
assumptions (asymptotic contraction, asymptotic translation, and strong positivity), and this can 
avoid repetitive arguments of the generalized eigenvalues and their derived procedures for certain 
systems.

Motivated by the aforementioned developments, in this paper, we investigate the following 
system⎧⎪⎨⎪⎩

∂tu = D1Δxu + D2Δyu + f(x − ctξ, y,u), (t, x, y) ∈ (0,∞) ×Rm × Ω,

∂νu(t, x, y) = 0, (t, x, y) ∈ (0,∞) ×Rm × ∂Ω,

u(0, x, y) = ϕ(x, y), (x, y) ∈Rm × Ω,

(1.3)

where Ω is a bounded domain in Rn with smooth boundary ∂Ω, ν is the outer unit normal vector 
field to Rm × ∂Ω, ξ ∈ Sm−1 is a given unit direction vector and c ∈ R is the speed of the climate 
change. Here,

Δx =
m ∑︂

i=1 

∂2

∂x2
i

, Δy =
n ∑︂

j=1 

∂2

∂y2
j

,

Dj = diag(dj1, · · · , djN) is matrix of diffusivities, with dji > 0 for i ∈ {1,2, · · · ,N}, j ∈ {1,2}. 
f = (f1, f2, · · · , fN)T , u = (u1, u2, · · · , uN)T , and ϕ = (ϕ1, ϕ2, · · · , ϕN)T . We are concerned 
with the forced travelling wave solution to this system. Applying the abstract results in [39], we 
will establish the existence, nonexistence, and uniqueness of forced wave and its global stability. 
To rigorously prove the uniform asymptotic annihilation of solution to the reaction diffusion 
system (2.1) transformed from (1.3), we introduce a linear system and construct an upper system 
sequence. In addition, we define the truncation, amplification, and asymptotic spectral radius of 
the solution operator of the linear system to study the threshold dynamics of system (1.3). The 
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results reveal that when the asymptotic spectral radius is strictly greater than 1, the system admits 
a nontrivial traveling wave W(x − ctξ, y), while if it lies strictly between 0 and 1, the solution 
converges to 0.

The rest of this paper is organized as follows. In Section 2, we present some basic notations 
and assumptions. Then, we transform system (1.3) into an inhomogeneous reaction-diffusion
advection system using moving coordinates and establish the fundamental properties of its 
solution. In Section 3, we introduce an auxiliary linear system and analyze the asymptotic an
nihilation of the system (2.1) by constructing an upper system sequence. In Section 4, we first 
explore the threshold dynamics of system (1.3), then we establish the relation between the asymp
totic spectral radius and the generalized principal eigenvalue defined in [5], thereby determining 
how the shifting speed c affects the threshold dynamics.

2. Preliminaries

In this section, we first give some basic notations and preliminary results that will be essential 
for the analysis in subsequent sections.

Let Rm and RN be equipped with the Euclidean norm. Let C = BC(Rm × Ω,RN) be the 
normed vector space of all bounded and continuous functions from Rm × Ω to RN with the 
norm

∥φ∥C =
∞ ∑︂

k=1 
2−k sup{||φ(x, y)||RN : (x, y) ∈Rm × Ω, ∥x∥Rm ≤ k}.

In addition, let C+ = {φ ∈ C : φ(x, y) ∈ RN+ , ∀(x, y) ∈ Rm × Ω}, and C◦+ = {φ ∈ C : φ(x, y) ∈
Int(RN+), ∀(x, y) ∈ Rm × Ω}. It is clear that C+ is a closed cone in the normed vector space 
C. For any ξ, η ∈ C, we write ξ ≥ η if ξ − η ∈ C+; and ξ > η if ξ ≥ η and ξ ≠ η; ξ ≫ η if 
ξ − η ∈ C◦+.

Let K = {1,2, · · · ,N}, 1 = (1,1, . . . ,1) ∈ RN , and 1̌ ∈ RN×N be the matrix with (1̌)ij = 1
for all i, j ∈ K . For any r ∈ Int(RN+), we define

Cr = {φ ∈ C : 0 ≤ φ(x, y) ≤ r, ∀(x, y) ∈ Rm × Ω}.

For any given z ∈Rm, we define the spatial translation operator 𝒯z on C by

𝒯z[φ](x, y) = φ(x − z, y), ∀(x, y) ∈ Rm × Ω, φ ∈ C.

Define ∥φ∥∞ = ∥φ∥L∞(Rm×Ω,RN) for all φ ∈ C. Then (C,C+,∥·∥∞) is a ordered Banach space.
An N × N matrix A = (aij ) is said to be cooperative if aij ≥ 0 for all 1 ≤ i ≠ j ≤ N , and the 

spectral bound of A is defined as s(A) = sup{ℜλ : det(λI − A) = 0}. The norm of A is given by 
∥A∥RN×N =√︁λmax(AAT ), where λmax is the largest eigenvalue of AAT . A is irreducible if for 
any nonempty, proper subset I of the set K , there is an i ∈ I and j ∈ K\I such that aij ≠ 0. For 
simplicity, we denote ∥ · ∥∗ by ∥ · ∥, where ∗ represents Rm, RN , RN×N , C(Ω,RN), or C.

Throughout this paper, we always assume that f satisfies the following hypotheses.
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(H1) f ∈ C(Rm × Ω ×RN+ ,RN), f(·, ·,u) ∈ L∞(Rm × Ω,RN), f(x, y, ·) ∈ C1(RN+ ,RN), u ↦→
f(x, y,u) is locally Lipschitz continuous, uniformly for (x, y) ∈ Rm × Ω. In addition, we 
assume that f(x, y,0) = 0 for all (x, y) ∈Rm × Ω.

(H2) There exists M ∈ Int(RN+) such that for any (α, x, y) ∈ [1,∞)×Rm ×Ω, f(x, y,αM) ≪ 0. 

Moreover, inf
{︂

∂fi (x,y,u)
∂ui

: (x, y,u, i) ∈ Rm × Ω × [0,M]RN × K
}︂

> −∞, and f(x, y, ·) is 

subhomogeneous on RN+ .

(H3) The Jacobian matrix Duf(x, y,u) :=
(︂

∂fi (x,y,u)
∂uj

)︂
is continuous and cooperative for all 

(x, y,u) ∈ Rm × Ω × RN+ . Furthermore, there exists (x0, y0) ∈ Rm × Ω such that 
Duf(x0, y0,0) is irreducible.

(H4) The spectral bound of the matrix

s

⎛⎜⎝ lim 
R→∞ sup 

||x||>R
y∈Ω

Duf(x, y,0)

⎞⎟⎠< 0,

where ⎛⎜⎝ lim 
R→∞ sup 

||x||>R
y∈Ω

Duf(x, y,0)

⎞⎟⎠
ij

= lim 
R→∞ sup 

||x||>R
y∈Ω

∂fi

∂uj

(x, y,0).

(H5) lim inf 
(||x||,v)→(∞,0)

[︂
min
y∈Ω

(Duf(x, ·,0) − Duf(x, ·,v))
]︂

≥ 0.

(H6) There exists a f+ such that lim ∥x∥→∞ f(x, ·, ·) = f+ in C1
loc(Ω ×RN+ ,RN).

(H1) enumerates the continuity, boundedness, differentiability, and local Lipschitz continuity 
of f. These properties ensure the existence and uniqueness of mild solutions. (H2) implies the 
boundedness and dissipativity of the system, which in population models typically corresponds 
to the fact that the environment has a carrying capacity. The subhomogeneity of f ensures that 
the linearized system around the trivial solution can serve as an upper system for system (2.1). 
(H3) states that the system is cooperative, which implies monotonicity of solutions, while the ir
reducibility guarantees the strong positivity of solutions. Finally, (H4) and (H5), combined with 
subhomogeneity, establish the asymptotic annihilation of the system (2.1). (H6) states that both 
(1.3) and its transformed system (2.1) have limiting systems which will play a role in understand
ing the dynamics of (1.3).

To proceed, we transform system (1.3) into an autonomous system with spatial heterogeneity 
using moving coordinates:⎧⎪⎨⎪⎩

∂tu = D1Δxu + D2Δyu + cξ · ∇xu + f(x, y,u), (t, x, y) ∈ (0,∞) ×Rm × Ω,

∂νu(t, x, y) = 0, (t, x, y) ∈ (0,∞) ×Rm × ∂Ω,

u(0, x, y) = ϕ(x, y), (x, y) ∈ Rm × Ω.

(2.1)

Under (H6), (2.1) has the following limiting system:
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∂tu = D1Δxu + D2Δyu + cξ · ∇xu + f+(y,u), (t, x, y) ∈ (0,∞) ×Rm × Ω,

∂νu(t, x, y) = 0, (t, x, y) ∈ (0,∞) ×Rm × ∂Ω,

u(0, x, y) = ϕ(x, y), (x, y) ∈ Rm × Ω.

