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Abstract. In this paper, we study the asymptotic behavior of solutions of a non-
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1. Introduction

Consider a system of delayed linear di¤erential equations with variable

coe‰cients of the form

_xxiðtÞ ¼ �
Xn
j¼1

aijðtÞxjðt� tijðtÞÞ; i ¼ 1; 2; . . . ; n;ð1:1Þ

where aijðtÞ; tijðtÞ, i; j ¼ 1; 2; . . . ; n are continuous on ½t0;yÞ, and the delays

tijðtÞ ði; j ¼ 1; . . . ; nÞ satisfy

tijðtÞb 0 and t� tijðtÞ " y as t ! y:ð1:2Þ

When aijðtÞ and tijðtÞ are constants, that is, aijðtÞ1 aij , tijðtÞ1 tij ði; j ¼
1; 2; . . . ; nÞ, (1.1) reduces to an autonomous system

_xxiðtÞ ¼ �
Xn
j¼1

aijxjðt� tijÞ; i ¼ 1; 2; . . . ; n:ð1:3Þ

For system (1.3), it is well known the trivial solution xðtÞ1 0 is asymptotically

stable if and only if all the roots l of its characteristic equation, namely,
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have negative real parts (c.f. [5]). However, in general, it is quite di‰cult and

often an analytically almost impossible task to decide if all the roots of (1.4)

have negative real parts. When tij ¼ 0, for all i; j ¼ 1; 2; . . . ; n, (1.3) becomes

an ordinary di¤erential system. In that case, xðtÞ1 0 is asymptotically stable

if and only if the coe‰cients matrix A ¼ ðaijÞ is a positively stable matrix (i.e.

all its eigenvalues have positive real parts) and the Routh-Hurwitz criterion is

applicable.

When tii ¼ 0 for i ¼ 1; 2; . . . ; n, by studying the roots of (1.4) using

Rouché’s theorem and the implicit function theorem, Hofbauer and So [6]

established the following result.

Theorem 1.1. Assume that tii ¼ 0 for i ¼ 1; 2; . . . ; n. Then xðtÞ1 0 is

asymptotically stable for (1.3) for all choice of tij b 0 ði0 jÞ if and only if

aii > 0 for i ¼ 1; 2; . . . ; n, det A0 0 and A is weakly diagonally dominant. (A is

said to be weakly diagonally dominant if all the principal minors of ÂA ¼ ðâaijÞ are

non-negative, where âaii ¼ aii, âaij ¼ �jaij j, i0 j ).

In the case of a quasi-monotone matrix A (i.e. aij b 0 for i0 j), Györi [4]

obtained a similar result.

When tii 0 0, i ¼ 1; . . . ; n, i.e. when instantaneous feedback is absent, (1.3)

becomes a system of ‘‘pure-delay-type’’. As was pointed out by Gopalsamy

and He [3], He [6] and Kuang [8], the stability problem for such a system

becomes much harder, even for the autonomous case. Recently, So, Tang and

Zou [9] obtained a criterion for the stability of (1.3) by using M-matrix and

some inequality techniques. The criterion is related to a form of 3=2 estimate

for the diagonal delays tii ði ¼ 1; . . . ; nÞ. In order to state this result, first we

introduce the matrix ~AA ¼ ð~aaijÞ defined by

~aaii ¼ aii; for i ¼ 1; 2; . . . ; n

and

~aaij ¼ �
1þ 1

9 aiitiið3þ 2aiitiiÞ
1� 1

9 aiitiið3þ 2aiitiiÞ
jaijj; for 1a i0 ja n:

Also, for the sake of convenience, we recall the concept of a non-singular M-

matrix (c.f. Fiedler [1, p. 114]).

Definition 1.1. A square matrix B ¼ ðbijÞ of order n is called a non-
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singular M-matrix if (i) bij a 0, for all i0 j, and (ii) all the principal minors of

B are positive.

There are many equivalent formulation of this concept (c.f. [1, Theorem

5.1]). In particular, if B is a non-singular M-matrix, then B�1 is a positive

matrix. The following theorem is proved in So, Tang and Zou [9].

Theorem 1.2. Assume that

aiitii <
3

2
; for all i ¼ 1; 2; . . . ; n:

If ~AA is a non-singular M-matrix, then every solution ðx1ðtÞ; x2ðtÞ; . . . ; xnðtÞÞ of

(1.3) tends to 0, as t ! y.

