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Abstract

In this paper, we study the threshold dynamics of a class of reaction-diffusion systems in a cylindrical
domain with shifting effect. We first transform the reaction-diffusion system into a spatially inhomogeneous
autonomous system using moving coordinates and analyze the fundamental properties of the solution to this
new system. Then, we establish uniform asymptotic annihilation of the autonomous system by constructing
an upper system sequence. Finally, employing the theory of asymptotic spectral radius, we investigate the
threshold dynamics of the system, including existence/nonexistence and uniqueness of forced wave, as
well as its global stability. Particularly, we establish a logarithmic relation between the asymptotic spectral
radius and the standard generalized principal eigenvalue, thereby characterizing the influence of the climate
shifting speed ¢ on the asymptotic spectral radius.
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1. Introduction

Global climate change and industrialization have been a big concern in the scientific com-
munity. This has stimulated ecologists to explore how environmental shifts influence population
dynamics (see, e.g., [18,33]). In this regard, mathematical modelling can play an important role
and has actually provided some useful and helpful insight to explain and understand the impact
of such shifting environments through reaction-diffusion. For example, in their pioneering work
Berestycki et al. [1], the authors formulated a one-dimensional reaction-diffusion equation with
a forced speed c:

oru(t,x) =doxxu(t,x)+ f(x —ct,u(t,x)), (t,x)e0,00) xR, (1.1)

where ¢ > 0 is the speed of climate change, d is the dispersal rate, and f represents the growth
function in the shifting environment. Under the assumption that the favourable habitat is sur-
rounded by unfavorable ones, they established the existence and uniqueness of travelling wave
solutions with the speed c¢ (called forced wave) and the long time dynamics of (1.1). Later,
Berestycki and Rossi [4] extended the results of [1] to higher dimensional cases with more gen-
eral assumptions on f. When f in (1.1) is logistic form, i.e., f(x —ct,u) =u(r(x —ct) — u),
Li et al. [21] investigated the persistence and extinction dynamics and established criteria to
determine whether the population persists or becomes extinct. Furthermore, researchers have
also investigated the spatial-temporal dynamics of other mathematical models in shifting habi-
tats, such as integro-difference equation models [20,22,48], nonlocal diffusion equation models
[23,34,35], and lattice differential equation models [13,25], delayed reaction diffusion equation
models [7,16,37]. For more related studies, see [2,8—-12,14,15,19,40,41,44,45] and references
therein.

Among the various types of spatial domains are cylindrical domains. Reaction diffusion equa-
tions in cylinders have also received considerable attention in recent years, particularly regarding
asymptotic propagation and traveling wave theory of reaction diffusion equations in such do-
mains; see [3,24,27,28,31,46]. When there is a shifting effect accounting for the environmental
shift, reaction-diffusion models in such cylindrical environments have also gained growing inter-
est (see, e.g., [5,6,32,38]). Berestycki and Rossi [5] extended model (1.1) to an infinite cylinder
with Neumann boundary condition:

(1.2)
opu(t,x1,y) =0, (t,x1,) € (0,00) x R x 9L.

{8tu=Au+f(x1—ct,y,u), (t,x1,y) € (0,00) x R x €,
In [5], assuming that the favourable habitat is bounded. They demonstrated that the long time dy-
namics of the solution are determined by the generalized principal eigenvalue X of an associated
linear elliptic operator: if A > 0, the solution converges to zero; if A < 0, the solution converges
to the traveling wave U (x1 — ct, y), uniformly for (x1, y) € R x Q. Subsequent research by Vo
[32] investigated reaction-diffusion models in shifting environments characterized by globally
unfavorable mixed habitats with favourable pockets extending to infinity. The study established
criteria for species persistence versus extinction in cylindrical and partially periodic domains.
Bouhours and Giletti [6] analyzed the spreading and vanishing of monostable reaction-diffusion
models in heterogeneous environments. They investigated the large time behaviour of solutions
when the subdomain shifts or contracts at a given speed ¢ with a positive reaction term. We point
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out that the above works are all for scalar reaction diffusion equations. Despite these advances
for scalar R-D equations, reaction-diffusion systems in cylinders with shifting effect are rela-
tively less understood, compared to their one-dimensional counterparts. It is known that for R-D
systems, the comparison theorem and maximum principle are generally no longer valid, and this
brings in challenges in the study of the dynamics of R-D systems unless a system is cooperative.

Recent advances by Yi and Zhao [38] have significantly extended the theoretical frame-
work for spreading speeds and traveling waves in monotone evolution systems without spa-
tial translation invariance. Subsequently, Yi and Zhao [39] further generalized their theory to
non-monotone evolution systems without spatial translation invariance, providing a powerful
tool to analyze the global dynamics for certain evolution systems with their limiting systems
being uniform asymptotic annihilation. In particular, they applied these abstract results to a
reaction-diffusion system in a shifting environment. This development contrasts with traditional
approaches based on generalized principal eigenvalues - a key methodology in propagation
dynamics (see, e.g., [2,4,5,10,32]). As demonstrated in foundational works by Berestycki and
collaborators [4,5], generalized principal eigenvalues serve as critical indicators for population
persistence or extinction in shifting habitats. However, the introduction of generalized eigenval-
ues depends on the specific form of the equations, leading to distinct definitions for different
classes of problems. Moreover, their applications usually require auxiliary tools such as regular-
ity theory, comparison principle, and the construction of appropriate upper and lower solutions.
In contrast, the asymptotic spectral radius theory developed by Yi and Zhao [39] transforms the
above problems that require special treatment in the generalized eigenvalues into fundamental
assumptions (asymptotic contraction, asymptotic translation, and strong positivity), and this can
avoid repetitive arguments of the generalized eigenvalues and their derived procedures for certain
systems.

Motivated by the aforementioned developments, in this paper, we investigate the following
system

du=DiAu+ DyAyu+f(x —cté, y.u),  (1,x,y) € (0,00) x R” x ,
du(t,x,y) =0, (t,x,y) €(0,00) x R™ x 9, (1.3)
u(0,x,y)=¢(x,y), (x,y)eR™ x Q,

where €2 is a bounded domain in R"” with smooth boundary 9€2, v is the outer unit normal vector
field to R” x 9%, £ € "™~ is a given unit direction vector and ¢ € R is the speed of the climate
change. Here,
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Dj =diag(dj, - - ,djn) is matrix of diffusivities, withd;; > Ofori € {1,2,---, N}, j €{1,2}.
f=(fi. fa, -, i) w=(ur,uz, -+ uy)’, and ¢ = (¢1,¢2,- -+, ¢n)". We are concerned
with the forced travelling wave solution to this system. Applying the abstract results in [39], we
will establish the existence, nonexistence, and uniqueness of forced wave and its global stability.
To rigorously prove the uniform asymptotic annihilation of solution to the reaction diffusion
system (2.1) transformed from (1.3), we introduce a linear system and construct an upper system
sequence. In addition, we define the truncation, amplification, and asymptotic spectral radius of
the solution operator of the linear system to study the threshold dynamics of system (1.3). The
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results reveal that when the asymptotic spectral radius is strictly greater than 1, the system admits
a nontrivial traveling wave W (x — ct&, y), while if it lies strictly between 0 and 1, the solution
converges to 0.

The rest of this paper is organized as follows. In Section 2, we present some basic notations
and assumptions. Then, we transform system (1.3) into an inhomogeneous reaction-diffusion-
advection system using moving coordinates and establish the fundamental properties of its
solution. In Section 3, we introduce an auxiliary linear system and analyze the asymptotic an-
nihilation of the system (2.1) by constructing an upper system sequence. In Section 4, we first
explore the threshold dynamics of system (1.3), then we establish the relation between the asymp-
totic spectral radius and the generalized principal eigenvalue defined in [5], thereby determining
how the shifting speed ¢ affects the threshold dynamics.