(2.2)

According to Remark 5.2 in [43] and (H1), for any ϕ ∈ C+, system (1.3) admits a unique 
mild solution uϕ(t, x, y; f) with initial value u(0, x, y; f) = ϕ(x, y) on the maximal interval 
[0,∞), and uϕ(t, ·, ·; f) ∈ C+. Define P : R+ × C+ → C+ by P [t, ϕ; f](x, y) = uϕ(t, x, y; f)
for all (t, x, y,ϕ) ∈ R+ × Rm × Ω × C+. Let Q[t, ϕ; f] and Q+[t, ϕ; f+] be the mild solutions 
of systems (2.1) and (2.2) with u(0, ·, ·) = ϕ ∈ C+, respectively. For convenience, we denote 
P [t, ϕ; f], Q[t, ϕ; f] and Q+[t, ϕ; f+] by P [t, ϕ], Q[t, ϕ] and Q+[t, ϕ], respectively. Based on 
the definitions of the mild solutions, we obtain the following expressions:

P [t, ϕ](x, y) = T (t)[ϕ](x, y) +
t∫︂

0 

T (t − s)[f(· − csξ, ·,P [s,ϕ](·, ·))](x, y) ds,

Q[t, ϕ](x, y) = T (t)[ϕ](x, y) +
t∫︂

0 

T (t − s)[f(·, ·,Q[s,ϕ](·, ·))](x, y) ds,

Q+[t, ϕ](x, y) = T (t)[ϕ](x, y) +
t∫︂

0 

T (t − s)[f+(·,Q+[s,ϕ](·, ·))](x, y) ds,

where the semigroups T (t) and T (t) are defined in the Appendix. Note that Q[t, ϕ] = 𝒯−ctξ ◦
P [t, ϕ] for all (t, ϕ) ∈ R+ × C+.

In view of Remark 5.2 in [43] and the assumptions on f, we can easily verify that Q satisfies 
the properties of continuity, positive invariance, monotonicity, and asymptotic translation.

Proposition 2.1. The following statements are valid:

(i) Q :R+ × Cr → C+ is continuous for all r ∈ Int(RN+).
(ii) Q[R+ × CαM] ⊆ CαM for all α ∈ [1,∞).
(iii) If ϕ, ψ ∈ C+ with ϕ ≥ ψ , then Q[t, ϕ] ≥ Q[t,ψ] for all t ∈ R+.
(iv) Let (H6) hold. Then lim ∥z∥→∞Q[t,𝒯z[ϕ]](· + z, ·) = Q+[t, ϕ] in C for all (t, ϕ) ∈ R+ × C+. 

Moreover, lim 
(k,∥z∥)→(∞,∞)

Q[t,𝒯z[ϕk]](· + z, ·) = Q+[t, ϕ0] in C for all t ∈R+ provided that 

{ϕk}k∈N ⊂ Cr for some r ∈ Int(RN+) with lim 
k→∞∥ϕk − ϕ0∥ = 0.

Next, under the assumptions on f, we further establish the strong positivity, subhomogeneity, 
and compactness of Q.

Proposition 2.2. The following statements are valid:

(i) Q[t, ϕ] ∈ C◦+ for all (t, ϕ) ∈ (0,∞) × (C+\{0}).
(ii) Q[t, γ ϕ] ≥ γQ[t, ϕ] for all (t, γ,ϕ) ∈R+ × [0,1] × C+.
(iii) Q[t,Cr] is precompact in C for all (t, r) ∈ (0,∞) × Int(RN+).
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Proof. (i) Without loss of generality, we assume that ϕ ∈ CM\{0} due to the monotonic
ity of Q[t, ·]. By (H2) and (H3), there exists a sufficiently large constant μ such that μI +
Duf(x, y,u) is nonnegative for all (x, y,u) ∈ Rm × Ω × [0,M]RN . Define A(x,y,u) = μI +∫︁ 1

0 Duf(x, y, ξu) dξ, g(x, y,u) = A(x,y,u)u. Then A(x,y,u) is nonnegative and A(x0, y0,u)

is irreducible for all (x, y,u) ∈ Rm × Ω × [0,M]RN . Note that the solution of system (2.1) can 
also be expressed as

uϕ(t, x, y; f) = e−μtT (t)[ϕ](x, y) +
t∫︂

0 

e−μ(t−s)T (t − s)[g(·, ·,uϕ(s, ·, ·; f)](x, y) ds,

where the semigroup T (t) is defined in the Appendix. Since ϕ ∈ CM\{0}, we may as
sume ϕ1 ≠ 0. Then T 1(t)[ϕ1](x, y) > 0 for all (t, x, y) ∈ (0,∞) × Rm × Ω, which implies 
u

ϕ
1 (t, x, y; f) ≥ e−μtT 1(t)[ϕ1](x, y) > 0. Define I = {i : i ∈ K, ∃ (t, x, y) ∈ (0,∞) × Rm ×

Ω s.t. u
ϕ
i (t, x, y; f) = 0}, A(s) := A(x0, y0,uϕ(s, x0, y0; f)). Then 1 / ∈ I . We now prove I = ∅; 

otherwise, suppose I ≠ ∅. By the irreducibility of A(s), there exist i ∈ I, j ∈ I c such that 
aij (0) > 0, and hence there exists δ > 0 such that aij (s) > 0, s ∈ (0, δ). Thus,

(A(s)uϕ(s, x0, y0; f))i =
N∑︂

k=1 
aik(s)u

ϕ
k (s, x0, y0; f) ≥ aij (s)u

ϕ
j (s, x0, y0; f) > 0, s ∈ (0, δ),

which implies T i(t − s)[gi(·, ·,uϕ(s, ·, ·; f)](x, y) > 0 for δ > t ≥ s > 0, (x, y) ∈ Rm × Ω. As a 
result,

u
ϕ
i (t, x, y; f) ≥

t∫︂
0 

e−μ(t−s)T i(t − s)[gi(·, ·,uϕ(s, ·, ·; f)](x, y) ds > 0

for all (t, x, y) ∈ (0,∞) ×Rm × Ω, which is in contradiction with the definition of I .
(ii) For any γ ∈ [0,1], let z(t, x, y) = Q[t, γ ϕ](x, y) − γQ[t, ϕ](x, y). Then z(t, x, y) satis

fies the following system:⎧⎪⎨⎪⎩
∂tz ≥ DΔxz + DΔyz + cξ · ∇xz + g(t, x, y)z, (t, x, y) ∈ (0,∞) ×Rm × Ω,

∂νz(t, x, y) = 0, (t, x, y) ∈ (0,∞) ×Rm × ∂Ω,

z(0, x, y) = 0, (x, y) ∈Rm × Ω,

where

g(t, x, y) :=
1 ∫︂

0 

Duf (x, y, sQ[t, γ ϕ](x, y) + (1 − s)γQ[t, ϕ](x, y))ds

is cooperative. It follows from the Phragmén-Lindelöf type maximum principle in [26] that 
z(t, x, y) ≥ 0,∀(t, x, y) ∈ R+ × Rm × Ω. Thus, we have Q[t, γ ϕ] ≥ γQ[t, ϕ], ∀(t, γ,ϕ) ∈
R+ × [0,1] × C+.
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(iii)We first claim that Q[t,Cr]|BR(0)×Ω is an equicontinuous family in C
(︂
BR(0) × Ω,RN

)︂
for all R > 0. Let D = {f(·, ·,Q[s,ϕ](·, ·)) : s ∈ [0, t], ϕ ∈ Cr}. Note that by (H1) and (H2), 
there exists d > 0 such that D ⊂ Cd1 − Cd1. For any ε > 0, and take δ = ε

6d
, by Lemma A.1-(ii) 

in the Appendix, T (t)[Cr]|BR(0)×Ω and {T [s][ψ]|BR(0)×Ω : s ∈ [δ, t], ψ ∈ D} are families of 

equicontinuous functions in C(BR(0) × Ω,RN), it follows that for any s ∈ [δ, t], ϕ ∈ Cr, ψ ∈
D, (x1, y1), (x2, y2) ∈ BR(0) × Ω with ∥(x1, y1) − (x2, y2)∥ ≤ δ, we have⃦⃦

T (t)[ϕ](x1, y1) − T (t)[ϕ](x2, y2)
⃦⃦

<
ε

3
, 
⃦⃦
T (t)[ψ](x1, y1) − T (t)[ψ](x2, y2)

⃦⃦
<

ε

3t
.

Therefore,

∥Q[t, ϕ](x1, y1) − Q[t, ϕ](x2, y2)∥
≤ ⃦⃦T (t)[ϕ](x1, y1) − T (t)[ϕ](x2, y2)

⃦⃦
+

⃦⃦⃦⃦
⃦⃦⃦ t− ε

6d∫︂
0 

T (t − s)[f(·, ·,Q[s,ϕ](·, ·))](x1, y1) − T (t − s)[f(·, ·,Q[s,ϕ](·, ·))](x2, y2) ds

⃦⃦⃦⃦
⃦⃦⃦

+

⃦⃦⃦⃦
⃦⃦⃦ t∫︂
t− ε

6d

T (t − s)[f(·, ·,Q[s,ϕ](·, ·))](x1, y1) − T (t − s)[f(·, ·,Q[s,ϕ](·, ·))](x2, y2) ds

⃦⃦⃦⃦
⃦⃦⃦

≤ ε

3
+

t− ε
6d∫︂

0 

ε

3t
ds + ε

3
< ε.

