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ABSTRACT. In this paper, we first propose a diffusive SIR model with the
incidence rate function revised to a general nonlinear incidence rate function
with delay that reflects the impact of behavior changes due to the precaution
of the host. The main concern is the existence/non-existence of traveling wave
solutions. When Rp < 1, we prove that the model does not allow a traveling
wave for any speed. When Ry > 1 however, we show that there exists a
minimal wave speed c« > 0 in the sense that for every ¢ > ¢, the model has
a traveling wave with speed ¢, while the model does not have a traveling wave
with any speed ¢ € (0,c«). We derive an equation that implicitly determines
the final size of the model. Finally, for some examples, we numerically explore
the impact of some model parameters; particularly, and interestingly, we show
that the parameters involved in the behavior change term can cause multiple
outbreaks. These novel results are mathematically interesting and practically
significant because they can help us better understand the role and impact of
some non-pharmaceutical interventions during epidemics.

1. Introduction. A classic and widely-referred-to SIR infectious disease model is
the system of ordinary differential equations

S'(t) = =BSHI(1),
I'(t) = BS(HI(t) — yI(t), (1)
R(t) = yI(t),
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which is a special case of a more general framework in the pioneering work Kermack—
McKendrick [11]. Here S(t), I(t), and R(t) denote the populations of the suscepti-
ble, infected, and recovered compartments, respectively, at time t. The parameter
[ is the transmission rate, and -~y is the recovery rate. Since there is no demogra-
phy in this model, it purely represents the transmission dynamics of an infectious
disease for which the recovered individuals would carry lifetime immunity to the
disease. The dynamics of (1) is fully known: (i) S(t) will decrease from S(0) = Sy
to a positive value S, resulting in a final size S, for the epidemic which is im-
plicitly determined by an equation involving 3, «, and Sp; (ii) I(t) will tend to 0
(disease will eventually die out), but the pattern of its dying out depends on the
value Sy = S(0): If 8Sy/v < 1, 1(t) directly decreases to 0; if 8Sy/~ > 1, there will
be an outbreak in the sense that I(t) first increases to certain value until S(t) is
lowered to /8, and then, it starts to decrease to 0.

To reflect the nature of spatial spreading of an SIR type disease, Hosono and
Ilyas [7] incorporated the spatial diffusion into (1), leading to the following reaction
diffusion system:

dS(z,t) . 9*S(x,1)
at —dl 81'2 —BS(.T,t)I(.I‘,t),
oI(x,t) . 9%I(x,t) 9
o = a5+ BS (e ) (1) — I (x,1), (2)
OR(z,t) O*R(x,t)

Here, the positive constants dy, ds, and d3 are the diffusion coefficients of the
susceptible, infected, and recovered individuals. The main concern of (2) is the
existence of traveling wave solutions which are a special type of solutions of the form
(S(z+ct), [(z+ct), R(z+ct)) that connect two homogeneous steady states. Observe
that the model (2) has infinitely many homogeneous disease-free equilibria; however,
by the results on (1), the traveling wave connecting the two disease-free equilibria
(8_50,0,0) and (S, 0,0) is most meaningful and significant. Using the shooting
technique and invariant manifold theory, Hosono and Ilyas proved that if the basic
reproduction number 8S_.. /v > 1, then for every ¢ > ¢, = 24/d2(8S-00 — ),
there exists such a traveling wave solution with speed c. Here, S_., plays the role
of initial value of the susceptible population in the sense the initial time is pushed
to t = —oo rather than t =0,

In 2012, Wang et al. [19] considered a diffusive model obtained by replacing
the mass action incidence rate 8S(x,t)I(x,t) in (2) with standard incidence rate
BS(z,t)I(x,t)/[S(x,t) + I(x,t)]. Based on the Schauder fixed point theorem and
the bilateral Laplace transform, they proved that this system has a traveling wave
solution (S(z + ct), I(z + ct)) connecting two disease-free equilibria (S_o,0) and
(S0, 0) for ¢ > ¢, = 24/da(B — ), provided that the basic reproduction number
B/~ > 1, and it has no such traveling wave solution with speed ¢ for 0 < ¢ < ¢, or
if 8/ < 1. We notice that they did not explore whether a traveling wave solution
when the speed ¢ = ¢, exists. Later, Zhou et al. [26] discussed the case of ¢ = ¢, for
this model and proved the existence of traveling wave solutions with the minimal
speed ¢ = ¢, when 3/y > 1.