Now, back to the non-autonomous system (1.1). Recall that in the scalar

case, there are also 3=2 type criteria in the form of an integral (c.f. [10], [11]).

One naturally wonders if a result similar to Theorem 1.2 can be established for

(1.1). This paper will answer this question in the a‰rmative (see Section 2).

As will be seen in what follows, due to the non-autonomous nature of (1.1),

one also needs some additional tricks on integration, besides M-matrix and

inequalities.

2. Main results

Theorem 2.1. Assume that

aiiðtÞb 0; i ¼ 1; 2; . . . ; n; jaijðtÞja bijaiiðtÞ; 1a i0 ja nð2:1Þ

and

di :¼ lim sup
t!y

ð t
t�tiiðtÞ

aiiðsÞds <
3

2
; i ¼ 1; 2; . . . ; n:ð2:2Þ

Let ~BB ¼ ð~bbijÞ be the n� n matrix with entries

~bbii ¼ 1; i ¼ 1; 2; . . . ; nð2:3Þ

and

~bbij ¼
� 2þd 2

i

2�d 2
i

bij ; if di < 1;

� 1þ2di
3�2di

bij; if di b 1;

8<
: i0 j:ð2:4Þ

If ~BB is a non-singular M-matrix, then every ( forward ) solution xðtÞ of (1.1) is

bounded.
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Proof. Assume that xðtÞ ¼ ðx1ðtÞ; x2ðtÞ; . . . ; xnðtÞÞ is a solution of (1.1)

on ½t0;yÞ. Let t̂t0 ¼ min1ai; janft0 � tijðt0Þg. We may assume that xðtÞ is

defined and continuous on ½t̂t0;yÞ. Let ~BBðeÞ ¼ ð~bbijðeÞÞ be the matrix with

entries ~bbiiðeÞ ¼ 1 for i ¼ 1; 2; . . . ; n and

~bbijðeÞ ¼
� 2þðdiþeÞ2

2�ðdiþeÞ2
bij ; if di < 1;

� 1þ2ðdiþeÞ
3�2ðdiþeÞ bij ; if di b 1;

8<
: i0 j:

Since ~BBð0Þ ¼ ~BB is a non-singular M-matrix, it follows that there exists an e0 > 0

such that ~BBðe0Þ is also a non-singular M-matrix, di þ e0 < 3=2 for all i and

di þ e0 < 1 whenever di < 1. Note that for i0 j, we have, 0a bij a�~bbijðe0Þ,
where we set bij ¼ 1 if aiiðtÞ1 0. For the given e0, there exists T0 > t0 such

that ð t
t�tiiðtÞ

aiiðsÞdsa di þ e0; for all tbT0; i ¼ 1; 2; . . . ; n:ð2:5Þ

We shall prove that maxfjxiðtÞj : i ¼ 1; 2; . . . ; ng is bounded. Otherwise, we

may assume, without loss of generality, that

lim sup
t!y

jxiðtÞj ¼ y for i ¼ 1; 2; . . . ; kða nÞð2:6Þ

and

jxiðtÞjaM for tb t̂t0; i ¼ k þ 1; . . . ; n:ð2:7Þ

First, choose a sequence ft1mgym¼1 such that t1m bT0, t1m " y, jx1ðt1mÞj " y as

m ! y and jx1ðt1mÞj ¼ maxfjx1ðsÞj : t̂t0 a sa t1mg. For each i ¼ 2; . . . ; k, let

tim be the leftmost maximum point of the function jxiðtÞj on the interval ½t̂t0; t1m�.
Hence, we have obtained k sequences ftimgym¼1, i ¼ 1; 2; . . . ; k such that

tim � tijðtimÞb t0; tim bT0

tim " y; jxiðtimÞj " y as m ! y;

jxiðtÞja jxiðtimÞj for t̂t0 a ta t1m;

8><
>: i ¼ 1; 2; . . . ; k; j ¼ 1; 2; . . . ; n

We may assume jxiðtimÞj ¼ xiðtimÞ (if necessary, we can apply the following

argument to �xiðtÞ instead of xiðtÞ and �aijðtÞ instead of aijðtÞ for j0 i). Then

jxiðtÞja xiðtimÞ; t0 a ta t1m; _xxiðtimÞb 0; i ¼ 1; 2; . . . ; k:ð2:8Þ

It follows from (1.1) that

ð2:9Þ

_xxiðtÞa aiiðtÞ �xiðt� tiiðtÞÞ þ
Xk
j0i

bijjxjðtjmÞj þM
Xn
j¼kþ1

bij

" #
; t0 a ta t1m:
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Set

ai ¼
Xk
j0i

bij jxjðtjmÞj þM
Xn
j¼kþ1

bij; i ¼ 1; 2; . . . ; k:ð2:10Þ

We claim that

xiðtim � tiiðtimÞÞa ai; i ¼ 1; 2; . . . ; k:ð2:11Þ

If (2.11) is not true for some i ði ¼ 1; . . . ; kÞ, then there exists a h > 0 such

