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Erratum to “Traveling Wave Fronts
of Reaction-Diffusion Systems with Delays”
[J. Dynam. Diff. Eq. 13, 651, 687 (2001)]

Jianhong Wu1 and Xingfu Zou2,3

In [1], we combined the idea of upper and lower solutions with a
monotone iteration scheme to establish the existence of traveling wave
fronts in reaction-diffusion systems with delays. It was discovered recently
that our original requirements for upper and lower solutions can not
guarantee the monotonicity of the iteration. This is explained below.

The definitions of upper and lower solutions of (2.3) in [1] are

Definition 3.2. A continuous function ρ :R→Rn is called an upper
solution of (2.3) if ρ′ and ρ′′ exist almost everywhere and they are essen-
tially bounded on R, and if ρ satisfies

Dρ′′(t)− cρ′(t)+fc(ρt )≤0, a.e. on R. (1)

A lower solution of (2.3) is defined in a similar way by reversing the
inequality in (3.3).

In the proof of (iii) of Lemma 3.3 in [1], wi(t) = x1i (t) − ρi(t) was
introduced which satisfies (3.8). By (3.6) and the continuity of ρ̄, we know
that x1i is C1. Now if ρ̄(t) is an upper solution as is defined in Definition
3.2, then it may not be in C1 and hence w1i may not be in C1. When ρ̄(t)

The online version of the original article can be found under doi: 10.1023/A:1016690424892.
1Department of Mathematics and Statistics, York University, Torono, ON, Canada M3J 1P3.
E-mail: wujh@mathstat.yorku.ca

2Department of Applied Mathematics, University of Western Ontario, London, ON, Canada
N6A 5B7. E-mail: xzou@uwo.ca

3To whom correspondence should be adderessed.

531

1040-7294/08/0600-0531/0 © 2007 Springer Science+Business Media, LLC

http://dx.doi.org/10.1023/A:1016690424892


532

is in C1, so is w1i and hence, (3.9) holds and the argument following (3.9)
in [1] applies. However, when ρ̄(t) is not in C1, nor is w1i and thus, (3.9)
may not be true as piecewise smooth w1i is possible. For example, instead
of (3.9), one can not exclude

wi(t)=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ceλ2i t + 1
di (λ2i−λ1i )

[∫ t

−∞ eλ1i(t−s)ri(s) ds +∫ ∞
t

eλ2i(t−s)ri(s) ds
]
,

for t ≤0;
ceλ1i t + 1

di (λ2i−λ1i )

[∫ t

−∞ eλ1i(t−s)ri(s) ds +∫ ∞
t

eλ2i(t−s)ri(s) ds
]
,

for t ≥0.

for constant c �=0. In such a case, one can not claim x1(t)≤ ρ̄(t) for t ∈R.
Based on the above observation, we need to pose some extra condi-

tions on the upper and lower solutions at those points where smoothness
is not satisfied (see (H4) below) so that the main theorems (Theorems 3.6
and Theorems 4.5) in [1] remain valid. We state the modified versions of
these two theorems below.

Theorem 3.6′. Assume that (A1) and (A2) hold. Suppose that (2.3)
has an upper solution φ̄ ∈Γ and a lower solution φ (which is not necessarily
in Γ ) satisfying (H1)–(H2) and

(H4) sups≤tφ(t)≤ φ̄(t); φ̄
′
(t+)≤ φ̄

′
(t−) and φ′(t+)≥φ′(t−) for t ∈R.

Then (2.3) and (2.11) have a solution. That is, (2.1) has a traveling wave
front solution.

Theorem 4.5′. Assume that (A1) and (A2)∗ hold. Suppose that (2.3)
has an upper solution φ̄ ∈Γ ∗ and a lower solution φ (which is not necessar-
ily in Γ ∗) satisfying (H1)∗–(H3)∗ and (H4). Then (2.1) has a traveling
wave front with c>1−min{βidi; i =1, . . . , n}.

The validity of these theorems can be verified by the smoothening
procedure used in [2]. We only give an argument for Theorem 3.6′ since
the proof of Theorem 4.5′ is similar. For convenience, we denote by F

the operator on the right hand side of (3.6) in [1], that is, F :C(R;Rn)→
C(R;Rn) is defined by F(φ)= (F1(φ), . . . , Fn(φ)) where

Fi(φ)= 1
di(λ2i −λ1i )

[∫ t

−∞
eλ1i(t−s)Hi(φ)(s) ds +

∫ ∞

t

eλ2i(t−s)Hi(φ)(s) ds

]

.

Here, H :C(R;Rn)→C(R;Rn) is defined by (3.2) in [1]. Let ρ̄(t)=F(φ̄)(t)

and ρ(t) = F(φ)(t). By Lemmas 2.5 and 2.6 in [2], we know that ρ̄ and
ρ are a pair of upper and lower solutions of (2.3) which not only satisfy
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(H1) and (H2) but are in C2 now. After this, the proof of Theorem 3.6 in
[1] carries over, showing the validity of Theorem 3.6′.

We point out that the same idea was also used in a recent paper
[3]. Also, in a more recent preprint [4], instead of allowing non-smooth
upper and lower solutions but posing extra condition on their non-smooth
points, the authors directly define upper and lower solutions to be in C1.
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