2. Preliminaries

In this section, we first give some basic notations and preliminary results that will be essential
for the analysis in subsequent sections.

Let R™ and RV be equipped with the Euclidean norm. Let C = BC(R” x Q,R") be the
normed vector space of all bounded and continuous functions from R™ x Q to RV with the
norm

o
lollc =" 27" sup{llp(x, Mllrs : (x,y) €R™ x 2, [|x|gm < k).
k=1

In addition, let C; ={p € C: ¢(x,y) eRY, V(x,y) e R" x Q},and CS ={p e C : p(x,y) €
Int(Rﬁ), Y(x,y) € R™ x Q}. It is clear that C; is a closed cone in the normed vector space
C.Forany &, neC,wewrite§ >nif§é§ —neCyr;and & >nif & >nand & #n; & > nif
§—neCy.

Let K ={1,2,---,N},1=(1,1,...,1) € RY, and 1 € RV*N be the matrix with (1);; = 1
foralli, j € K.Foranyr e Int(Rﬁ), we define

Cr={peC:0<g¢(x,y)<r, V(x,y) eR" x Q}.

For any given z € R, we define the spatial translation operator 7; on C by

TApl(x,y) =p(x —z,y), V(x,y) eR" xQ, peC.

Define ||¢|lc0 = o1l Loomm . RN forall ¢ € C. Then (C, C4, || - ||co) is a ordered Banach space.
An N x N matrix A = (a;;) is said to be cooperative if g;; > 0 forall 1 <i # j < N, and the
spectral bound of A is defined as s(A) = sup{NX : det(Al — A) = 0}. The norm of A is given by
| AllRy<y = +/Amax(AAT), where Apay is the largest eigenvalue of AAT . A is irreducible if for
any nonempty, proper subset I of the set K, thereis ani € I and j € K\I such that a;; # 0. For
simplicity, we denote || - ||x by || - ||, where * represents R”, RN, R¥N*N C(Q,RN), or C.
Throughout this paper, we always assume that f satisfies the following hypotheses.

4
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(H1) fe CR™ x Q x RY,RV), £(-,-,u) € L°(R™ x Q,RY), f(x, y,-) e C'(RY,RY), ur>
f(x, y,u) is locally Lipschitz continuous, uniformly for (x, y) € R” x Q. In addition, we
assume that f(x, y, 0) = 0 for all (x, y) e R™ x Q.

(H2) There exists M € Int(Rﬁ) such that for any (o, x, y) € [1, 00) x R” x Q, f(x, y, aM) < 0.

Moreover, inf{aﬁ(gii;_y"’) S(x,y,u,0) €R™ x Q x [0, Mgy X K} > —o0, and f(x, y, ) is
subhomogeneous on RY.
(H3) The Jacobian matrix Dyf(x, y,u) := (df’%ijyu)) is continuous and cooperative for all

(x,y,u) € R" x Q x Rﬁ . Furthermore, there exists (xo, yo) € R™ x Q such that
Duf(x0, yo, 0) is irreducible.
(H4) The spectral bound of the matrix

s| lim sup Dyf(x,y,0) | <0,

R—00||x||>R

yeQ
where
. . afi
lim sup Dyf(x,y,0) = lim sup —(x,y,0).
R=>00 x> R R=00 x>k OU j
yeQ ij yeQ
(H5)  liminf [mig(Duf(x,-,O)—Duf(x,~,V))]20.
(lxll.v)—>(00.0) L yeqy
(H6) There exists a f1 such that lim f(x,-,-) =f; in C| (@ x RY,R).

x| =00

(H1) enumerates the continuity, boundedness, differentiability, and local Lipschitz continuity
of f. These properties ensure the existence and uniqueness of mild solutions. (H2) implies the
boundedness and dissipativity of the system, which in population models typically corresponds
to the fact that the environment has a carrying capacity. The subhomogeneity of f ensures that
the linearized system around the trivial solution can serve as an upper system for system (2.1).
(H3) states that the system is cooperative, which implies monotonicity of solutions, while the ir-
reducibility guarantees the strong positivity of solutions. Finally, (H4) and (HS), combined with
subhomogeneity, establish the asymptotic annihilation of the system (2.1). (H6) states that both
(1.3) and its transformed system (2.1) have limiting systems which will play a role in understand-
ing the dynamics of (1.3).

To proceed, we transform system (1.3) into an autonomous system with spatial heterogeneity
using moving coordinates:

du=DiAyu+ DrAyu+cé-Viu+f(x,y,u), (t,x,y)€(0,00) x R" x Q,
opu(t,x,y) =0, (t,x,y) €(0,00) x R" x 3Q, (2.1)
u(09xa )’)=¢(X,y), (.x, y)GRm Xﬁ.

Under (H6), (2.1) has the following limiting system:

5
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du=DiAyu+ DrAyu+cé-Viu+fi(y,w), (f,x,y)€(0,00) x R" x Q,
opu(t,x,y) =0, (t,x,y) € (0,00) x R" x 0€2, 2.2)
u(0, x,y) =¢(x,y), (x,y) e R™ x Q.

According to Remark 5.2 in [43] and (H1), for any ¢ € C4, system (1.3) admits a unique
mild solution u¢(t,x, y; f) with initial value u(0, x, y; f) = ¢ (x, y) on the maximal interval
[0, 00), and w®(z, -, -;f) € C. Define P : Ry x C, — C4 by P[t, ¢;:fl(x, y) =u?(t,x, y; )
for all (£, x,y,¢) € Ry x R™ x Q x Cy. Let Q[t, ¢; f] and Q. [z, ¢; £, ] be the mild solutions
of systems (2.1) and (2.2) with u(0, -, -) = ¢ € C4, respectively. For convenience, we denote

Plt,¢; 1], Olt, ¢; f]l and Q. [z, ¢; £1]1 by Plt, ¢, Olr, ¢] and Q. [1, @], respectively. Based on
the definitions of the mild solutions, we obtain the following expressions:

t

P[L(Iﬁ](x,y):T(t)[(P](x,y)+/T(I—S)[f(-—CSEmP[S,qﬁ](w))](x,y)ds,
0
t

Q[Ld)](x,y)=T(f)[¢](x,y)+/7(t—S)[f(-m Ols, #1¢, N1(x, y)ds,
0
1

Q+lt, $1(x, y) =TD)[](x, y) +/T(t =)L, O+ [s, @1C, NICx, y) ds,

0

where the semigroups 7'(¢) and T(¢) are defined in the Appendix. Note that Q[t, ¢] = T_¢ o
Plt,p] forall (r,¢) e Ry x Cy.

In view of Remark 5.2 in [43] and the assumptions on f, we can easily verify that Q satisfies
the properties of continuity, positive invariance, monotonicity, and asymptotic translation.

Proposition 2.1. The following statements are valid:

(i) Q:Ry x Cr — Cy is continuous for all r € Int(RY).

(i) O[R4+ x Com] C Cym forall a € [1, 00).

(i) If ¢, ¥ € C4 with ¢ >, then Q[t, p] > QOlt, V] forall t € R,.

(iv) Let (H6) hold. Then lim Q[t, T.[¢11(- + z,-) = Q+[t, ¢] in C for all (¢t,d) € Ry x Cy.

llzll—o00

Moreover, lim Olt, T[] + 2, ) = Q4 t, ol in C for all t € Ry provided that
(k. ||z]l)— (00,00)

{¢xlken C Cr for some r € Int(RY) with klim lpx — doll = 0.
— 00

Next, under the assumptions on f, we further establish the strong positivity, subhomogeneity,
and compactness of Q.