�xiðt� tiiðtÞÞ þ ai < 0 for tim � ha ta tim;

which, together with (2.9) and (2.10), implies that

_xxiðtÞa 0 for tim � ha ta tim:

This contradicts to the choice of tim as the leftmost maximum point. Hence

(2.11) holds.

Next, we show that

xiðtimÞ þ
Xn
j0i

~bbijðe0ÞjxjðtjmÞjaM
Xn
j¼kþ1

j~bbijðe0Þj; i ¼ 1; 2; . . . ; k:ð2:12Þ

If xiðtimÞa ai, then (2.12) obviously holds. On the other hand, if xiðtimÞ > ai,

then it follows from (2.11) that there exists xim A ½tim � tiiðtimÞ; tim� such that

xiðximÞ ¼ ai. From (2.9) we have

_xxiðtÞa aiiðtÞ½�xiðt� tiiðtÞÞ þ ai�a aiiðtÞðjxiðtimÞj þ aiÞ; t0 a ta t1m:ð2:13Þ

For t A ½xim; timÞ, we have, t� tiiðtÞa xim. Integrating (2.13) from t� tiiðtÞ to

xim, we have

ai � xiðt� tiiðtÞÞa ðjxiðtimÞj þ aiÞ
ð xim
t�tiiðtÞ

aiiðsÞds; xim a ta tim:

Substituting this into the first inequality in (2.13), we obtain

_xxiðtÞa ðjxiðtimÞj þ aiÞaiiðtÞ
ð xim
t�tiiðtÞ

aiiðsÞds; xim a ta tim:

Combining this and (2.13), we have

_xxiðtÞa ðjxiðtimÞj þ aiÞaiiðtÞ min 1;

ð xim
t�tiiðtÞ

aiiðsÞds
( )

; xim a ta tim:ð2:14Þ

We consider the following three cases:
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Case 1. di þ e0 a 1. In this case, by (2.5) and (2.14) we have

xiðtimÞ � xiðximÞ

a ðjxiðtimÞj þ aiÞ
ð tim
xim

aiiðtÞ
ð xim
t�tiiðtÞ

aiiðsÞdsdt

¼ ðjxiðtimÞj þ aiÞ
ð tim
xim

aiiðtÞ
ð t
t�tiiðtÞ

aiiðsÞds�
ð t
xim

aiiðsÞds
 !

dt

a ðjxiðtimÞj þ aiÞ ðdi þ e0Þ
ð tim
xim

aiiðtÞdt�
ð tim
xim

aiiðtÞ
ð t
xim

aiiðsÞdsdt
� �

¼ ðjxiðtimÞj þ aiÞ ðdi þ e0Þ
ð tim
xim

aiiðsÞds�
1

2

ð tim
xim

aiiðsÞds
� �2" #

a
1

2
ðdi þ e0Þ2ðjxiðtimÞj þ aiÞ;

since z 7! dz� z2=2 is increasing for z A ½0; d� (where d ¼ di þ e0 and z ¼Ð tim
xim

aiiðsÞds). We have used the fact thatð tim
xim

ð t
xim

aiiðtÞaiiðsÞdsdt ¼
ð tim
xim

ð s
xim

aiiðtÞaiiðsÞdtds ¼
1

2

ð tim
xim

ð tim
xim

aiiðtÞaiiðsÞdsdt:

Case 2. di þ e0 > 1 and
Ð tim
xim

aiiðsÞdsa 1. In this case, by (2.5) and (2.14)

we have

xiðtimÞ � xiðximÞa ðjxiðtimÞj þ aiÞ
ð tim
xim

aiiðtÞ
ð xim
t�tiiðtÞ

aiiðsÞdsdt

a ðjxiðtimÞj þ aiÞ ðdi þ e0Þ
ð tim
xim

aiiðsÞds�
1

2

ð tim
xim

aiiðsÞds
� �2" #

a
1

2
½2ðdi þ e0Þ � 1�ðjxiðtimÞj þ aiÞ;

since z 7! dz� z2=2 is increasing for z A ½0; 1�, d > 1 (where d ¼ di þ e0 and

z ¼
Ð tim
xim

aiiðsÞds).