In the context of traveling wave solutions of the diffusive SIR models, in addition
to the mass action incidence rate and standard incidence rate in the R-D systems
in [7,19], some other researchers have further investigated the existence of traveling
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waves for some reaction-diffusion disease models with delay in the general incidence
rate term [1,9,16,18,22,25,27]. Among these works, Bai and Zhang [1] considered
a diffusive wvector-borne disease model obtained by replacing 5S5(z,t)I(x,t) in (2)
with

ﬂscutyérkwnxfuato»de

where the kernel k(6) is the probability of an infected vector becomes infectious
after 6 units of time since infection. They proved that when the basic reproduction
number Ry > 1, there exists a ¢* that for each ¢ > ¢* the diffusive model has a
traveling wave solutions with speed ¢. More recently, Hu and Zou [9] investigated
a more general incidence rate function

f@@i»émﬁﬁﬂﬂ%t—ﬂﬂﬁ

with infinite delay, and they proved that when the basic reproduction number Ry
of the model is less than 1, the model has no traveling wave solution; and, when
Ry > 1, there exists a ¢* > 0 such that for every ¢ > ¢*, the model has a traveling
wave with speed ¢, and for any ¢ € (0,c¢*), the model has no traveling wave with
speed c¢. However, both [1] and [9] did not consider the existence of traveling wave
with minimal speed ¢ = ¢*, which is generally much more challenging.

Note that an incident rate function can generally be rewritten as f(t) - S(¢) in
which the function f(t) is called the infection force. Obviously, f(t) = SI(t) corre-
sponds to the mass action incidence rate, and f(t) = SI(t)/[S(¢) +I(t)] corresponds
to the standard incidence rate. Recently, Cheng and Zou [3] revisited the notion
of infection force from a new angle. Note that susceptible individuals tend to be-
come more cautious when the disease becomes more severe, and hence adopt more
measures to protect themselves. On the other hand, the public health agency may
implement some control measures, such as physical distancing, mask wearing, travel
restrictions, isolation, and vaccination. Because of these non-pharmaceutical inter-
ventions, among the biologically/epidemiologically susceptible individuals, only a
fraction of them are remain socially active and can possibly be infected. With this
consideration, Cheng and Zou [3-5] introduced the notion of practically suscepti-
ble population expressed as Sp(t) = P(L(t))S(t) where L(t) is a measure of the
severity of the epidemic. Replacing S(t) by S,(¢) in an incidence rate of the form

FU@)) - 5(t) gives
FA@))Sp(t) = [FL)PLI®))] - S(@), (3)

which results in a new infection force f(I(¢t)P(L(t)). Here, the fraction term P(L) is
non-increasing in the severity level (prevalence) L and satisfies P(L) € [0, 1] for all
L >0. When L(t) = I(t) and f(I) = 81, and P(L) takes some particular forms of
decreasing functions, those infection force functions adopted in [2,6,11,13-15,17,23]
can all be obtained.

In reality, it may be more reasonable to measure the severity of an epidemic by
a weighted sum of infected cases in a past period of time, meaning that

L(t) = /O " w(O)I(t — 0)db, (4)

where the constant 7 > 0 specifies a length of time interval one wishes to look at,
and the weight function w(f) satisfies w(f) > 0 and [ w(#)dd = 1. When the
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infections are reported only in discrete times, w() is taken as w(6) = X ok;0(7;).
In this case, the severity level L(t) becomes the following discrete weighted sum:

L(t) = Zzlzok'i[(t — Ti),

where 0 =1y <1 <M< ..<7, <7andk; >0,72=0,1,...,n are the discrete
weights satisfying X7 k; = 1.