Proposition 2.2. The following statements are valid:

() Qlr, ¢l € CS forall (1, ¢) € (0,00) x (C+\{0}).

(i) Qlr,yel=yQlt. ¢l forall (t,y,¢) € Ry x[0,1] x Cy.

>iii) Qlt, Cy] is precompact in C for all (¢, r) € (0, 0c0) X Int(Rﬁ).

6
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Proof. (i) Without loss of generality, we assume that ¢ € Cy\{0} due to the monotonic-
ity of Q[t,-]. By (H2) and (H3), there exists a sufficiently large constant p such that ul +
Duf(x, ¥, u) is nonnegative for all (x, y,u) € R™ x Q x [0, M]gw~. Define A(x, y,u) = ul +
fol Duf(x, y,&u) d§, g(x, y,u) = A(x, y,u)u. Then A(x, y,u) is nonnegative and A(xg, yo, )
is irreducible for all (x, y,u) € R™ x Q x [0, M]gw~ . Note that the solution of system (2.1) can
also be expressed as

t

w(t,x,y; 0 =e MT(O[P1(x,y) + / e MIT (1t —5)[g(-, - u? (s, -, 5 H](x, y) ds,
0

where the semigroup 7(¢) is defined in the Appendix. Since ¢ € Cp\{0}, we may as-
sume ¢1 # 0. Then T1(t)[¢1](x,y) > 0 for all (t,x,y) € (0,00) x R” x Q, which implies
u‘{’(z,x,y;f) > e MT(t)[p1]1(x,y) > 0. Define I ={i :i € K,3(t,x,y) € (0,00) x R"™ x
Q s.t. u?(t,x, y: ) =0}, A(s) := A(x0, o, u® (s, xo, yo; )). Then 1 ¢ I. We now prove I = {;
otherwise, suppose I # {. By the irreducibility of A(s), there exist i € I, j € I such that
a;;(0) > 0, and hence there exists § > 0 such that a;;(s) > 0, s € (0, §). Thus,

N

(A@)® (s, x0, yo: )i = Y aix(s)uf (5, x0, y0; £) = aij(9)u’ (5, x0, yo: ) > 0, 5 €(0,8),
k=1

which lmplies Tl(t - s)[gi('v .’u‘p(s’ RS f)]('xv y) > 0 ford >t =5 > 0’ (-x7 y) eR™ x 5 Asa
result,

t
ul(t,x, y; ) > /e*““*”i- (t —)[giCul(s, -, Hx, y)ds > 0
0

for all (¢, x, y) € (0,00) x R™ x €, which is in contradiction with the definition of 1.

(ii) For any y € [0, 1], let z(z, x, y) = Q[t, yp1(x, y) — ¥ Oz, #1(x, y). Then z(z, x, y) satis-
fies the following system:

02> DAyz+ DAyz+c§ - Viz+g(t,x,y)z, (t,x,y) €(0,00) x R" x Q,

ovz(t,x,y) =0, (t,x,y) €(0,00) x R" x 3L,
z(0,x,y) =0, (x,y) eR™ x Q,

where

1

g, x,y) :=fDuf(x,y’SQ[t,V¢>](x,y)+(1 — )y Olr, ¢l(x, y)) ds
0

is cooperative. It follows from the Phragmén-Lindelof type maximum principle in [26] that
z(t,x,y) = 0,V(t,x,y) € Ry x R" x Q. Thus, we have Q[r, y¢] = y Qlt,¢], V(1. v, ¢) €
Ry x[0,1] x C4.
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(iii)We first claim that Q[t, Cy] |mx§ is an equicontinuous family in C (m x Q,RN
for all R > 0. Let D = {f(-, -, Q[s, ¢](-, ) : s € [0, ], ¢ € C;}. Note that by (H1) and (H2),
there exists d > 0 such that D C C41 — Cy41. For any ¢ > 0, and take § = ;—d, by Lemma A.1-(ii)
in the Appendix, T(t)[Cr]lmxﬁ and {T[s][w]|mxﬁ 1 s €[68,t], ¥ € D} are families of
equicontinuous functions in C(Bgr(0) x Q, ]RN), it follows that for any s € [8,¢], ¢ € Cy, ¥ €
D, (x1,y1). (x2,y2) € Br(0) x Q with ||(x1, y1) — (x2, y2)|| <8, we have

ITO1p1x1. y1) — TOPlx2. y2) | < g IT WG ) — TO I, y2) | < %
Therefore,

I O1t, p1(x1, y1) — Olt, p1(x2, y2)
< | T®I1x1, y1) = TO[l(x2, y2) |

&
'—%a

+ /T(I—S)[f(-,-,Q[S,¢](~,~))](X1,y1)—T(I—S)[f(-,-, Ols, 1(, N1(x2, y2) ds

0

t

+ / T(t_s)[f(’a Q[S,¢](‘,‘))](x1, yl)_T(t_s)[f(s s Q[Sv¢]("'))](x2’ YZ)ds

This, combined with Proposition 2.1-(ii) and the Arzela-Ascoli theorem, yields that Q[t, Cy] is
precompactin C. 0O

3. Asymptotic annihilation

In this section, we will prove the asymptotic annihilation of system (2.1). We first introduce
the following linear system:

du=DiAu+ DrAyu+cé-Viu+h(x,y)u, (£,x,y) €(0,00) x R" x Q,
ou(t, x,y) =0, (t,x,y) € (0,00) x R™ x 9€2, 3.D
u0,x,y)=¢(x,y), (x,y) eR" x Q,

where h € BC(R™ x Q,R"*V) and ¢ € C;.. Let L[z, ¢; h] be the solution of the linear system
@G.D. If lim h(x,-) =hy in C(R, RY), then we further define L[z, -; h. ] to be the solution

flx =00 S
map of the corresponding limiting system.
For the sake of convenience in our discussion. For any § > 0, we define

hs(x, y) = max Hh(x, y), 81 +h°°} . V(x,y) eR™ x Q,

8
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where h® = lim sup h(x, y). From the definition of hs(x, y), it follows that lim hg(x, ) =
R~>OO||XH>R llx[|—o00
ye

hy ;=81 +h>.
Based on Proposition 2.1 and 2.2, we can prove the following properties of L[z, -; h] and
L[z, hy].

Proposition 3.1. Ler h € BC(R™ x Q, RVXM\ (0} with h(x,y) being cooperative for all
(x,y) € R™ x Q. Then the following statements hold.:

(i) Foranyt € Ry, L[t,-; h], L[t,-;hy]: C — C are bounded and positive linear operators on
(C,C+, I * lo), and LL[t, -; h], L[t, -; hy]: Cr — C are continuous and compact operators
forall (t,r) € Ry x Int(RY).

(i) If | 1H1m h(x,:) =hy in C(Q,RN), then | }‘lm T [Llt, T:[¢]: h]] = L[t,¢; hy] in C

X||—o00 Z|[—0o0
for all (¢t,¢) € Ry x Cy. Moreover, for any t € Ry, lim T_; []L[t, T dxl; h]] =
(k, 1zl (00,00)
L[z, ¢o; hy] in C provided that {¢y }reN € Cr for some r € Int(Rﬁ) with klim lox — doll =
—00
0.

(iii) If there exists (xo, yo) € R™ x Q such that h(xq, yo) is irreducible, then L[t, ¢; h] € C3 for

all (t, ¢) € (0, 00) x (C4\{0}).

Next, we analyze the asymptotic annihilation of system (2.1) by constructing an upper sys-
tem sequence for Q. We give the following results before presenting the main conclusion on
asymptotic annihilation.