Case 3. di þ e0 > 1 and
Ð tim
xim

aiiðsÞds > 1. In this case, let him A ½xim; tim�
such that

Ð tim
him

aiiðsÞds ¼ 1. Then by (2.5) and (2.14) we have

xiðtimÞ � xiðximÞ

a ðjxiðtimÞj þ aiÞ
ð him
xim

aiiðsÞdsþ
ð tim
him

aiiðtÞ
ð xim
t�tiiðtÞ

aiiðsÞdsdt
" #
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¼ ðjxiðtimÞj þ aiÞ 1�
ð tim
him

aiiðsÞds
 !ð him

xim

aiiðsÞdsþ
ð tim
him

aiiðtÞ
ð him
t�tiiðtÞ

aiiðsÞdsdt
" #

¼ ðjxiðtimÞj þ aiÞ
ð tim
him

aiiðtÞ
ð t
t�tiiðtÞ

aiiðsÞds�
ð t
him

aiiðsÞds
 !

dt

" #

a ðjxiðtimÞj þ aiÞ ðdi þ e0Þ
ð tim
him

aiiðtÞdt�
1

2

ð tim
him

aiiðsÞds
 !22

4
3
5

¼ 1

2
½2ðdi þ e0Þ � 1�ðjxiðtimÞj þ aiÞ:

Combining Cases 1, 2 and 3, we have for i ¼ 1; 2; . . . ; k

xiðtimÞa
2þ ðdi þ e0Þ2

2� ðdi þ e0Þ2
Xk
j0i

bijjxjðtjmÞj þM
Xn
j¼kþ1

bij

" #
; if di þ e0 < 1;

or

xiðtimÞa
1þ 2ðdi þ e0Þ
3� 2ðdi þ e0Þ

Xk
j0i

bijjxjðtjmÞj þM
Xn
j¼kþ1

bij

" #
; if di þ e0 b 1:

This implies (2.12) is true.

Let ~BBkðe0Þ ¼ ð~bbijðe0ÞÞk�k denote the kth leading principal submatrix of
~BBðe0Þ. Then ~BBkðe0Þ is a non-singular M-matrix of order k, and so ~BB�1

k ðe0Þb 0.

Hence, by writing (2.12) as a matrix inequality and multiplying it on both sides

by ~BB�1
k ðe0Þ, we have

ðx1ðt1mÞ; x2ðt2mÞ; . . . ; xkðtkmÞÞT

aM ~BB�1
k ðe0Þ

Xn
j¼kþ1

j~bb1jðe0Þj;
Xn
j¼kþ1

j~bb2jðe0Þj; . . . ;
Xn
j¼kþ1

j~bbkjðe0Þj
 !T

; m ¼ 1; 2; . . . :

Note that if k ¼ n, then the right hand side (above) is just the zero vector.

From this, we conclude that

lim sup
m!y

jxiðtimÞj < y; i ¼ 1; 2; . . . ; k;

which contradicts the fact that limm!yjxiðtimÞj ¼ y for i ¼ 1; 2; . . . ; k, and the

proof is complete.

Remark. The hypotheses in Theorem 2.1 are di¤erent from that of Theo-

rem 1.2 even for the special case of (1.3).
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Theorem 2.2. If, in addition to the hypotheses of Theorem 2.1, we further

assume that ðy
t0

aiiðsÞds ¼ y; for all i ¼ 1; 2; . . . ; n;ð2:15Þ

then every solution xðtÞ of (1.1) tends to 0 as t ! y.

Proof. Assume that xðtÞ ¼ ðx1ðtÞ; x2ðtÞ; . . . ; xnðtÞÞ satisfies (1.1) on ½t0;yÞ.
We will prove that

lim
t!y

xiðtÞ ¼ 0; for all i ¼ 1; 2; . . . ; n:ð2:16Þ

Set d� ¼ maxfdi : di < 1; i ¼ 1; 2; . . . ; ng and d � ¼ maxfdi : dib1; i ¼ 1; 2; . . . ; ng.
For any e A ð0;minf1� d�; 3=2� d �gÞ, there exists T0 > t0 such thatð t

t�tiiðtÞ
aiiðsÞdsa di þ e; for all tbT0; i ¼ 1; 2; . . . ; n:ð2:17Þ

Note that e is chosen small enough so that for each i with di < 1, we have,

di þ e < 1 and for each i with di b 1, we have, di þ ea 3=2.