This, combined with Proposition 2.1-(ii) and the Arzelà-Ascoli theorem, yields that Q[t,Cr] is 
precompact in C. □
3. Asymptotic annihilation

In this section, we will prove the asymptotic annihilation of system (2.1). We first introduce 
the following linear system:⎧⎪⎨⎪⎩

∂tu = D1Δxu + D2Δyu + cξ · ∇xu + h(x, y)u, (t, x, y) ∈ (0,∞) ×Rm × Ω,

∂νu(t, x, y) = 0, (t, x, y) ∈ (0,∞) ×Rm × ∂Ω,

u(0, x, y) = ϕ(x, y), (x, y) ∈ Rm × Ω,

(3.1)

where h ∈ BC(Rm × Ω,RN×N) and ϕ ∈ C+. Let L[t, ϕ;h] be the solution of the linear system 
(3.1). If lim ∥x∥→∞ h(x, ·) = h+ in C(Ω,RN), then we further define L[t, ·;h+] to be the solution 

map of the corresponding limiting system.
For the sake of convenience in our discussion. For any δ > 0, we define

hδ(x, y) = max
{︂

h(x, y), δ1̌ + h∞}︂ , ∀(x, y) ∈Rm × Ω,

8 
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where h∞ = lim 
R→∞ sup 

||x||>R
y∈Ω

h(x, y). From the definition of hδ(x, y), it follows that lim ∥x∥→∞ hδ(x, ·) =

h+
δ := δ1̌ + h∞.

Based on Proposition 2.1 and 2.2, we can prove the following properties of L[t, ·;h] and 
L[t, ·;h+].

Proposition 3.1. Let h ∈ BC(Rm × Ω,RN×N)\{0} with h(x, y) being cooperative for all 
(x, y) ∈ Rm × Ω. Then the following statements hold:

(i) For any t ∈ R+, L[t, ·;h], L[t, ·;h+] : C → C are bounded and positive linear operators on 
(C,C+,∥ · ∥∞), and L[t, ·;h], L[t, ·;h+] : Cr → C are continuous and compact operators 
for all (t, r) ∈ R+ × Int(RN+).

(ii) If lim ∥x∥→∞ h(x, ·) = h+ in C(Ω,RN), then lim ∥z∥→∞𝒯−z

[︁
L[t,𝒯z[ϕ];h]]︁ = L[t, ϕ;h+] in C

for all (t, ϕ) ∈ R+ × C+. Moreover, for any t ∈ R+, lim 
(k,∥z∥)→(∞,∞)

𝒯−z

[︁
L[t,𝒯z[ϕk];h]]︁ =

L[t, ϕ0;h+] in C provided that {ϕk}k∈N ∈ Cr for some r ∈ Int(RN+) with lim 
k→∞∥ϕk − ϕ0∥ =

0.
(iii) If there exists (x0, y0) ∈ Rm × Ω such that h(x0, y0) is irreducible, then L[t, ϕ;h] ∈ C◦+ for 

all (t, ϕ) ∈ (0,∞) × (C+\{0}).

Next, we analyze the asymptotic annihilation of system (2.1) by constructing an upper sys
tem sequence for Q. We give the following results before presenting the main conclusion on 
asymptotic annihilation.

In the rest of this section, we assume that h(x, y) = Duf(x, y,0). Then, (H4) implies ∃ δ0 > 0
such that s(h+

δ0
) < 0.

Lemma 3.1. For any r∗ ∈ Int(RN+), the following statements are valid:

(i) lim 
t→∞∥L[t, r∗;h+

δ0
](0, ·)∥ = 0.

(ii) lim inf ||z||→∞

[︂
inf{L[t, r∗;h+

δ0
](0, y) − Q[t, r∗](z, y) : y ∈ Ω}

]︂
∈ RN+ for all t > 0.

Proof. (i) Note that L[t, r∗;h+
δ0

] = e
h+

δ0
t
T (t)[r∗] = e

h+
δ0

tr∗. Thus, we have⃦⃦⃦
L[t, r∗;h+

δ0
](x, y)

⃦⃦⃦
≤
⃦⃦⃦
e

h+
δ0

t
⃦⃦⃦ ⃦⃦

r∗⃦⃦ , ∀(x, y) ∈Rm × Ω.

This, together with s(h+
δ0

) < 0, implies that

lim 
t→∞∥L[t, r∗;h+

δ0
](x, y)∥ = 0.

In particular, lim 
t→∞∥L[t, r∗;h+

δ0
](0, ·)∥ = 0.

(ii) By the subhomogeneity of f and Lemma 4.3 in [39], we have f(x, y,u) ≤ Duf(x, y,0)u. 
This, combined with the definition of hδ0(x, y) and the comparison principle, yields Q[t, r∗] ≤
L[t, r∗;hδ0] for all t > 0. It follows from Proposition 3.1-(ii) that

9 
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lim ||z||→∞L[t, r∗;hδ0](z, ·) = L[t, r∗;h+
δ0

](0, ·), ∀t > 0.

Thus, we obtain

lim inf ||z||→∞

[︂
inf{L[t, r∗;h+

δ0
](0, y) − Q[t, r∗](z, y) : y ∈ Ω}

]︂
≥ lim inf ||z||→∞

[︂
inf{L[t, r∗;h+

δ0
](0, y) −L[t, r∗;hδ0](z, y) : y ∈ Ω}

]︂
= 0. □

Theorem 3.1. For any ϕ ∈ C+ and ε > 0, we have

lim 
α→∞

[︂
sup

{︂
∥Q[t, ϕ](x, ·)∥ : (t,∥x∥) ∈ [α,∞)2

}︂]︂
= 0.

Consequently, lim 
t→∞

[︂
sup {∥Q[t, ϕ](x, ·)∥ : ||x|| ≥ tε}

]︂
= 0.

Proof. For any ϕ ∈ C+ and take α∗ ∈ [1,∞) such that r∗∗ := α∗M ≥ ϕ. Define

Q̃[t,ψ] = Q[t,min{ψ, r∗∗}], Q̄[ψ] = Q[1,ψ], Q̄+[ψ] = L[1,ψ;h+
δ0

], ∀t > 0, ψ ∈ C+,

where min denotes the componentwise pointwise minimum. By Propositions 2.1-(ii), (iii), we 
know that Q̃[t,ψ], Q̄[ψ] ∈ Cr∗∗ , Q̃[1,ψ] ≤ Q̄[ψ], Q̄[φ] ≤ Q̄[ψ] for all φ ≤ ψ ∈ Cr∗∗ . These, 
together with Lemma 3.1 yield that (Q̄, Q̄+, r∗∗) satisfies uniform asymptotic annihilation 
(UAA) as stated in [39] and

lim sup
t→∞ 

[︄
sup

{︄
Q̃[t,ψ](x, y)

r∗∗ + 1 
: (x, y) ∈Rm × Ω

}︄]︄
< 1, ∀ψ ∈ C+.

Note that Q̃[t, ϕ], t ≥ 0 is not a continuous-time semiflow on C+, but for any ϕ ∈ Cr∗∗ , we have 
Q̃[t, ϕ] = Q[t, ϕ]. Thus, applying the proof of Theorem 3.3 in [39] to (Q̃, Q̄, Q̄+), we obtain

lim 
α→∞

[︂
sup

{︂
∥Q̃[t, ϕ](x, ·)∥ : (t,∥x∥) ∈ [α,∞)2

}︂]︂
= 0, ∀ϕ ∈ C+,

and hence the desired conclusion follows. □
4. Threshold dynamics

In this section, we study the threshold dynamics of system (1.3) based on the asymptotic 
spectral radius theory established in [39], including the existence, nonexistence and uniqueness 
of forced wave, as well as its global stability. Moreover, by deriving a relationship between the 
asymptotic spectral radius and the generalized principal eigenvalue defined in [5], we provide a 
framework to analyze how the asymptotic spectral radius depends on c. Before presenting the 
main results, we first provide a lower bound of f, which is crucial for the proof of the subsequent 
theorem.

10 
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For any δ, r > 0, define the function Γh,δ,r ∈ BC(Rm × Ω,R+) as follows:

Γh,δ,r (x, y) =

⎧⎪⎨⎪⎩
max{0, h(x, y) − δ}, x ∈ Br, y ∈ Ω,

max{0, h(x, y) − δ}(1 + r − ||x||), x ∈ Br+1\Br, y ∈ Ω,

0, x / ∈ Br+1, y ∈ Ω,

where h ∈ BC(Rm × Ω,R), Br = {x ∈ Rm : ||x|| ≤ r}.
The following result is a extention of Lemma 4.12 in [39]. For the sake of completeness, we 

provide a proof here.

Lemma 4.1. For any δ, r > 0, there exists ξ̃ := ξ̃δ,r ∈ Int(RN+) such that

f(x, y,u) ≥ (Duf(x, y,0) − δ1̌)u, ∀(x, y,u) ∈ Br+1 × Ω × [0, ξ̃ ]RN .