In the rest of this section, we assume that h(x, y) = Dyf(x, y, 0). Then, (H4) implies 359 > 0
such that s (hy) < 0.

Lemma 3.1. For any r* € Int(Rﬁf ), the following statements are valid:

(i) lim [IL[z, r*; by 1(0, )] = 0.
t—00 0
(i) liminf [inf{]L[t, r*; hgo](o, y) — Q[t, r1(z,y): y € 5}] eRY forallt > 0.

[lz]|—00

: *. ht hy 1 * by 7
Proof. (i) Note that LL[¢, r ’hao] =e % T(t)[r*] =e % r*. Thus, we have

H hi ¢
0

(TR A TER] Iy P . V(x.y) eR" x Q.

]

This, together with s (hy ) < 0, implies that
lim L[z, r*; h 1(x, »)I| = 0.
t—00 0
In particular, lim |[L{z, r*; 3 10, -)| =0.
—> 00
(ii) By the subhomogeneity of f and Lemma 4.3 in [39], we have f(x, y,u) < Dyf(x, y, O)u.
This, combined with the definition of hs,(x, y) and the comparison principle, yields Q[f, r*] <

L[¢, r*; hs,] for all £ > 0. It follows from Proposition 3.1-(ii) that

9
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lim L[f,r*; hg1(z, ) = L[t, r¥; h;{)](o, ), Vt>0.

[lz]| =00

Thus, we obtain

timinf [inf(L{r, 1% b}, 10, ) = Q1. ¥z, 3) 1 y € )

[lz]| =00

> liminf [inf{]L[t, r*;hi (0, y) — L[t r*; hsl(z,y) 1y € 5}]
[lz|]—00 0

=0. O

Theorem 3.1. For any ¢ € C+ and ¢ > 0, we have

Jim [sup {1017, @1e, 91 = @, Ik € [, 000} | = 0.

Consequently, lim [sup{n Olt, $10x, )l : 1x]| = te}] —0.
—00
Proof. For any ¢ € C and take o™* € [1, 00) such that r** := «*M > ¢. Define

Olt, ¥l = Qlr, min{y, r*}], Oly]1=Q[1,¥], QT [¥]=LI[1L,¥:hy], Vi>0, ¢y eCy,

where min denotes the componentwise pointwise minimum. By Propositions 2.1-(ii), (iii), we
know that Q[r, 1, Q[¥] € Cew, Q1. ¥] < O[¥]. Oly] < Oly] for all ¢ <y € Crs+. These,
together with Lemma 3.1 yield that (Q, OF,r*) satisfies uniform asymptotic annihilation
(UAA) as stated in [39] and

O[t, ¥1(x, —
limsup | sup QU ¥ltx. y) () eR"x Q| <1, VyeCy.
t—00 r* 41

I\Iote that Q[t, ¢], t > 0is not a continuous-time semiflow on C, but fog any d)_ € Cp++, we have
0lt, ] = QOlt, ¢]. Thus, applying the proof of Theorem 3.3 in [39] to (Q, O, 07), we obtain

tim_[sup {11011, 61cx. )1 : (. 1) € [, 00} | =0, Vg ecy,
o—> 00

and hence the desired conclusion follows. 0O

4. Threshold dynamics

In this section, we study the threshold dynamics of system (1.3) based on the asymptotic
spectral radius theory established in [39], including the existence, nonexistence and uniqueness
of forced wave, as well as its global stability. Moreover, by deriving a relationship between the
asymptotic spectral radius and the generalized principal eigenvalue defined in [5], we provide a
framework to analyze how the asymptotic spectral radius depends on c. Before presenting the
main results, we first provide a lower bound of f, which is crucial for the proof of the subsequent
theorem.

10
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For any §, r > 0, define the function I'y, 5, € BC(R™ x Q, R, ) as follows:

max{0, h(x, y) — 8}, xeB,, yeQ,
Cpsr(x,y) = max{0, h(x, y) — 8}(1 +r —[|x]]), x€B41\B, yeQ,
0, x¢ B, yeEL,

where h € BC(R™ x Q,R), B, ={x e R" : ||x|| <r}.
The following result is a extention of Lemma 4.12 in [39]. For the sake of completeness, we
provide a proof here.

Lemma 4.1. For any §, r > 0, there exists é = 55,, € Int(Rﬁ) such that
f(x,y,u) > (Duf(x, y,0) — Si)u, Y(x,y,u) € By x 2 x [0, §]RN.
Let u* := —inf{af"(giu’l_y"l) D (x,y,u,0) € R™ x Q x [0, M]gy x K}. Then

£(x, y, ) > Apygcr,y,0,8, (. U, V(x,y,u) e R” x Q x [0, Elgn,

where Ap s5.» € BC(R™ x Q,RV*NY s defined as

=1+ Tprgng o0 (x,y), i=,
(Ah,a,r)i~(x’ )’)Z ’ + / " y . ]
7 Fhij,é,r(xs y)» l#]»

forall (x,y,h) e R" x Q x BC(R" x Q, RN*N),

Proof. Fix §,r > 0. Since Dyf(x, y,u) is continuous in (x, y,u), there exists § = 55,, €
[0, Mg~ N Int(RY) such that

IDuf(x, y,u) — Duf(x, y,0)|| <8, V(x,y,u)€ Byy1 X Q x [0, é]RN.

In particular, we have aﬁﬁd"L;Y’“) > Ui g;,y,O) — 8, and hence Dyf(x, y, u) > Duf(x, y, 0) — 81 for
J J

all (x, y,u) € B,y 1 x 2 x [0, E]gn. It follows from f(x, y, 0) = 0 that

1

f(x,y, ) =/Duf(x, y,su)ds u
0

> (D.,f(x, v,0) — 51) w, V(x,y,u) € By x 2 x [0, Egw.

Let (a;j(x,y,W)yxn = fol Dyf(x, y, su)ds. This, together with the definition of ©* and the
fact that Dyf(x, y, u) is a cooperative matrix, yield that

11
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ajj(x,y,u) >0, Vi # j, (x,y,u)eRmxﬁx[O,é]RN,
1+ aji(x, y, ) =0, Vi, (x,y,u) e R" x @ x [0, EIgw,
aij(x, y,u) > %}“’) —8, Vi, j. (x.y.u)€ By x Q2 x [0, E]gn.

By the definition of " 5.0 s r(x, y), we obtain
Z)uj [

W+ ai(x, y,u) > Fll*+3f,'(‘w-0) 5, ), Vix,y,w) eER™ x Q@ x[0,Elgn, 1 <i <N,
du; [

aij(x, y, W) = Tageew o (6, y), V0, y,w) eR” x Qx [0,E]gn, Vi # .
3uj (el

Hence, f(x, y, u) > Ap,t(....0),s.- (x, y)u for all (x, y,u) e R" x Q x [0, é]RN. O

Following the definitions in [39], we introduce the truncation, amplification, and asymptotic
spectral radius of the operator I, where I : C — C is a bounded, linear and positive operator on
(C,C+, |l - lleo)- Lic, : C¢r = C is continuous for any r € Int(RY), and L[Cy] is precompact in
C.

For any given ¢ € (0, o], let

By={xeR":||x]| <0}, ¢o(x):=max{0, min{l, 0 — [[x|[}}, Vx € R,
where By, represents R”.

Define the truncation operator L, : C(B, x Q,RY) — C(B, x Q,RY) by L,[¢] =
]L[g“gcp]|BQX§, where

Cg(x)(p('x’ y)’ (X,Y)EBQ X_§7

(Cg(ﬂ)(x,)’)={07 X¢BQ,y€Q.

From the definitions of I, and ¢,, it follows that

Loolel = Llgoopligm g = Llgl.