Case 1. The functions
Pn

j¼1 aijðtÞxjðt� tijðtÞÞ ði ¼ 1; 2; . . . ; nÞ are all non-

oscillatory, meaning that they are non-zero for t su‰ciently large. Then _xxiðtÞ
ði ¼ 1; 2; . . . ; nÞ are eventually sign-definite, and so the limits limt!y xiðtÞ ¼ ci
exist, for all i ¼ 1; 2; . . . ; n. Without loss of generality, we may assume that

_xxiðtÞ > 0 eventually for i ¼ 1; 2; . . . ; n (if necessary, we use �xiðtÞ instead of xiðtÞ
and �aijðtÞ instead of aijðtÞ for j0 i). Then, for i ¼ 1; 2; . . . ; n,

ci � xiðtÞ ¼
ðy
t

�
Xn
j¼1

aijðsÞxjðs� tijðsÞÞ
" #

ds ¼
ðy
t

Xn
j¼1

aijðsÞxjðs� tijðsÞÞ
�����

�����ds

¼
ðy
t

aiiðsÞxiðs� tiiðsÞÞ þ
X
j0i

aijðsÞxjðs� tijðsÞÞ
�����

�����ds

b

ðy
t

jaiiðsÞxiðs� tiiðsÞÞj �
X
j0i

aijðsÞxjðs� tijðsÞÞ
�����

�����ds

b

ðy
t

aiiðsÞ jxiðs� tiiðsÞÞj �
Xn
j0i

bij jxjðs� tijðsÞÞj
" #

ds:

Since

lim
t!y

jxiðt� tiiðtÞÞj �
Xn
j0i

bij jxjðt� tijðtÞÞj
" #

¼ jcij �
Xn
j0i

bij jcj j;
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it follows from (2.15) that

jcij �
Xn
j0i

bijjcjja 0; i ¼ 1; 2; . . . ; n;

and hence,

Xn
j¼1

~bbij jcjja 0; i ¼ 1; 2; . . . ; n;ð2:18Þ

since ~bbij a�bij a 0, for i0 j. Now, by the positivity of ~BB�1, we conclude that

jc1j ¼ jc2j ¼ � � � ¼ jcnj ¼ 0.

Case 2. At least one of the functions
Pn

j¼1 aijðtÞxjðt� tijðtÞÞ ði ¼
1; 2; . . . ; nÞ is oscillatory. Set

Ui ¼ lim sup
t!y

jxiðtÞj; i ¼ 1; 2; . . . ; n:

By Theorem 2.1, 0aUi < y, i ¼ 1; 2; . . . ; n. It su‰ces to prove that

U1 ¼ U2 ¼ � � � ¼ Un ¼ 0. Without loss of generality, assume that the func-

tions
Pn

j¼1 aijðtÞxjðt� tijðtÞÞ ði ¼ 1; 2; . . . ; kÞ are oscillatory and the functionsPn
j¼1 aijðtÞxjðt� tijðtÞÞ ði ¼ k þ 1; k þ 2; . . . ; nÞ are non-oscillatory. It follows

from (1.1) that _xxiðtÞ is oscillatory for i ¼ 1; 2; . . . ; k and

_xxiðtÞ is non-oscillatory and lim
t!y

jxiðtÞj ¼ Ui; i ¼ k þ 1; . . . ; n:ð2:19Þ

Let e > 0 be su‰ciently small. Then, there exist k sequences ftimgym¼1, i ¼
1; 2; . . . ; k with tim � tijðtimÞ > T0 such that tim is the local left maximum point

of xiðtÞ and

ð2:20Þ
tim " y; jxiðtimÞj ! Ui as m ! y; jxiðtimÞj > Ui � e;

j _xxiðtimÞj ¼ 0; jxiðtÞj < Ui þ e for tb t1; m ¼ 1; 2; . . . and i ¼ 1; 2; . . . ; k

�

where t1 ¼ minfti1 : i ¼ 1; 2; . . . ; kg. We can assume that jxiðtimÞj ¼ xiðtimÞ (if

necessary, we use �xiðtÞ instead of xiðtÞ and �aijðtÞ instead of aijðtÞ for j0 i).