Let μ∗ := − inf
{︂

∂fi (x,y,u)
∂ui

: (x, y,u, i) ∈Rm × Ω × [0,M]RN × K
}︂

. Then

f(x, y,u) ≥ ΛDuf(x,y,0),δ,r (x, y)u, ∀(x, y,u) ∈Rm × Ω × [0, ξ̃ ]RN ,

where Λh,δ,r ∈ BC(Rm × Ω,RN×N) is defined as

(︁
Λh,δ,r

)︁
ij

(x, y) =
{︄

−μ∗ + Γμ∗+hij ,δ,r (x, y), i = j,

Γhij ,δ,r (x, y), i ≠ j,

for all (x, y,h) ∈ Rm × Ω × BC(Rm × Ω,RN×N).

Proof. Fix δ, r > 0. Since Duf(x, y,u) is continuous in (x, y,u), there exists ξ̃ := ξ̃δ,r ∈
[0,M]RN ∩ Int(RN+) such that

∥Duf(x, y,u) − Duf(x, y,0)∥ < δ, ∀(x, y,u) ∈ Br+1 × Ω × [0, ξ̃ ]RN .

In particular, we have ∂fi(x,y,u)
∂uj

>
∂fi(x,y,0)

∂uj
− δ, and hence Duf(x, y,u) ≥ Duf(x, y,0) − δ1̌ for 

all (x, y,u) ∈ Br+1 × Ω × [0, ξ̃ ]RN . It follows from f(x, y,0) = 0 that

f(x, y,u) =
1 ∫︂

0 

Duf(x, y, su) ds u

≥
(︂

Duf(x, y,0) − δ1̌
)︂

u, ∀(x, y,u) ∈ Br+1 × Ω × [0, ξ̃ ]RN .

Let (aij (x, y,u))N×N := ∫︁ 1
0 Duf(x, y, su) ds. This, together with the definition of μ∗ and the 

fact that Duf(x, y,u) is a cooperative matrix, yield that

11 
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aij (x, y,u) ≥ 0, ∀i ≠ j, (x, y,u) ∈Rm × Ω × [0, ξ̃ ]RN ,

μ∗ + aii(x, y,u) ≥ 0, ∀i, (x, y,u) ∈ Rm × Ω × [0, ξ̃ ]RN ,

aij (x, y,u) ≥ ∂fi (x,y,0)
∂uj

− δ, ∀i, j, (x, y,u) ∈ Br+1 × Ω × [0, ξ̃ ]RN .

By the definition of Γ∂fi (·,·,0)

∂uj
,δ,r

(x, y), we obtain

μ∗ + aii(x, y,u) ≥ Γ
μ∗+ ∂fi (·,·,0)

∂ui
,δ,r

(x, y), ∀(x, y,u) ∈ Rm × Ω × [0, ξ̃ ]RN , 1 ≤ i ≤ N,

aij (x, y,u) ≥ Γ∂fi (·,·,0)

∂uj
,δ,r

(x, y), ∀(x, y,u) ∈Rm × Ω × [0, ξ̃ ]RN , ∀i ≠ j.

Hence, f(x, y,u) ≥ ΛDuf(·,·,0),δ,r (x, y)u for all (x, y,u) ∈ Rm × Ω × [0, ξ̃ ]RN . □
Following the definitions in [39], we introduce the truncation, amplification, and asymptotic 

spectral radius of the operator L, where L : C → C is a bounded, linear and positive operator on 
(C,C+,∥ · ∥∞). L|Cr : Cr → C is continuous for any r ∈ Int(RN), and L[C1] is precompact in 
C.

For any given ϱ ∈ (0,∞], let

Bϱ = {x ∈Rm : ||x|| ≤ ϱ}, ζϱ(x) := max{0,min{1, ϱ − ||x||}}, ∀x ∈Rm,

where B∞ represents Rm.
Define the truncation operator Lϱ : C(Bϱ × Ω,RN) → C(Bϱ × Ω,RN) by Lϱ[φ] =

L[ζϱφ]|Bϱ×Ω, where

(ζϱφ)(x, y) =
{︃

ζϱ(x)φ(x, y), (x, y) ∈ Bϱ × Ω,

0, x / ∈ Bϱ, y ∈ Ω.

From the definitions of Lϱ and ζϱ, it follows that

L∞[φ] = L[ζ∞φ]|Rm×Ω = L[φ].

The asymptotic spectral radius of L is defined as ρL := lim 
ϱ→∞ρ(Lϱ), where ρ(Lϱ) denotes 

the spectral radius of the operator Lϱ.
For any given (σ, d,ϱ) ∈ (0,∞)2 × (0,∞] and (φ,ψ) ∈ C(Bϱ × Ω,RN) × C, define ampli

fication operator ˆ︁Lσ,d : C → C by

ˆ︁Lσ,d [ψ](x, y) = (1 + σζd(x))L[ψ](x, y), ∀(x, y) ∈ Rm × Ω,

and the operator ˆ︁Lσ,d,ϱ : C(Bϱ × Ω,RN) → C(Bϱ × Ω,RN) by ˆ︁Lσ,d,ϱ[φ] =ˆ︁Lσ,d [ζϱφ]|Bϱ×Ω.

Lemma 4.2. Let h ∈ BC(Rm × Ω,RN×N)\{0} with h(x, y) being cooperative for all (x, y) ∈
Rm × Ω. Then the statements are valid:

12 
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(i) If t > 0, ρL[t,·;h] > 1, and there exists (x0, y0) ∈ Rm × Ω such that h(x0, y0) is irreducible, 
then there exist δ0, r0 > 0 such that ρL[t,·;Λh,δ0,r0 ] > 1.

(ii) If s (h∞) < 0, then for any t > 0, L[t, ·;h] satisfies asymptotic contraction (AC) as defined 
in [39].

Proof. (i) Define L= L[t, ·;h]. By the definition of ρL, there exists r0 > 0, such that ρ(Lr0) >

1. This, together with the compactness of Lr0 and Proposition 7.26 in [42], implies that there 
exists ψ0 ∈ C(Br0 × Ω,RN)\{0} satisfying

Lr0[ψ0] = L[ζr0ψ0]|Br0 ×Ω = ρ(Lr0)ψ0.

It follows from ζr0ψ0 ∈ C+\{0} and the irreducibility of h(x0, y0) that L[ζr0ψ0] ∈ C◦+ and 
hence ψ0 ≫ 0. Set Lδ := L[t, ·;Λh,δ, 1

δ
]. By the definition of Λh,δ, 1

δ
, we have lim 

δ→0
Λh,δ, 1

δ
= h in 

Cloc(Rm × Ω). Due to the continuous dependence of solutions on the reaction terms (see [43, 
Remark 5.2]), we deduce that

Lδ[ζr0ψ0]|Br0 ×Ω → L[ζr0ψ0]|Br0 ×Ω = ρ(Lr0)ψ0

in C(Br0 × Ω,RN) as δ → 0. Thus, there exists δ0 > 0 such that

(Lδ0)r0 [ψ0] = Lδ0 [ζr0ψ0]|Br0 ×Ω ≥ 1 + ρ(Lr0)

2 
ψ0.

For any r > r0 + 1,

(Lδ0)r [ζr0ψ0|Br×Ω] = Lδ0 [ζr (ζr0ψ0|Br×Ω)]|Br×Ω

= Lδ0 [ζr0ψ0]|Br×Ω

≥
{︄
Lδ0 [ζr0ψ0]|Br0 ×Ω, (x, y) ∈ Br0 × Ω

0, x / ∈ Br0, y ∈ Ω

≥
{︄

1+ρ(Lr0 )

2 ψ0, (x, y) ∈ Br0 × Ω

0, x / ∈ Br0, y ∈ Ω

= 1 + ρ(Lr0)

2 

(︁
ζr0ψ0

)︁ |Br×Ω.

This, combined with the Gelfand’s formula, yields ρ((Lδ0)r ) ≥ 1+ρ(Lr0 )

2 for all r > r0 + 1. In 
view of the definition of ρLδ0 , we have

ρLδ0 ≥ 1 + ρ(Lr0)

2 
> 1.

(ii) Since s (h∞) < 0, there exists ε > 0 such that s
(︂
ε1̌ + h∞

)︂
< 0. Let

hε(x, y) = max
{︂

h(x, y), ε1̌ + h∞}︂ , ∀(x, y) ∈ Rm × Ω.

13 
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Then h+
ε = lim ||x||→∞ hε(x, ·) = ε1̌ + h∞ and hε(x, y) ≥ h(x, y) for all (x, y) ∈ Rm × Ω. By the 

comparison principle, we have

L[t, ·;hε] ≥ L[t, ·;h].
It follows from s(h+

ε ) < 0 that lim 
t→∞

⃦⃦
L[t,1;h+

ε ]⃦⃦∞ = 0. Moreover, by Proposition 3.1-(ii), 

(L[t, ·;hε],L[t, ·;h+
ε ]) satisfies asymptotic translation (AT) as introduced in [39]. This, together 

with Lemma 2.6 in [39], implies that L[t, ·;hε] satisfies (AC) in [39]. As a result, L[t, ·;h] also 
satisfies (AC) in [39]. □

Next, we employ the theory developed in [39] to study the threshold dynamics of the system 
(1.3).