The asymptotic spectral radius of IL is defined as pr, := lim p(L,), where p(IL,) denotes
0—> 00

the spectral radius of the operator L.
For any given (0, d, o) € (0, 00)? x (0, 00] and (¢, ¥) € C(B, x Q,R") x C, define ampli-
fication operator L, 4 : C — C by

Loal¥1(x,y) = 1+ 0 ()LIYIx. y), Vx.y) eR" x Q,

and the operator ﬁ:g,d,g :C(By x Q, ]RN) — C(B, x Q, RN) by ﬁL\g,d,Q[(p] = Eg,d[ggq)ﬂB@ R

Lemma 4.2. Let h € BC(R™ x Q, RVXN\ (0} with h(x, y) being cooperative for all (x,y) €
R™ x Q. Then the statements are valid:

12
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(@) Ift >0, pLy;,.n > 1, and there exists (xo, yo) € R™ x Q such that h(xg, yo) is irreducible,
then there exist 8¢, ro > 0 such that PLIt,; Asgrg] > 1.

(i) If s (h*°) <O, then for any t > 0, LL[t, -; h] satisfies asymptotic contraction (AC) as defined
in [39].

Proof. (i) Define I. = L[z, -; h]. By the definition of pr,, there exists r¢ > 0, such that p(L,,) >
1. This, together with the compactness of L, and Proposition 7.26 in [42], implies that there
exists Yo € C(By, x Q, RV)\{0} satisfying

Ly[¥ol = L& Yollp, xq = pLr)Vo.

It follows from &, %o € C4\{0} and the irreducibility of h(xg, yo) that L[, Y] € C3 and
5 . . .o . . _ .
hence ¥ > 0. Set L° :=1L[z, -; Ah’s,%]. By the definition of Ah,é,%’ we have Blgr(l) Ah,é,% =hin
Cloc(R™ x Q). Due to the continuous dependence of solutions on the reaction terms (see [43,
Remark 5.2]), we deduce that
L2[gr¥ollg, v = Llgrvoll 5, i = p L) Yo

in C(B,, x ,R"Y) as § — 0. Thus, there exists 8 > 0 such that

L+ p(ILyy)

5 ¥o.

L) [P0l = L[5 Yol g, 55 =
Forany r > rg+1,
(L), [ Yol g, ) = LO L Gr¥ol g )]l 5
= ]LSO [§r0 I/f()] | B, xQ

_ Lol volly, v (y) € By x Q

1o, x ¢ By, yeﬁ
1+pILy,) O

> %wo’ (x’y)eBro X_Q

1o, X ¢ By, y €Q

14+ p(IL,
= 28 (6 vo)

This, combined with the Gelfand’s formula, yields p((L%),) > “250) for all r > 1y 4+ 1. Tn

view of the definition of py s, we have

1 L
,O]LSQ = +7102( rO) > 1.

(ii) Since s (h*) < 0, there exists &€ > 0 such that s (si + h°°) < 0. Let

h, (x, y) = max {h(x, y), el —{—hoo} . Y(x,y)eR" x Q.

13
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Then h;‘ = lim hg(x, )= el 4+ h> and h.(x,y) > h(x, y) for all (x,y) € R™ x Q. By the

[lx][—00
comparison principle, we have

Lz, he] = Lz, - h].

It follows from s(hz‘) < 0 that llim ||}L[t, 1; h;"]”C>O = 0. Moreover, by Proposition 3.1-(ii),
— 00

(L[t, -; he], L[z, - hj]) satisfies asymptotic translation (AT) as introduced in [39]. This, together
with Lemma 2.6 in [39], implies that IL[¢, -; h,] satisfies (AC) in [39]. As a result, L[z, -; h] also
satisfies (AC) in [39]. O

Next, we employ the theory developed in [39] to study the threshold dynamics of the system
(1.3).

Theorem 4.1. The following statements are valid:
(1) If ¢ € C4, then for any € > 0,

Jim [ sup {11 PIr. @10x, ) < 1 = @ and |lx = crg]) = o) | =0,

which implies that Tim [sup{||P[t,¢](x, I s Ilx = el > te}] —0.
—>00
(ii) If pL[1,Dyf(..,00] > L, then Plt, -] admits a nontrivial forced wave W (x — ct§, -) such that
W e C? and | lim W(x,-) = 0. Moreover, if there exists (xq, yo) € R™ x Q such that

[x[|—o00
f(Xo, Yo, Iint(10, M1 ) is strongly subhomogeneous, then

lim [[P[t, ¢] = W = ctf, )| oy =0, ¥ € C4\ (O
(iii) If 0 < pL[1,-:DytC..-.00] < 1, then for any ¢ € C,
zlirgo [1P[t, ¢l |L°°(]R’”><§,]RN) =0,
which implies that Plt, -] admits no nontrivial forced wave W(x — ct&, ) in Cy.
Proof. (i) follows from Q[t, -] =T_¢ o P[t, -] and Theorem 3.1.

(ii) Since por[1,.:Dyf(.,-,0y] > 1, it follows from Lemma 4.2-(i) that there exist 8o, 7o > 0 such
that PLLL - Apytc. 005901 > 1. By the definition of A, we have

. _ *
Hxlulinoo ADyt(.,-,0),80,70 = —H " 1,

where I denotes the N x N identity matrix. By (H4) and the Perron-Frobenius theorem, we may
obtain u* > 0, and hence tlim L[z, 1; —*I]|loc = 0. By Proposition 3.1, we conclude that
—00

LL[1, 5 Apyfc..-,0),50.r0] satisfies all the conditions of Corollary 2.7 in [39].
It follows from Lemma 4.1 that there exists & := 530, ro € Int(Rﬁ) such that

f(x, y,u) > Apytc..0).50.00 Y, y,0) € R™ x Q x [0, E]pw.

14
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Take &* € Int(Rﬁ) N [o, g]RN such that IL[#, Cex; Apyfc..-,0),50,70] S Cg for all t € [0, 1]. By the
comparison principle, we then obtain

M 2 Q[tv ¢] Z ]L[t’ W, ADuf(~,-,0),60,r0]7 V(ta ¢7 W) € [07 1] X CM X Cé* Wlth ¢ Z ‘(/f

Hence, by the first statement of Theorem 3.9-(i) in [39], it follows that P[z, -] has a nontrivial
forced wave W (x — ct&,-) in Cp with  lim W(x,-) =0.

[lx[|—00
We now prove that Q has a unique nontrivial positive steady state W € C\{0}. Otherwise,
suppose that Q has at least two nontrivial steady states Wi, W, € C\{0} with W; # W,. Take
a* € [1, 00) such that r* := &*M > max{W;, W,}. It then follows from Proposition 2.2-(i) that
Wi, W e Cex N Ci. Define

K={¢peCw:9p=Wr ¢>W}l
Then K is a non-empty, closed, convex subset of Cy+, and Q[t, K] C K. This, integrated with the
compactness of Q and Schauder’s fixed point theorem, implies that Q has a fixed point W* € K.

Hence, without loss of generality, we assume Wp < Wj.
For any ¢ > 0, define

Ag=£i+ lim sup Dyf(x,y,0).
R—=00||x||>R
yeQ

By (H4) and (HS), there exist g9, Ry > 0 such that
501=8(Agy) <0 Daf(r.,v) = 21+ Duf(x. . 0) = A,
V(' |x||s V) € [RO’ OO) X [07 801]RN .

In view of (i), we may assume Wj(x), Wa(x) € [0, eol]gny when [|x|| > Rp. By the Perron-
Frobenius theorem, there exists vg € Int(]R{ﬁ) such that

Agyvo =50vo < 0 and min{(vo)x: 1 <k <N}=1.
Define
a* =infla e Ry :aWi(x,y) < Walx,y), V(x,y) € B, x Q}.