Then as in (2.11), we can prove

xiðtim � tiiðtimÞÞa
Xn
j0i

bijðUj þ eÞ; i ¼ 1; 2; . . . ; k:ð2:21Þ

The proof will be omitted. Now set

bi ¼
Xn
j0i

bijðUj þ eÞ; i ¼ 1; 2; . . . ; k:ð2:22Þ

In what follows, we show that
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xiðtimÞ þ
Xn
j0i

~bbijðeÞðUj þ eÞð2:23Þ

a

2eðdiþeÞ2

2�ðdiþeÞ2
; if di þ e < 1;

2e½2ðdiþeÞ�1�
3�2ðdiþeÞ ; if di þ eb 1;

8<
: i ¼ 1; 2; . . . ; k;

where ~bbijðeÞ is defined as in the proof of Theorem 2.1. If xiðtimÞa bi,

then (2.23) obviously holds. If xiðtimÞ > bi, then by (2.21) there exists xim A
½tim � tiiðtimÞ; timÞ such that xiðximÞ ¼ bi. From (1.1) we have

_xxiðtÞa aiiðtÞ½�xiðt� tiiðtÞÞ þ bi�a aiiðtÞ½ðUi þ eÞ þ bi�; t1 a ta tim:ð2:24Þ

For t A ½xim; tim�, integrating (2.24) from t� tiiðtÞ to xim, we have

bi � xiðt� tiiðtÞÞa ½ðUi þ eÞ þ bi�
ð xim
t�tiiðtÞ

aiiðsÞds; xim a ta tim:

Substituting this into the first inequality in (2.24), we obtain

_xxiðtÞa ½ðUi þ eÞ þ bi�aiiðtÞ
ð xim
t�tiiðtÞ

aiiðsÞds; xim a ta tim:

Combining this with (2.24), we have

_xxiðtÞa ½ðUi þ eÞ þ bi�aiiðtÞ min 1;

ð xim
t�tiiðtÞ

aiiðsÞds
( )

; xim a ta tim:ð2:25Þ

We consider the following three cases:

Case 2.1. di þ e < 1. In this case, by (2.17) and (2.25) we have

xiðtimÞ � xiðximÞa ½ðUi þ eÞ þ bi�
ð tim
xim

aiiðtÞ
ð xim
t�tiiðtÞ

aiiðsÞdsdt

¼ ½ðUi þ eÞ þ bi�
ð tim
xim

aiiðtÞ
ð t
t�tiiðtÞ

aiiðsÞds�
ð t
xim

aiiðsÞds
 !

dt

a ½ðUi þ eÞ þ bi� ðdi þ eÞ
ð tim
xim

aiiðsÞds�
ð tim
xim

aiiðtÞ
ð t
xim

aiiðsÞdsdt
� �

¼ ½ðUi þ eÞ þ bi� ðdi þ eÞ
ð tim
xim

aiiðsÞds�
1

2

ð tim
xim

aiiðsÞds
� �2" #

a
1

2
ðdi þ eÞ2½ðUi þ eÞ þ bi�

a
1

2
ðdi þ eÞ2½xiðtimÞ þ bi þ 2e�:
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Case 2.2. di þ eb 1 and
Ð tim
xim

aiiðsÞdsa 1. In this case, by (2.17) and

(2.25) we have

xiðtimÞ � xiðximÞa ½ðUi þ eÞ þ bi�
ð tim
xim

aiiðtÞ
ð xim
t�tiiðtÞ

aiiðsÞdsdt

a ½ðUi þ eÞ þ bi� ðdi þ eÞ
ð tim
xim

aiiðsÞds�
1

2

ð tim
xim

aiiðsÞds
� �2" #

a ½ðUi þ eÞ þ bi� ðdi þ eÞ � 1� 1

2
� 12

� �

¼ 1

2
½2ðdi þ eÞ � 1�½ðUi þ eÞ þ bi�

a
1

2
½2ðdi þ eÞ � 1�½xiðtimÞ þ bi þ 2e�:

Case 2.3. di þ eb 1 and
Ð tim
xim

aiiðsÞds > 1. In this case, let him A ½xim; tim�
be such that

Ð tim
him

aiiðsÞds ¼ 1. Then by (2.17) and (2.25) we have

xiðtimÞ � xiðximÞ

a ½ðUi þ eÞ þ bi�
ð him
xim

aiiðsÞdsþ
ð tim
him

aiiðtÞ
ð xim
t�tiiðtÞ

aiiðsÞdsdt
" #

¼ ½ðUi þ eÞ þ bi� 1�
ð tim
him

aiiðsÞds
 !ð him

xim

aiiðsÞdsþ
ð tim
him

aiiðtÞ
ð him
t�tiiðtÞ

aiiðsÞdsdt
" #

¼ ½ðUi þ eÞ þ bi�
ð tim
him

aiiðtÞ
ð him
t�tiiðtÞ

aiiðsÞdsdt
" #

¼ ½ðUi þ eÞ þ bi�
ð tim
him

aiiðtÞ
ð t
t�tiiðtÞ

aiiðsÞds�
ð t
him

aiiðsÞds
 !

dt

" #

a ½ðUi þ eÞ þ bi� ðdi þ eÞ
ð tim
him

aiiðtÞdt�
ð tim
him

aiiðtÞ
ð t
him

aiiðsÞdsdt
" #

¼ ½ðUi þ eÞ þ bi� ðdi þ eÞ
ð tim
him

aiiðtÞdt�
1

2

ð tim
him

aiiðtÞdt
 !22

4
3
5

¼ 1

2
½2ðdi þ eÞ � 1�½ðUi þ eÞ þ bi�

a
1

2
½2ðdi þ eÞ � 1�½xiðtimÞ þ bi þ 2e�:
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Combining Cases 2.1, 2.2 and 2.3, we have for i ¼ 1; 2; . . . ; k

xiðtimÞa
2þ ðdi þ eÞ2

2� ðdi þ eÞ2
Xn
j0i

bijðUi þ eÞ þ 2eðdi þ eÞ2

2� ðdi þ eÞ2
; if di þ e < 1;

or

xiðtimÞa
1þ 2ðdi þ eÞ
3� 2ðdi þ eÞ

Xn
j0i

bijðUi þ eÞ þ 2e½2ðdi þ eÞ � 1�
3� 2ðdi þ eÞ ; if di þ eb 1:

This shows that (2.23) is true. Let m ! y and e ! 0 in (2.23), we obtain

Ui þ
Xn
j0i

~bbijUj a 0; i ¼ 1; 2; . . . ; k:ð2:26Þ

On the other hand, from (1.1) and (2.19), as in the proof of (2.18), we have

jUi � xiðtÞj ¼
ðy
t

Xn
j¼1

aijðsÞxjðs� tijðsÞÞds
�����

�����
b

ðy
t

aiiðsÞ jxiðs� tiiðsÞÞj �
Xn
j0i

bij jxjðs� tijðsÞÞj
" #

ds;

i ¼ k þ 1; . . . ; n;

and

lim inf
t!y

jxiðt� tiiðtÞÞj �
Xn
j0i

bij jxjðt� tijðtÞÞj
" #

bUi �
Xn
j0i

bijUj ; i ¼ k þ 1; . . . ; n:

It follows from the above and (2.15) that

Ui �
X
j0i

bijUj a 0; i ¼ k þ 1; . . . ; n;

and so

Ui þ
X
j0i

~bbijUj a 0; i ¼ k þ 1; . . . ; n:ð2:27Þ

By (2.26) and (2.27), and using the fact that ~BB is a non-singular M-matrix, we

have U1 ¼ U2 ¼ � � � ¼ Un ¼ 0. Hence, the proof is complete.

Using Theorem 2.2, we have immediately
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Corollary 2.1. Assume that tii 1 0 for i ¼ 1; 2; . . . ; n, and that (2.1) and

(2.15) hold. Let B̂B ¼ ðb̂bijÞ be the matrix with entries b̂bii ¼ 1 for i ¼ 1; 2; . . . ; n

and b̂bij ¼ �jbijj for i0 j. If B̂B is a non-singular M-matrix, then every solution

xðtÞ of (1.1) tends to 0 as t ! y.

From Theorem 2.2 and [1, Theorem 5.1], we immediately have

Corollary 2.2. Let ~BB be defined by (2.3) and (2.4). Assume that (2.1), (2.2)

and (2.15) hold, and that one of the following conditions holds:

(i) There exists a vector x > 0 such that ~BBx > 0:

(ii) Every real eigenvalue of the matrix ~BB is positive:

(iii) ~BB is non-singular and ~BB�1 b 0;

(iv) The real part of any eigenvalue of ~BB is positive;

(v) The leading principal minors of ~BB are positive;

(vi) ~BBxb 0 implies xb 0.

Then every solution xðtÞ of (1.1) tends to 0 as t ! y.