Theorem 4.1. The following statements are valid:

(i) If ϕ ∈ C+, then for any ε > 0,

lim 
α→∞

[︂
sup {∥P [t, ϕ](x, ·)∥ : t ≥ α and ∥x − ctξ∥ ≥ α}

]︂
= 0,

which implies that lim 
t→∞

[︂
sup {∥P [t, ϕ](x, ·)∥ : ∥x − ctξ∥ ≥ tε}

]︂
= 0.

(ii) If ρL[1,·;Duf(·,·,0)] > 1, then P [t, ·] admits a nontrivial forced wave W(x − ctξ, ·) such that 
W ∈ C◦+ and lim ||x||→∞W(x, ·) = 0. Moreover, if there exists (x0, y0) ∈ Rm × Ω such that 

f(x̃0, ỹ0, ·)|Int([0,M]RN ) is strongly subhomogeneous, then

lim 
t→∞||P [t, ϕ] − W(· − ctξ, ·)||L∞(Rm×Ω,RN) = 0, ∀ϕ ∈ C+\{0}.

(iii) If 0 < ρL[1,·;Duf(·,·,0)] < 1, then for any ϕ ∈ C+,

lim 
t→∞||P [t, ϕ]||L∞(Rm×Ω,RN) = 0,

which implies that P [t, ·] admits no nontrivial forced wave W(x − ctξ, ·) in C+.

Proof. (i) follows from Q[t, ·] = 𝒯−ctξ ◦ P [t, ·] and Theorem 3.1.
(ii) Since ρL[1,·;Duf(·,·,0)] > 1, it follows from Lemma 4.2-(i) that there exist δ0, r0 > 0 such 

that ρL[1,·;ΛDuf(·,·,0),δ0,r0 ] > 1. By the definition of Λ, we have

lim ∥x∥→∞ΛDuf(·,·,0),δ0,r0 = −μ∗I,

where I denotes the N ×N identity matrix. By (H4) and the Perron-Frobenius theorem, we may 
obtain μ∗ > 0, and hence lim 

t→∞∥L[t,1;−μ∗I ]∥∞ = 0. By Proposition 3.1, we conclude that 

L[1, ·;ΛDuf(·,·,0),δ0,r0] satisfies all the conditions of Corollary 2.7 in [39].
It follows from Lemma 4.1 that there exists ξ̃ := ξ̃δ0,r0 ∈ Int(RN+) such that

f(x, y,u) ≥ ΛDuf(·,·,0),δ0,r0u, ∀(x, y,u) ∈ Rm × Ω × [0, ξ̃ ]RN .

14 
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Take ξ∗ ∈ Int(RN+) ∩ [0, ξ̃ ]RN such that L[t,Cξ∗;ΛDuf(·,·,0),δ0,r0] ⊆ Cξ̃ for all t ∈ [0,1]. By the 
comparison principle, we then obtain

M ≥ Q[t, ϕ] ≥L[t,ψ;ΛDuf(·,·,0),δ0,r0], ∀(t, ϕ,ψ) ∈ [0,1] × CM × Cξ∗ with ϕ ≥ ψ.

Hence, by the first statement of Theorem 3.9-(i) in [39], it follows that P [t, ·] has a nontrivial 
forced wave W(x − ctξ, ·) in CM with lim ||x||→∞W(x, ·) = 0.

We now prove that Q has a unique nontrivial positive steady state W ∈ C+\{0}. Otherwise, 
suppose that Q has at least two nontrivial steady states W1,W2 ∈ C+\{0} with W1 ≠ W2. Take 
α∗ ∈ [1,∞) such that r∗ := α∗M ≥ max{W1,W2}. It then follows from Proposition 2.2-(i) that 
W1,W2 ∈ Cr∗ ∩ C◦+. Define

𝒦 = {ϕ ∈ Cr∗ : ϕ ≥ W2, ϕ ≥ W1}.

Then 𝒦 is a non-empty, closed, convex subset of Cr∗ , and Q[t,𝒦] ⊆ 𝒦. This, integrated with the 
compactness of Q and Schauder’s fixed point theorem, implies that Q has a fixed point W ∗ ∈ 𝒦. 
Hence, without loss of generality, we assume W2 < W1.

For any ε > 0, define

Aε = ε1̌ + lim 
R→∞ sup 

||x||>R
y∈Ω

Duf(x, y,0).

By (H4) and (H5), there exist ε0, R0 > 0 such that

s0 := s(Aε0) < 0, Duf(x, ·,v) ≤ ε0

3 
1̌ + Duf(x, ·,0) ≤ Aε0 ,

∀(||x||,v) ∈ [R0,∞) × [0, ε01]RN .

In view of (i), we may assume W1(x),W2(x) ∈ [0, ε01]RN when ||x|| ≥ R0. By the Perron
Frobenius theorem, there exists v0 ∈ Int(RN+) such that

Aε0v0 = s0v0 ≪ 0 and min{(v0)k : 1 ≤ k ≤ N} = 1.

Define

a∗ = inf{a ∈ R+ : aW1(x, y) ≤ W2(x, y), ∀(x, y) ∈ BR0 × Ω}.

Since 0 ≪ W2 < W1, we have 0 < a∗ ≤ 1 and a∗W1|BR0 ×Ω ≤ W2|BR0×Ω. We now divide the rest 
proof into two steps.

Step 1. Prove a∗W1 ≤ W2.

Define

v(t, x, y) = W2(x, y) − a∗W1(x, y) + ∥r∗∥es0tv0, ∀(t, x, y) ∈R+ ×Rm × Ω.
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According to the definitions of a∗,R0, s0 and v0, v satisfies the following system:⎧⎪⎨⎪⎩
∂v
∂t ≥ D1Δxv + D2Δyv + cξ · ∇xv + g(x, y)v, (t, x, y) ∈ (0,∞) × (Rm\BR0) × Ω,

v(t, x, y) ≥ 0, (t, x, y) ∈ R+ × ∂BR0 × Ω,

v(0, x, y) ≥ 0, x / ∈ BR0 , y ∈ Ω,

where

g(x, y) :=
1 ∫︂

0 

Duf
(︁
x, y, sW2(x, y) + (1 − s)a∗W1(x, y)

)︁
ds

is cooperative. It follows from the Phragmén-Lindelöf maximum principle in [26] that v(t, x, y) 
≥ 0 for all (t, x, y) ∈R+ × (Rm\BR0) × Ω. Letting t → ∞, we obtain a∗W1 ≤ W2.

Step 2. Prove a∗ = 1.

Assume, on the contrary, that a∗ < 1. By (H2) and f(x̃0, ỹ0, ·)|Int([0,M]RN ) is strongly sub
homogeneous, we have f(·, ·, a∗W1) ≥ a∗f(·, ·,W1) and f(x̃0, ỹ0, a

∗W1(x̃0, ỹ0)) ≫ a∗f(x̃0, ỹ0, 
W1(x̃0, ỹ0)). Define W(x,y) = W2(x, y)− a∗W1(x, y), ∀(x, y) ∈Rm ×Ω. Then W satisfies the 
following system:⎧⎪⎨⎪⎩

D1ΔxW(x,y) + D2ΔyW(x,y) + cξ · ∇xW(x, y) + g(x, y)W(x, y) ≤ 0, (x, y) ∈Rm × Ω, 
D1ΔxW(x̃0, ỹ0) + D2ΔyW(x̃0, ỹ0) + cξ · ∇xW(x̃0, ỹ0) + g(x̃0, ỹ0)W(x̃0, ỹ0) ≪ 0,

W(x, y) ≥ 0, (x, y) ∈ Rm × Ω.

Applying the strong maximum principle in [26], we conclude that W(x,y) ≫ 0 for all (x, y) ∈
Rm × Ω. This implies that W2|BR0×Ω ≫ a∗W1|BR0 ×Ω, which contradicts the choice of a∗. Thus, 
W1 = W2.

For any ϕ ∈ C+ and take α∗∗ ∈ [1,∞) such that r∗∗ := α∗∗M ≥ ϕ. According to the proof of 
Theorem 3.8-(i) in [39] and the choice of α∗∗, the convergence of Q[t, ϕ] does not require the 
following condition:

lim sup
t→∞ 

[︃
sup

{︃
Q[t, ϕ](x, y)

r∗∗ + 1 
: (x, y) ∈Rm × Ω

}︃]︃
< 1, ∀ϕ ∈ C+.