Since 0 K« Wp < Wi, wehave 0 <a® <landa*Wilg .5 < Walg .. Wenow divide the rest
RO x RO X
proof into two steps.

Step 1. Prove a*W; < W,.
Define
v(t, x,y) =Wa(x,y) —a*Wix, ) + [Ir¥]le vo, V(t,x,y) e Ry x R” x Q.

15
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According to the definitions of a*, Rp, so and vy, v satisfies the following system:

5 = DIAY+ DaAyV+ ¢ - Vv +g(x, )V, (1,x,) € (0,00) x (R™\Bg,) x Q2

v(t,x,y) >0, (t,x,y) € R} x Bg, x ,
v(0,x,y) >0, x & Bg,, y € ,
where

1

g(x,y) :=/Duf(x, v, sWalx, y) + (1 —s)a*W(x, y)) ds
0

is cooperative. It follows from the Phragmén-Lindel6f maximum principle in [26] that v(z, x, y)
>0 forall (,x,y) € Ry x (R™\Bg,) x Q. Letting t — oo, we obtain a*W| < W,.

Step 2. Prove a* = 1.

Assume, on the contrary, that a* < 1. By (H2) and f(Xo, yo, ')|Int([0,M]RN) is strongly sub-
homogeneous, we have f(., -, a*W}) > a*f(-, -, W) and £(%o, 3o, a* Wi (Xo, ¥0)) > a*f(Xo, Yo,
W1 (%0, 30)). Define W (x, y) = Wa(x, y) —a*Wi(x, y), Y(x,y) € R” x Q. Then W satisfies the
following system:

DiAW(x,y) + DA W(x,y) +c& - ViW(x,y) + 8k, )W(x,y) <0, (x,y) eR™ x Q,
D1 AW (X0, Yo) + Da AW (o, Yo) + c& - Ve W (%o, Yo) + g(Xo, Yo) W (X0, Jo) < 0,
Wx,») =0, (x,y)eR"xQ.

Applying the strong maximum principle in [26], we conclude that W (x, y) > 0 for all (x, y) €
R™ x Q. This implies that W»| Bryx® > a*Wilg Ry XS0 which contradicts the choice of a*. Thus,
Wi = W,.

For any ¢ € C, and take o** € [1, 00) such that r** := ™M > ¢. According to the proof of
Theorem 3.8-(i) in [39] and the choice of o**, the convergence of Q[z, ¢] does not require the
following condition:

lim sup
[—>0o0

[sup{%ﬁ’w D (x,y)eR™ x§” <1, V¢ecC,.

As a result, we directly obtain
lim (1011, 6] = Wil wngryy =0. ¥ € C\(0),
and the desired conclusion follows.
(iii) It follows from 0 < pp,1 ..p,f(.,-.0] < 1, Proposition 3.1-(i), (i1), Lemma 4.2-(ii) and [39,

Corollary 2.5-(ii)] that there exist do, o* > 0, p* € (0, 1) and %, € CS such that

In5oloo =1, L[1,: Duf(-, -, 0o 1440 (03] = P03 < 15,
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where L[1, 5 DyfC, -, 0)]g= g0 0] = (14 0*C14a0) LI1, - Duf(-, -, 0)[n%.]. According to
Theorem 3.9-(ii) in [39], it suffices to show that for any ¢ € C, there exists n € N such that

() S Cpps, -
By Lemma 4.2-(ii), there exists (8o, so, 19) € (0, ﬁ) x (0, 00) x N such that
Llno, 1; Duf(-, -, 0)](x, -) <801,  Vllx|| = s0.
Define
b* =inf{b € Ry : Y (x,y) <bi)e(x,y), Yk, x,y,¥) € K x Byy x Q x 0(¢)}.

Then b* € R and a)((jb)IBS0 o = b*r]:';o|BSO R
Now we claim w (¢) < b*n,. Otherwise, we have

y = sup{yr(x, ) = b* (i) (x, y) : (k, %, y, ) € K x R™ x @ x 0()} > 0.

It follows from Theorem 3.1 that lim [sup &, ) :ve w(¢)}] = 0, and hence there exists

flx [l —o0
g > 5o such that

14
Vr(x, ) = b* (i )k (x, ) < oR Y € w(@), ||lx]l > ap.
Thus, by the definition of y, we see that

v =sup {ic(x, ) = b )k (x, y) : (k, X, 3, ¥) € K X (Bag\Byy) X @ x 0(@)}.

This, combined wi_th the invariance of w(¢), implies that there exists (kg, x*, y*, ¥*, v**) €
K x (Byy\Byy) x Q2 x w(¢) x w(¢) such that

Vi (5, ¥ = b* (5 )k (™, y™) =y > 0 and ¥ = Qlno, ¥™*].

From the subhomggeneity of f and Lemma 4.3 in [39], we have f(x, y, u) < Dyf(x, y, 0)u for all
(x,y,u) e R" x Q x Ri’ . It follows from the comparison principle that

Qlno, ¥**1 < L[ng, ¥**; Duf(., -, 0)].

According to the choice of b*, x*, y*, p*, ¥*, ¥**, 59 and Lemma 2.1-(i) in [39], we obtain

YO, Y = b g (xF, yY)
= Q[no, Y™ 1(x*, y*) = b ni (x*, y")

*

(p*)ro

(p*)no

17

< Lng, ¥**; Duf(-, -, 0)](x*, y*) — (LLL, - DufC, - 0]y 14a,) ™ [151 (2%, y%)
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L[”O’ 77:0, Dllf('a y 0)](~x*a y*)



Q. Guo, T. Yi, Y. Zhang et al. Journal of Differential Equations 458 (2026) 114084

< Ling, y**; Duf(:, -, )1(x*, y*) — b*L[no, n%,; Duf(:, -, 0)1(x*, y*)
< Lno, ¥** = b*n5g; Duf(:, -, (", y)

< LW ke (%, ¥%) = b* (15)ke (X7, ™)1 x Lno, 1; Dyf(:, -, 0)1(x*, y)
< 80P ko (X, ¥™) = b* (0350 )kg (X7, YN,

which contradicts the fact that (v *)g, (x*, ¥y*) = b* (5 )ip (x*, ¥*) >y > 0and 0 < §p < ﬁ <1l1.

Hence, we conclude that w(¢) < b*n%,. This completes the proof of (iii). O

For the remainder of this section, we investigate the relation between the asymptotic spectral
radius and the generalized principal eigenvalue defined in [5]. We focus on the case where N =
m = 1, for which the corresponding linearized equation is

ou =dAu+ coyu+ 9, f(x,y,0u, (,x,y)e(0,00) xR x Q,
dyu(t,x,y) =0, (t,x,y) €(0,00) x R x 9%, 4.1
u0,x,y)=0(x,y), (x,y) eR x Q.

Define i (x, y) = 9, f (x, y, 0) and the linear operator L = d A + cdy + h(x, y). According to [5],
the generalized Neumann principal eigenvalue of —L in R x 2 is defined as

ML, RxQ)=sup{AeR:3¢y >0, (L+1)yY <0ae.in RxQ,0,¥>0onR xR},

where ¥ € W2P((—r,r) x Q), Vr >0, p>n+1.Let A; := A1 (—L, R x ). By Theorem 3.1
in [5], for any r > 0, there exists a principal eigenpair (A(r), ¢,) € R4 x WZP((—=r, 1) x Q, Ry)
satisfying

—Lo, = A(r)e,, a.e.in (—r,r) x 2,
o =0, on (—r,r) X 092, “4.2)
o, =0, on {#r} x Q,

with the normalization condition ¢, (0, yp) = 1, where yg € Q2 is fixed and independent of r.