For the coupled system of two non-autonomous delay di¤erential equa-

tions

_xx1ðtÞ ¼ �½a11ðtÞx1ðt� t11ðtÞÞ þ a12ðtÞx2ðt� t12ðtÞÞ�;ð2:28Þ

_xx2ðtÞ ¼ �½a21ðtÞx1ðt� t21ðtÞÞ þ a22ðtÞx2ðt� t22ðtÞÞ�;

where aijðtÞ; tijðtÞ, i; j ¼ 1; 2, are the same as in (1.1), we can derive the fol-

lowing simple criterion.

Corollary 2.3. Assume that (2.1), (2.2) and (2.15) hold for n ¼ 2, and

that

ð1�D1Þð1�D2Þ
ð1þD1Þð1þD2Þ

> jb12b21j;ð2:29Þ

where

Di ¼
d 2
i =2; if di < 1;

di � 1=2; if di b 1;

�
i ¼ 1; 2:

Then every nontrivial solution of (2.28) satisfies

lim
t!y

½x2
1ðtÞ þ x2

2ðtÞ� ¼ 0:ð2:30Þ

3. Two examples

In the last section, we give two examples to illustrate the applications of

our theorems.
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Example 3.1. Consider the system of two non-autonomous delay di¤er-

ential equations

_xx1ðtÞ ¼ � 2

3
sin2 tx1ðt� pÞ þ a sin3 tx2ðt� 2pÞ

� �
;ð3:1Þ

_xx2ðtÞ ¼ � b cos3 tx1ðt� 3pÞ þ 2

3
cos2 tx2ðt� pÞ

� �
:

Since a11ðtÞ ¼ 2
3 sin2 t, a12ðtÞ ¼ a sin3 t, a21ðtÞ ¼ b cos3 t and a22ðtÞ ¼ 2

3 cos2 t,

by a direct calculation, we have

d1 ¼ lim sup
t!y

ð t
t�p

a11ðsÞds ¼ lim sup
t!y

2

3

ð t
t�p

sin2 s ds

� �
¼ p

3
;

d2 ¼ lim sup
t!y

2

3

ð t
t�p

cos2 s ds

� �
¼ p

3

and thus,

ð1�D1Þð1�D2Þ
ð1þD1Þð1þD2Þ

¼ 9� 2p

3þ 2p

� �2
:

Hence, in view of Corollary 2.3, if

jabj < 4

9

9� 2p

3þ 2p

� �2
;

then every nontrivial solution of (3.1) satisfies

lim
t!y

½x2
1ðtÞ þ x2

2ðtÞ� ¼ 0:

Example 3.2. Consider the system of three non-autonomous delay dif-

ferential equations

_xx1ðtÞ ¼ �½x1ðt� 0:6Þ � 0:2 sin tx2ðt� pÞ þ 0:1 cos tx3ðt� 2pÞ�;ð3:2Þ

_xx2ðtÞ ¼ �½0:4 cos 2tx1ðt� pÞ þ x2ðt� 0:5Þ � 0:3 cos tx3ðt� pÞ�;

_xx3ðtÞ ¼ �½�0:8 cos2 tx1ðt� 3pÞ þ 0:2 sin tx2ðt� pÞ þ 0:5x3ðt� 1Þ�:

Here

a11ðtÞ ¼ a22ðtÞ ¼ 1; a33ðtÞ ¼ 0:5; b12 ¼ 0:2; b13 ¼ 0:1;

b21 ¼ 0:4; b23 ¼ 0:3; b31 ¼ 1:6; b32 ¼ 0:4:
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By a direct calculation, we have

d1 ¼ 0:6; d2 ¼ d3 ¼ 0:5; ~bb12 ¼ �0:288; ~bb13 ¼ �0:144;

~bb21 ¼ �0:514; ~bb23 ¼ �0:386; ~bb31 ¼ �2:057; ~bb32 ¼ �0:514;

and the successive principal minors of the matrix ~BB are as follows:

~bb11 ¼ 1 > 0; det
~bb11 ~bb12
~bb21 ~bb22

� �
¼ 0:819 > 0 and

det

~bb11 ~bb12 ~bb13
~bb21 ~bb22 ~bb23
~bb31 ~bb32 ~bb33

0
B@

1
CA¼ 0:091 > 0:

In view of Corollary 2.2 (v), every solution of (3.2) satisfies

lim
t!y

½x2
1ðtÞ þ x2

2ðtÞ þ x2
3ðtÞ� ¼ 0:
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