As a result, we directly obtain

lim 
t→∞||Q[t, ϕ] − W ||L∞(Rm×Ω,RN) = 0, ∀ϕ ∈ C+\{0},

and the desired conclusion follows.
(iii) It follows from 0 < ρL[1,·;Duf(·,·,0)] < 1, Proposition 3.1-(i), (ii), Lemma 4.2-(ii) and [39, 

Corollary 2.5-(ii)] that there exist d0, σ ∗ > 0, ρ∗ ∈ (0,1) and η∗∞ ∈ C◦+ such that

|η∗∞|∞ = 1, ˆ︂L[1, ·;Duf(·, ·,0)]σ ∗,1+d0 [η∗∞] = ρ∗η∗∞ < η∗∞,
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where ˆ︂L[1, ·;Duf(·, ·,0)]σ ∗,1+d0 [η∗∞] = (︁
1 + σ ∗ζ1+d0

)︁
L[1, ·;Duf(·, ·,0)][η∗∞]. According to 

Theorem 3.9-(ii) in [39], it suffices to show that for any ϕ ∈ C+, there exists n ∈ N such that

ω(ϕ) ⊆ Cnη∗∞ .

By Lemma 4.2-(ii), there exists (δ0, s0, n0) ∈ (0, 1 √
n
) × (0,∞) ×N such that

L[n0,1;Duf(·, ·,0)](x, ·) ≤ δ01, ∀||x|| ≥ s0.

Define

b∗ = inf{b ∈ R+ : ψk(x, y) ≤ b(η∗∞)k(x, y), ∀(k, x, y,ψ) ∈ K × Bs0 × Ω × ω(ϕ)}.
Then b∗ ∈R+ and ω(ϕ)|Bs0×Ω ≤ b∗η∗∞|Bs0 ×Ω.

Now we claim ω(ϕ) ≤ b∗η∗∞. Otherwise, we have

γ := sup{ψk(x, y) − b∗(η∗∞)k(x, y) : (k, x, y,ψ) ∈ K ×Rm × Ω × ω(ϕ)} > 0.

It follows from Theorem 3.1 that lim ∥x∥→∞
[︁
sup {∥ψ(x, ·)∥ : ψ ∈ ω(ϕ)}]︁= 0, and hence there exists 

α0 > s0 such that

ψk(x, ·) − b∗(η∗∞)k(x, ·) <
γ

2 
, ψ ∈ ω(ϕ), ∥x∥ > α0.

Thus, by the definition of γ , we see that

γ = sup
{︁
ψk(x, y) − b∗(η∗∞)k(x, y) : (k, x, y,ψ) ∈ K × (Bα0\Bs0) × Ω × ω(ϕ)

}︁
.

This, combined with the invariance of ω(ϕ), implies that there exists (k0, x
∗, y∗,ψ∗,ψ∗∗) ∈

K × (Bα0\Bs0) × Ω × ω(ϕ) × ω(ϕ) such that

ψ∗
k0

(x∗, y∗) − b∗(η∗∞)k0(x
∗, y∗) = γ > 0 and ψ∗ = Q[n0,ψ

∗∗].
From the subhomogeneity of f and Lemma 4.3 in [39], we have f(x, y,u) ≤ Duf(x, y,0)u for all 
(x, y,u) ∈ Rm × Ω ×RN+ . It follows from the comparison principle that

Q[n0,ψ
∗∗] ≤ L[n0,ψ

∗∗;Duf(·, ·,0)].
According to the choice of b∗, x∗, y∗, ρ∗, ψ∗, ψ∗∗, s0 and Lemma 2.1-(i) in [39], we obtain

ψ∗(x∗, y∗) − b∗η∗∞(x∗, y∗)

= Q[n0,ψ
∗∗](x∗, y∗) − b∗η∗∞(x∗, y∗)

≤ L[n0,ψ
∗∗;Duf(·, ·,0)](x∗, y∗) − b∗

(ρ∗)n0
( ˆ︂L[1, ·;Duf(·, ·,0)]σ ∗,1+d0)

n0 [η∗∞](x∗, y∗)

≤ L[n0,ψ
∗∗;Duf(·, ·,0)](x∗, y∗) − b∗

(ρ∗)n0
L[n0, η

∗∞;Duf(·, ·,0)](x∗, y∗)
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≤ L[n0,ψ
∗∗;Duf(·, ·,0)](x∗, y∗) − b∗L[n0, η

∗∞;Duf(·, ·,0)](x∗, y∗)

≤ L[n0,ψ
∗∗ − b∗η∗∞;Duf(·, ·,0)](x∗, y∗)

≤ [(ψ∗)k0(x
∗, y∗) − b∗(η∗∞)k0(x

∗, y∗)] ×L[n0,1;Duf(·, ·,0)](x∗, y∗)

≤ δ0((ψ
∗)k0(x

∗, y∗) − b∗(η∗∞)k0(x
∗, y∗))1,

which contradicts the fact that (ψ∗)k0(x
∗, y∗)−b∗(η∗∞)k0(x

∗, y∗) > γ > 0 and 0 < δ0 < 1 √
n

≤ 1. 
Hence, we conclude that ω(ϕ) ≤ b∗η∗∞. This completes the proof of (iii). □

For the remainder of this section, we investigate the relation between the asymptotic spectral 
radius and the generalized principal eigenvalue defined in [5]. We focus on the case where N =
m = 1, for which the corresponding linearized equation is⎧⎪⎨⎪⎩

∂tu = dΔu + c∂xu + ∂uf (x, y,0)u, (t, x, y) ∈ (0,∞) ×R× Ω,

∂νu(t, x, y) = 0, (t, x, y) ∈ (0,∞) ×R× ∂Ω,

u(0, x, y) = ϕ(x, y), (x, y) ∈ R× Ω.

(4.1)

Define h(x, y) = ∂uf (x, y,0) and the linear operator L = dΔ+ c∂x +h(x, y). According to [5], 
the generalized Neumann principal eigenvalue of −L in R× Ω is defined as

λ1(−L,R× Ω) = sup {λ ∈R : ∃ψ > 0, (L + λ)ψ ≤ 0 a.e. in R× Ω, ∂νψ ≥ 0 on R× ∂Ω} ,

where ψ ∈ W 2,p((−r, r) × Ω), ∀r > 0, p > n + 1. Let λ1 := λ1(−L,R× Ω). By Theorem 3.1 
in [5], for any r > 0, there exists a principal eigenpair (λ(r), φr) ∈R+ ×W 2,p((−r, r)×Ω,R+)

satisfying ⎧⎪⎨⎪⎩
−Lφr = λ(r)φr , a.e. in (−r, r) × Ω,

∂νφr = 0, on (−r, r) × ∂Ω,

φr = 0, on {±r} × Ω,

(4.2)

with the normalization condition φr(0, y0) = 1, where y0 ∈ Ω is fixed and independent of r . 
According to Proposition 1 in [5], λ(r) ↘ λ1, φr → φ in C1

loc(R× Ω) and weakly in W 2,p

loc (R×
Ω) for any p > 1, as r → ∞. Moreover, φ also satisfies φ(0, y0) = 1 and{︄

−Lφ = λ1φ, a.e. in R× Ω,

∂νφ = 0, on R× ∂Ω.
(4.3)

Since Ω is a smooth bounded domain in Rn, according to the proof in the appendix of [5], 
there exists ε > 0 such that the domain

˜︁Ω := {︁y ∈Rn : dist(y,Ω) < ε
}︁

is smooth and every y ∈ ˜︁Ω\Ω has a unique projection on Ω̄, denoted by π(y). Let ℛ : R ×(︂˜︁Ω\Ω
)︂

→ R× Ω be the reflection with respect to R× ∂Ω, i.e.,
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ℛ(x, y) := (x,2π(y) − y) .

Define β̃ : R×˜︁Ω →R and h̃ :R×˜︁Ω → R by

β̃(x, y) :=
{︄

0, if (x, y) ∈ R× Ω,(︁
J (x, y)−1

)︁T
div
(︂(︁

J (x, y)−1
)︁T )︂

, if (x, y) ∈ R× (︁˜︁Ω\Ω)︁ ,
h̃(x, y) :=

{︄
h(x, y), if (x, y) ∈R× Ω,

h(ℛ(x, y)), if (x, y) ∈R× (︁˜︁Ω\Ω)︁ ,
and the matrix field Ã :R×˜︁Ω → 𝒮1+n by

Ã(x, y) =
{︄

I, if (x, y) ∈R× Ω,(︁
J (x, y)J (x, y)T

)︁−1
, if (x, y) ∈R× (︁˜︁Ω\Ω)︁ ,

where J (x, y) denotes the Jacobian matrix of ℛ at (x, y). By considering a smaller ˜︁Ω, one 
can conclude that Ã is uniformly Lipschitz continuous and elliptic in R× ˜︁Ω. Additionally, the 
functions Ã(x, y), β̃(x, y) and h̃(x, y) are measurable and uniformly bounded.

Lemma 4.3. There exists a constant C > 1 such that for any r > 0,

φr(x, y) ≤ e(|x|+2) lnC, ∀(x, y) ∈ [−r, r] × Ω.