According to Proposition 1 in [5], A(r) \( A1, ¢ — @ in ClloC (R x Q) and weakly in Wli’cp (R x
Q) for any p > 1, as r — 0o. Moreover, ¢ also satisfies ¢(0, yg) = 1 and

4.3)

—Lop =A10, ae. inR x Q,
dyp =0, on R x 0%2.

Since €2 is a smooth bounded domain in R”, according to the proof in the appendix of [5],
there exists &€ > 0 such that the domain
Q:={yeR" :dist(y, Q) <&}

is smooth and every y € E\Q has a unique projection on €, denoted by 7(y). Let R : R x
(5\5) — R x Q be the reflection with respect to R x 9%, i.e.,

18



Q. Guo, T. Yi, Y. Zhang et al. Journal of Differential Equations 458 (2026) 114084

Rx,y) = (x,2m(y) — y).

Deﬁneﬁ:RxﬁeRandft:RanRhy

. o, if (x,y) eR x Q,
P I=Z0 (e 1) div (V™). e eRx (@\0),
~ hix,y), if(x,y)eRxﬁ,
h(x,y):= _ 2
h(R(x,y)), if(x,y)eR x (Q\Q) ,

and the matrix field A : R x Q — St by

A, y) = I, if (x,y) eR x Q,
PP @I T i@y eR x (8\8),

where J(x, y) denotes the Jacobian matrix of R at (x,y). By considering a smaller <, one
can conclude that A is uniformly Lipschitz continuous and elliptic in R x 2. Additionally, the
functions A(x, y), B(x, y) and h(x, y) are measurable and uniformly bounded.

Lemma 4.3. There exists a constant C > 1 such that for any r > 0,

or(x,y) < eFHDINC gy y) e [—rr] x Q.

groof. In the appendix of [5], there exist a function ¢, € W2'P((—r, r) X 5) N Cl([—r, r] x
Q, (0, 00)) such that ¢,|[7”JX§ = ¢, and @, satisfies the following elliptic equation

divdA(x, )VG:) = B(x.y) - Vi +cdedr + (h(x, ) + M@ =0, (x,) € (—r,r) x &.
By repeatedly applying the Harnack inequality to the translation in x of ¢, (x, y), that is, to

or(x + 7, y) for |[t| < r — 1, one can show that there exists a constant C > 1 independent of r
such that for any r > 0 and 7 € R with |t| < r — 1, there holds

sup Gr(x,y) < CITIHL
(x,y)elt—1,74+1]xQ

In particular, by the arbitrariness of t and the choice of C and ¢;, it is easy to see that for any
r>0,

or(x,y) < CPHH2 = (X2 InC -y yel[l-rrIxQ. O

Since ¢, — ¢ in ClloC (R x §), we directly obtain the following conclusion, which allows us
to apply the Phragmén-Lindel6f maximum principle in the subsequent proof.

Proposition 4.1. There exists a constant C > 1 such that
P, y) <ePHIIC v y) e R x Q.
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Let C = BC(R x ,R), and L[z, -; k] be the solution map of equation (4.1) with initial data
¢ € C. Denote by pr,[1,.;) the asymptotic spectral radius of IL[1, -; i].

Next, we establish the following relation between the asymptotic spectral radius pr,[; .. and
the generalized principal eigenvalue A1. The inequality o[ .5 < e~*1 follows from Proposi-
tion 4.1 together with the Phragmén-Lindelof maximum principle. The reversed inequality can
be proved by the arguments similar to those in [12, Proposition 4.2] and [16, Proposition 4.1].
For the sake of completeness, we provide a detailed derivation here.

Proposition 4.2. There holds pry ..,) = e 1.

Proof. We first prove pr(1,..p) < e~*1. Although ¢ is generally not bounded, we still denote
L[z, ¢; h] as satisfying equation (4.1). By (4.3), we have L[z, ¢; h] = e’)”’(p. For any o > 0, let
L[z, £o@; h] be the solution of equation (4.1) with initial data u(0, -, -) = {,¢, where o =7 + 1
and ¢, (x) := max{0, min{1, ¢ — |x|}} for all x € R. Then L[z, @,; h] = L[z, {,¢; h]|[_Q’Q]X§.
Since {p(x)@(x,y) < @(x,y) forall (x,y) e R x Q, it then follows from Proposition 4.1 and the
Phragmén-Lindel6f maximum principle that

L, Sop; h1(x, y) < LIz, @3 h1(x, y),  V(t,x,y) €[0,00) x R x Q.
This, together with L[z, ¢; h] = e Mt @, implies that
LIt, Co@; Mg o1 < LIE 93 11 D o =€l p.o1xa-

Particularly, L,[1, ¢|[_Q’Q]X§; h] < e_)“lgol[_g’g]xﬁ. This, combined with [17, Theorem 16.2]
implies that p(IL,[1, -; h]) < e M, Letting o — o0, yields that

pLi1,n = lim p(Loll, s hl) <e ™.
0—> 0
Next, we prove pr(q,..p] > e~*1 by appropriately adapting the proof of [12, Proposition 4.2]

and [16, Proposition 4.1]. For any r > 0, let ®, (¢)[¢,] denote the solution of the initial-boundary
value problem

o;u = Lu, (t,x,y) €(0,00) x (—r,r) x Q,
ou(t,x,y)=0, (t,x,y) €(0,00) X (—r,r) x 0%,
u(t,x,y)=0, (t,x,y) € (0,00) x {£r} x Q,

“(O’x»)’)prr(x»)’), (an)G[—”7r]X§~

It follows directly from (4.2) that @, (1)[¢,] = e *"¢,. Define @, : R x @ — R, by

Ql’r(x»)’)» (xsy)e[_rar]X§v
0, otherwise.

ar(an’)z{

We also denote @, [ @ when there is no confusion. Let LL[¢, {,@,; h] be the solution
of equation (4.1) with initial data u(0, -, -) = £,@, = @,. By the definition of ¢, and comparison
principle, we obtain
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LIt, 8o@rs h(x, y) = @, (D[@1(x, y),  ¥(t,x,y) € Ry x [—r,7] x Q.

In particular, L,[1, @;; h] > e*")g,. By virtue of [29, Proposition 3] (or [17, Theorem 16.1],
[47, Lemma 3.1]), we have

p(Loll, 5 h) > e 0.

Combining with the definition of the asymptotic spectral radius and letting r — oo, we then
obtain

OL{.m = lim p(Lo[l, Al > lim e ") =™,
0— 00 r—00
The proof is complete. O

Remark 4.1. We make the following remarks.

(i) For the case where N > 1 or m > 1, the theoretical framework can be established by ex-
tending the definition of the generalized principal eigenvalue as in [5] and following the
proof techniques of Theorem 3.1 and Proposition 1 in [5]. Based on this, it can be further
shown that Proposition 4.2 in this paper also holds for reaction-diffusion systems. A detailed
analysis will be presented in future work.

(i) According to Section 3.2 in [5], we know that A1 = Ao + %, where )¢ is the generalized

principal eigenvalue of the operator —Lo = —d A — h(x, y) in R x €2, and can define the
critical speed as

2/ —dhg, iflg<O,
co = .
0, otherwise.
These, combined with the relation ppq,..p) = e, lead to the conclusion that if ¢ > c¢g,
p]L[]’,;h] < 1; if c < co, p]L[l,~;h] > 1.
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Appendix A

In Sections 2 and 3, the operators T'(t) and T (¢) play an crucial role. In this appendix, we
confirm those properties of these two operators in the previous sections.