Proof. In the appendix of [5], there exist a function φ̃r ∈ W 2,p((−r, r) × ˜︁Ω) ∩ C1([−r, r] ×˜︁Ω,(0,∞)) such that φ̃r |[−r,r]×Ω = φr and φ̃r satisfies the following elliptic equation

div(dÃ(x, y)∇φ̃r ) − β̃(x, y) · ∇φ̃r + c∂xφ̃r + (h̃(x, y) + λ(r))φ̃r = 0, (x, y) ∈ (−r, r) ×˜︁Ω.

By repeatedly applying the Harnack inequality to the translation in x of φ̃r (x, y), that is, to 
φ̃r (x + τ, y) for |τ | < r − 1, one can show that there exists a constant C > 1 independent of r
such that for any r > 0 and τ ∈R with |τ | < r − 1, there holds

sup 
(x,y)∈[τ−1,τ+1]×Ω

φ̃r (x, y) ≤ C|τ |+1.

In particular, by the arbitrariness of τ and the choice of C and φ̃r , it is easy to see that for any 
r > 0,

φr(x, y) ≤ C|x|+2 = e(|x|+2) lnC, ∀(x, y) ∈ [−r, r] × Ω. □
Since φr → φ in C1

loc(R × Ω), we directly obtain the following conclusion, which allows us 
to apply the Phragmén-Lindelöf maximum principle in the subsequent proof.

Proposition 4.1. There exists a constant C > 1 such that

φ(x, y) ≤ e(|x|+2) lnC, ∀(x, y) ∈ R× Ω.
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Let C = BC(R× Ω,R), and L[t, ·;h] be the solution map of equation (4.1) with initial data 
ϕ ∈ C. Denote by ρL[1,·;h] the asymptotic spectral radius of L[1, ·;h].

Next, we establish the following relation between the asymptotic spectral radius ρL[1,·;h] and 
the generalized principal eigenvalue λ1. The inequality ρL[1,·;h] ≤ e−λ1 follows from Proposi
tion 4.1 together with the Phragmén-Lindelöf maximum principle. The reversed inequality can 
be proved by the arguments similar to those in [12, Proposition 4.2] and [16, Proposition 4.1]. 
For the sake of completeness, we provide a detailed derivation here.

Proposition 4.2. There holds ρL[1,·;h] = e−λ1 .

Proof. We first prove ρL[1,·;h] ≤ e−λ1 . Although φ is generally not bounded, we still denote 
L[t, φ;h] as satisfying equation (4.1). By (4.3), we have L[t, φ;h] = e−λ1t φ. For any ϱ > 0, let 
L[t, ζϱφ;h] be the solution of equation (4.1) with initial data u(0, ·, ·) = ζϱφ, where ϱ = r + 1
and ζϱ(x) := max{0,min{1, ϱ − |x|}} for all x ∈ R. Then Lϱ[t,ˆ︁φr ;h] = L[t, ζϱˆ︁φr ;h]|[−ϱ,ϱ]×Ω. 

Since ζϱ(x)φ(x, y) ≤ φ(x, y) for all (x, y) ∈R×Ω, it then follows from Proposition 4.1 and the 
Phragmén-Lindelöf maximum principle that

L[t, ζϱφ;h](x, y) ≤L[t, φ;h](x, y), ∀(t, x, y) ∈ [0,∞) ×R× Ω.

This, together with L[t, φ;h] = e−λ1t φ, implies that

L[t, ζϱφ;h]|[−ϱ,ϱ]×Ω ≤L[t, φ;h](x, y)|[−ϱ,ϱ]×Ω = e−λ1t φ|[−ϱ,ϱ]×Ω.

Particularly, Lϱ[1, φ|[−ϱ,ϱ]×Ω;h] ≤ e−λ1φ|[−ϱ,ϱ]×Ω. This, combined with [17, Theorem 16.2] 

implies that ρ(Lϱ[1, ·;h]) ≤ e−λ1 . Letting ϱ → ∞, yields that

ρL[1,·;h] = lim 
ϱ→∞ρ(Lϱ[1, ·;h]) ≤ e−λ1 .

Next, we prove ρL[1,·;h] ≥ e−λ1 by appropriately adapting the proof of [12, Proposition 4.2] 
and [16, Proposition 4.1]. For any r > 0, let Φr(t)[φr ] denote the solution of the initial-boundary 
value problem ⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂tu = Lu, (t, x, y) ∈ (0,∞) × (−r, r) × Ω,

∂νu (t, x, y) = 0, (t, x, y) ∈ (0,∞) × (−r, r) × ∂Ω,

u (t, x, y) = 0, (t, x, y) ∈ (0,∞) × {±r} × Ω,

u(0, x, y) = φr(x, y), (x, y) ∈ [−r, r] × Ω.

It follows directly from (4.2) that Φr(t)[φr ] = e−λ(r)tφr . Define ˆ︁φr : R× Ω →R+ by

ˆ︁φr(x, y) =
{︄

φr(x, y), (x, y) ∈ [−r, r] × Ω,

0, otherwise.

We also denote ˆ︁φr |[−r,r]×Ω by ˆ︁φr when there is no confusion. Let L[t, ζϱˆ︁φr ;h] be the solution 
of equation (4.1) with initial data u(0, ·, ·) = ζϱˆ︁φr =ˆ︁φr . By the definition of ζϱ and comparison 
principle, we obtain
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L[t, ζϱˆ︁φr ;h](x, y) ≥ Φr(t)[φr ](x, y), ∀(t, x, y) ∈ R+ × [−r, r] × Ω.

In particular, Lϱ[1,ˆ︁φr ;h] ≥ e−λ(r)ˆ︁φr . By virtue of [29, Proposition 3] (or [17, Theorem 16.1], 
[47, Lemma 3.1]), we have

ρ(Lϱ[1, ·;h]) ≥ e−λ(r).

Combining with the definition of the asymptotic spectral radius and letting r → ∞, we then 
obtain

ρL[1,·;h] = lim 
ϱ→∞ρ(Lϱ[1, ·;h]) ≥ lim 

r→∞ e−λ(r) = e−λ1 .

The proof is complete. □
Remark 4.1. We make the following remarks.

(i) For the case where N > 1 or m > 1, the theoretical framework can be established by ex
tending the definition of the generalized principal eigenvalue as in [5] and following the 
proof techniques of Theorem 3.1 and Proposition 1 in [5]. Based on this, it can be further 
shown that Proposition 4.2 in this paper also holds for reaction-diffusion systems. A detailed 
analysis will be presented in future work.

(ii) According to Section 3.2 in [5], we know that λ1 = λ0 + c2

4d
, where λ0 is the generalized 

principal eigenvalue of the operator −L0 = −dΔ − h(x, y) in R × Ω, and can define the 
critical speed as

c0 =
{︄

2
√−dλ0, if λ0 < 0,

0, otherwise.

These, combined with the relation ρL[1,·;h] = e−λ1 , lead to the conclusion that if c > c0, 
ρL[1,·;h] < 1; if c < c0, ρL[1,·;h] > 1.
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Appendix A

In Sections 2 and 3, the operators T (t) and T (t) play an crucial role. In this appendix, we 
confirm those properties of these two operators in the previous sections.

We begin by reviewing their definitions. Let Gi(t, y, ȳ) be the Green’s function of the linear 
equation
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∂tui(t, y) = d2iΔyui(t, y), (t, y) ∈ (0,∞) × Ω,

∂νui(t, y) = 0, (t, y) ∈ (0,∞) × ∂Ω.

Consider the linear equation⎧⎪⎨⎪⎩
∂tui(t, x, y) = d1iΔxui(t, x, y) + d2iΔyui(t, x, y), (t, x, y) ∈ (0,∞) ×Rm × Ω,

∂νui(t, x, y) = 0, (t, x, y) ∈ (0,∞) ×Rm × ∂Ω,

ui(0, x, y) = ϕi(x, y), (x, y) ∈ Rm × Ω.

(A.1)

Then T (t) = (T1(t), T2(t), · · · , TN(t)) is defined as the semiflow of (A.1), that is,

Ti(t)[ϕi](x, y)

=
⎧⎨⎩ϕi(x, y), t = 0, (x, y) ∈ Rm × Ω,

1 
(4πd1i t)

m
2 
∫︁
Rm×Ω

e
− ∥x−x̄∥2

4d1i t Gi(t, y, ȳ)ϕi(x̄, ȳ) dx̄ dȳ, t > 0, (x, y) ∈ Rm × Ω.

Similarly, T (t)[ϕ] = (︁T 1(t)[ϕ1], · · · , T N(t)[ϕN ])︁T is the semiflow of the linear system⎧⎪⎨⎪⎩
∂tui = d1iΔxui + d2iΔyui + cξ · ∇xui, (t, x, y) ∈ (0,∞) ×Rm × Ω,

∂νui(t, x, y) = 0, (t, x, y) ∈ (0,∞) ×Rm × ∂Ω,

ui(0, x, y) = ϕi(x, y), (x, y) ∈ Rm × Ω,

that is,

T i(t)[ϕi](x, y)

=
⎧⎨⎩ϕi(x, y), t = 0, (x, y) ∈Rm × Ω,

1 
(4πd1i t)

m
2 
∫︁
Rm×Ω

e
− ∥x+cξ t−x̄∥2

4d1i t Gi(t, y, ȳ)ϕi(x̄, ȳ) dx̄ dȳ, t > 0, (x, y) ∈Rm × Ω.