We begin by reviewing their definitions. Let G;(¢, y, ¥) be the Green’s function of the linear

equation
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ui(t,y) =daAyu;(t,y), (t,y)€(0,00) xQ,
ovu;(t,y) =0, (t,v) € (0,00) x IQ.

Consider the linear equation

atui(tﬂ-xi y) :dll'Axul'(tﬂxi y)+d2jAyMi(t,x, y)1 (tvxvy) e (07 OO) X Rm X Qv
dvui(t,x,y) =0, (t,x,y) € (0,00) x R™ x 3Q, (A.1)
u; (0,x,y)=¢;(x,y), (x,y) eR™ x Q.

Then T(¢t) = (T1(t), T»(t),--- , Ty(t)) is defined as the semi-flow of (A.1), that is,

T;(O[¢il(x, y)

¢i(x,y), =0, (x,y) e R" x Q,

= _ la=x)? _
— L [ WGy DG F)AEDF, >0, (x,y) eR" x Q.
(4rdyin) 2

Similarly, 7 (1)[¢] = (T1(D)[p1], -+ . Tn (t)[¢>N])T is the semi-flow of the linear system

dui =dii Axui + doi Ayui +c§ - Veui, (1,x,y) € (0,00) x R™ x Q,
dvui(t,x,y) =0, (t,x,y) € (0,00) x R™ x 3,
”i(O,Xay)=¢i(x»)’)v (X,y)GRm Xﬁ,

that is,

Ti(Dl¢i1(x, y)

i(x,y), =0, (x,y) eR"™ x Q,

= lxesr—x)2 _

L [rnga€ W Gi(t,y, )¢i(%, §)didy, t>0, (x,y) eR™ x Q.
(4rdyit) 2

From the definitions of 7'(¢) and T (¢), and combining Corollary 7.2.4 in [30] and Lemma 5.9
in [36], we can confirm the following properties for 7' (¢).

Lemma A.1. The following statements are valid:

1) T®[Cy] C Cyforall (t,r) € (0, 00) x Int(Rﬁ).
(i) T (®)[Cy] is precompact in C for all (t,r) € (0, 00) X Int(RQ_’).
(i) Ry x Cr 3 (1, ) — T(t)[¢] € C is continuous.

Proof. Define S : Ry x C(Q,RY) — C(Q,RY)and S? : R4 x BC(R™,RY) — BC(R™,RY)
by

SHP1y) = / G(t,y, )3 dy, SHPIx) = / K(t,x — )y (X)dx,

Q Rm
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WhereG(ta Yy, y) = (Gl(tv yv,)_))v RS} GN(t7 Yy, y))T7 K(t?-x_i) = (Kl(tv-x_)?)’ ) KN(t,.X—
Nt with
_ 1 llx — x|I?
Ki(t,x —x)= - exp(— ).
' (Ardyn)? 4d,t

Lety (1, x, y)=S![¢(x, )](y) for (1, ) €R { xC;.. Then we have T (1)[¢](x, y) =S7 [V (z. -, y)](x).

(i) For any (z,r) € (0, 00) X Int(]R{ﬁ), by applying Corollary 7.2.4 in [30] to Stl, we obtain
St1 [C(L, ][0, rlgnv)] € c(,[o0, r]rn~). Moreover, a slight extension of Lemma 5.9 in [36] yields
S2[C(R™, [0, rlgn)] € C(R™, [0, rlgn). Since T(t) = S? o S}, it follows that T (t)[Cy] C Cy.

(i) Fix (¢, r) € (0, 00) x Int(]R{i/ ). By (i) and the Arzela-Ascoli theorem, we only need to show
that for any R > 0, the set {T(f)[¢]|m><§ 1 ¢ € Cy} is a family of equicontinuous functions in

C(Br(0) x 2, RY). Indeed, for any & > 0, there exists R = R(¢) > 0 such that

e
K, x—x)dx|| < —, VxeR™.
( ) 8rll +1
"B (0)

From the definition of T (z), it follows that for any ¢ € Cy, (x1, y1), (x2, ¥2) € Br(0) x Q satis-
fying ||(x1, y1) — (x2, y2)|l < 8, we have

T ()[Pl(x1, y1) — T(@)[Pl(x2, y2) |l
= IS?[Y (1, -, yD)I(x1) — SPLY (2, -, y2) (x|
< ISP[Y (t, - yDIx1) — S (e, -, yDIE) | + ISP, -, yD1(x2) — SPY (-, y2)1(x2) |-

By appropriately adapting the proof of Lemma 5.9 in [36], we see that
2 2 &
ISFIY (e, - yD1(x1) = SFIY (@, - yDl(x2)|l < 7
Set R* = max{R, R}. Then by the properties of G(z, y, y), for any x € Bg=(0), there holds
e
816 (x, D) — 81 (x, Nl < —=.
I1S; [ (x, )]1(y1) = S; [ (x, (2l WiTi

By direct computations we have

21w 30100 = 2w 1)

- / K(toxy — D[t 5. y1) — Y1, 5. y2)] d
[Rm

IA

/ K(t»xz—)_c)[‘ﬁ(f,f7)’1)—’ﬁ(tsi,}ﬁ)]df

B+ (0)
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+ / K(LXZ_)_C)[W(L)EJ’I)_w(ta)zv)’Z)]dx

"\ Bgs (0)
I
< K(t,xo — %) dx|| +2[r| / K(t,xy — %) dx
4N /
2<(0) "\ By (0)
8
< UN+2r|- -,
4N 8lrf + 1 ||+1 =2

Thus, || T (£)[¢](x1, y1) — T (®)[¢1(x2, y2)|| < &, which completes the proof of (ii).
(iii) Take {(tx, Pr)lhreN C Ry x Cy, and (¢,¢) € Ry x Cy such that klim |ty — t] =
— 00

0, klim lox — @llc = 0. We show that for any R > 0, there holds
—00

lim (suplI T @081, y) = TOLBIE, ) : (v, v) € Br(0) x 1) =

Without loss of generality, we may assume that #x <7 + 1 for all k € N. Note that for any & > 0,
there exists R = R(¢) > R such that

e

sup K@, x —X)dx| < ——, VxeR™.
t'e(0,t4+1] 6lr|| + 1

"\B(0)

By appropriately extending Lemma 5.9 in [36] and noting that {y/ (¢, -, y) : y € Q} is precompact
in C(R™, RN ), we know that there exists ko > O such that for any k > ko, there holds

1S5 19 (2, -, 1) = SPY @, - I < 5, Y(x, y) € Br(0) x Q.

Let ¥ (t, x,y) = S,lk [px(x, )](y) and R* = max{R, ﬁ}. It is easy to verify that there exists
k1 > 0 such that for any k > ki, there holds

IV (e, x, y) =¥ (2, x, )|l < % V(x,y) € B=(0) x Q.

Thus, for any k > max{ko, k1}, (x, y) € Bg(0) x 2, we have

1T @) [Pr)(x, y) — T @)[@1(x, Y
St Wkt - 1) — So [ (¢, -

210 100 = S0, 10|

& £
< — K, x —x)dx| +2|r / Ky, x —x)dx| + =
o / (e, x — ) el (1 = D) dF |+

r+(0) "\ Bgx(0)

&
< —— VN+2|r| - +-<e
3\/ 6llrf +1 II +1 3
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This implies Ry x Cy 2 (¢, ¢) — T (¢)[¢] € C+ is continuous. [

Remark A.1. Note that 7 (t)[¢] = T—¢ o T (2)[¢] for all (¢, ) € [0, 00) x C. Thus, T (¢) also
satisfies properties (i)—(iii).

Data availability
No data was used for the research described in the article.
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