From the definitions of T (t) and T (t), and combining Corollary 7.2.4 in [30] and Lemma 5.9 
in [36], we can confirm the following properties for T (t).

Lemma A.1. The following statements are valid:

(i) T (t)[Cr] ⊆ Cr for all (t, r) ∈ (0,∞) × Int(RN+).
(ii) T (t)[Cr] is precompact in C for all (t, r) ∈ (0,∞) × Int(RN+).
(iii) R+ × Cr ∋ (t, ϕ) ↦→ T (t)[ϕ] ∈ C+ is continuous.

Proof. Define S1
t :R+×C(Ω,RN+) → C(Ω,RN+) and S2

t : R+×BC(Rm,RN+) → BC(Rm,RN+)

by

S1
t [ϕ̃](y) =

∫︂
Ω 

G(t, y, ȳ)ϕ̃(ȳ) dȳ, S2
t [ψ̃](x) =

∫︂
Rm

K(t, x − x̄)ψ̃(x̄) dx̄,
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where G(t, y, ȳ) = (G1(t, y, ȳ), . . . ,GN(t, y, ȳ))T , K(t, x − x̄) = (K1(t, x − x̄), · · · ,KN(t, x −
x̄))T with

Ki(t, x − x̄) = 1 

(4πd1i t)
m
2 

exp(−∥x − x̄∥2

4d1i t 
).

Let ψ(t, x, y) =S1
t [ϕ(x, ·)](y) for (t, ϕ) ∈R+×C+. Then we have T (t)[ϕ](x, y) =S2

t [ψ(t, ·, y)](x).
(i) For any (t, r) ∈ (0,∞) × Int(RN+), by applying Corollary 7.2.4 in [30] to S1

t , we obtain 
S1

t [C(Ω, [0, r]RN )] ⊆ C(Ω, [0, r]RN ). Moreover, a slight extension of Lemma 5.9 in [36] yields 
S2

t [C(Rm, [0, r]RN )] ⊆ C(Rm, [0, r]RN ). Since T (t) = S2
t ◦ S1

t , it follows that T (t)[Cr] ⊆ Cr.
(ii) Fix (t, r) ∈ (0,∞)× Int(RN+). By (i) and the Arzelà-Ascoli theorem, we only need to show 

that for any R > 0, the set {T (t)[ϕ]|BR(0)×Ω : ϕ ∈ Cr} is a family of equicontinuous functions in 

C(BR(0) × Ω,RN). Indeed, for any ε > 0, there exists R̃ = R(ε) > 0 such that⃦⃦⃦⃦
⃦⃦⃦ ∫︂
Rm\B

R̃
(0)

K(t, x − x̄) dx̄

⃦⃦⃦⃦
⃦⃦⃦<

ε

8∥r∥ + 1
, ∀x ∈Rm.

From the definition of T (t), it follows that for any ϕ ∈ Cr, (x1, y1), (x2, y2) ∈ BR(0) × Ω satis
fying ∥(x1, y1) − (x2, y2)∥ < δ, we have

∥T (t)[ϕ](x1, y1) − T (t)[ϕ](x2, y2)∥
= ∥S2

t [ψ(t, ·, y1)](x1) − S2
t [ψ(t, ·, y2)](x2)∥

≤ ∥S2
t [ψ(t, ·, y1)](x1) − S2

t [ψ(t, ·, y1)](x2)∥ + ∥S2
t [ψ(t, ·, y1)](x2) − S2

t [ψ(t, ·, y2)](x2)∥.

By appropriately adapting the proof of Lemma 5.9 in [36], we see that

∥S2
t [ψ(t, ·, y1)](x1) − S2

t [ψ(t, ·, y1)](x2)∥ <
ε

2
.

Set R∗ = max{R, R̃}. Then by the properties of G(t, y, ȳ), for any x ∈ BR∗(0), there holds

∥S1
t [ϕ(x, ·)](y1) − S1

t [ϕ(x, ·)](y2)∥ <
ε

4
√

N
.

By direct computations we have⃦⃦⃦
S2

t [ψ(t, ·, y1)](x2) − S2
t [ψ(t, ·, y2)](x2)

⃦⃦⃦
=
⃦⃦⃦⃦
⃦⃦∫︂
Rm

K(t, x2 − x̄) [ψ(t, x̄, y1) − ψ(t, x̄, y2)] dx̄

⃦⃦⃦⃦
⃦⃦

≤

⃦⃦⃦⃦
⃦⃦⃦ ∫︂
BR∗ (0)

K(t, x2 − x̄) [ψ(t, x̄, y1) − ψ(t, x̄, y2)] dx̄

⃦⃦⃦⃦
⃦⃦⃦
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+

⃦⃦⃦⃦
⃦⃦⃦ ∫︂
Rm\BR∗ (0)

K(t, x2 − x̄) [ψ(t, x̄, y1) − ψ(t, x̄, y2)] dx̄

⃦⃦⃦⃦
⃦⃦⃦

<
ε

4
√

N

⃦⃦⃦⃦
⃦⃦⃦ ∫︂
BR∗ (0)

K(t, x2 − x̄) dx̄

⃦⃦⃦⃦
⃦⃦⃦+ 2∥r∥

⃦⃦⃦⃦
⃦⃦⃦ ∫︂
Rm\BR∗ (0)

K(t, x2 − x̄) dx̄

⃦⃦⃦⃦
⃦⃦⃦

≤ ε

4
√

N
· √N + 2∥r∥ · ε

8∥r∥ + 1
<

ε

2
.

Thus, ∥T (t)[ϕ](x1, y1) − T (t)[ϕ](x2, y2)∥ < ε, which completes the proof of (ii).
(iii) Take {(tk, ϕk)}k∈N ⊂ R+ × Cr, and (t, ϕ) ∈ R+ × Cr such that lim 

k→∞|tk − t | =
0, lim 

k→∞∥ϕk − ϕ∥C = 0. We show that for any R > 0, there holds

lim 
k→∞

(︂
sup{∥T (tk)[ϕk](x, y) − T (t)[ϕ](x, y)∥ : (x, y) ∈ BR(0) × Ω}

)︂
= 0.

Without loss of generality, we may assume that tk ≤ t + 1 for all k ∈N . Note that for any ε > 0, 
there exists R̃ = R(ε) > R such that⃦⃦⃦⃦

⃦⃦⃦ ∫︂
Rm\B

R̃
(0)

sup 
t ′∈(0,t+1]

K(t ′, x − x̄) dx̄

⃦⃦⃦⃦
⃦⃦⃦<

ε

6∥r∥ + 1
, ∀x ∈Rm.

By appropriately extending Lemma 5.9 in [36] and noting that {ψ(t, ·, y) : y ∈ Ω} is precompact 
in C(Rm,RN), we know that there exists k0 > 0 such that for any k ≥ k0, there holds

∥S2
tk
[ψ(t, ·, y)](x) − S2

t [ψ(t, ·, y)](x)∥ <
ε

3
, ∀(x, y) ∈ BR(0) × Ω.

Let ψk(tk, x, y) = S1
tk
[ϕk(x, ·)](y) and R∗ = max{R, R̃}. It is easy to verify that there exists 

k1 > 0 such that for any k ≥ k1, there holds

∥ψk(tk, x, y) − ψ(t, x, y)∥ <
ε

3
√

N
, ∀(x, y) ∈ BR∗(0) × Ω.

Thus, for any k ≥ max{k0, k1}, (x, y) ∈ BR(0) × Ω, we have

∥T (tk)[ϕk](x, y) − T (t)[ϕ](x, y)∥
≤
⃦⃦⃦
S2

tk
[ψk(tk, ·, y)](x) − S2

tk
[ψ(t, ·, y)](x)

⃦⃦⃦
+
⃦⃦⃦
S2

tk
[ψ(t, ·, y)](x) − S2

t [ψ(t, ·, y)](x)

⃦⃦⃦

<
ε

3
√

N

⃦⃦⃦⃦
⃦⃦⃦ ∫︂
BR∗ (0)

K(tk, x − x̄) dx̄

⃦⃦⃦⃦
⃦⃦⃦+ 2∥r∥

⃦⃦⃦⃦
⃦⃦⃦ ∫︂
Rm\BR∗ (0)

K(tk, x − x̄) dx̄

⃦⃦⃦⃦
⃦⃦⃦+ ε

3

<
ε

3
√

N
· √N + 2∥r∥ · ε

6∥r∥ + 1
+ ε

3
< ε.
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This implies R+ × Cr ∋ (t, ϕ) ↦→ T (t)[ϕ] ∈ C+ is continuous. □
Remark A.1. Note that T (t)[ϕ] = 𝒯−ctξ ◦ T (t)[ϕ] for all (t, ϕ) ∈ [0,∞) × C+. Thus, T (t) also 
satisfies properties (i)--(iii).

Data availability

No data was used for the research described in the article.
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