Such severity measurements together with the aforementioned fraction function
reflecting the impact of non-pharmaceutical interventions leads to the following
general incidence rate function

Hy(t) = FUL®)Sp(t) = FU@) P (L) S(t) = f(I(t) P </OT w(O)I(t - 9)d9> S(8),
(5)

where the original non-decreasing infection force function f(t) = f(I(¢)) is revised
to

ft) = FI)PL() = FI(H)P ( / " w(O)I(t - e)de)

Now, if one wants to know the impact of the non-pharmaceutical interventions
on the spatial spread of an infectious disease of SIR type with a general incidence
rate function f(I(t)), it is then reasonable to modify the diffusive SIR model (2) to
the following new diffusive model:

0S(x,t) _  9*S(a,1)

— f(z,t))P (L(x,1)) S(z,1),

o 0a?
2
aj(a? 9= f QEZZ 4 11 )P (Ll.0) S(a.t) ~ 31 (2.1, (©)
T ’R(z
8Rét,t) 4,0 };3(62,0 Iz, ).

Here, the variables and parameters have the same meanings as those in (2) and

Liw,t) = /O " () (z.t — 0)d0, (7)

in which the weight function w(6) can be taken as a discrete or continuous form.
Based on their background /meanings, the functions f(I) and P(L) are assumed to
satisfy the following conditions.

Assumption 1.1. The original infection force function f(I) satisfies
(i) f(0) =0 and f(I) > 0 forI >0; f is non-decreasing and Lipschitz continuous
in [0,S0], i.e., there is Ly > 0 such that |f(I1) — f(I2)| < L1 |Iy — 3] for any
Il,IQ S [0, S()],'
(ii) f'(07) :=lim;_,o+ %j) exists and f(I) < f'(0T)I for any I € [0, Sol;
(iii) there exist a > 1, b > 0, and k > 0 such that f(I) > f'(07)I — kI* for any
I€]0,b).
Remark 1.2. Assumption () is of biological background, and assumptions (i) and
(#i1) are mainly used to construct upper and lower solutions, see Lemmas 4.4, 4.5,

4.6, and 5.1. The infection force functions f(I) = 81 and f(I) = 8I/(1 + al) both
satisfy all conditions in this assumption.

Assumption 1.3. The fraction function P(-) satisfies
(i) P:[0,4+00) = R is non-increasing and P(L) € [0,1] for all L > 0;
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(i) P(L) is differentiable and P’(L) is bounded on [0,+00), i.e., there is Py; > 0
such that |P'(L)| < Py for all L > 0.

Remark 1.4. Assumption (i¢) is mainly used to construct a lower solution, see
Lemma 4.5. There are many functions satisfying this assumption, and below are
just some examples:

1 1

= P(l) = ——
14+ al’ 2(L) 1+ al?’

Pi(L) Py(L) =e"™F,

where all parameters are positive.

In this paper, we focus on the phenomenon of wave propagation of (6) that
account for spatial spread of an infectious disease, more specifically, existence of
positive traveling wave solutions of (6). Noting that R(x,t) does not appear in the
first two equations, we only need to consider the following sub-system:

0S(x,t) _ d 0*S(z,t) FI(z, )P (L(x,1)) S(z, 1),
ot |02 ()
MS@’ o a? 2(”0 Dy 1 )P (L, 1) S(,1) 1121,

Since this model focuses on the transmission dynamics and ignores the demographic
structure (i.e., no recruitment and no deaths), this model has infinitely many
disease-free equilibria. We are interested traveling waves connecting two disease
free equilibria (Sp,0) and (S, 0), with Sy being the initial size of the susceptible
population and S, representing the final size of susceptible population. Such a
traveling wave solution characterizes the spatial spreading/invasion and the wave
speed accounts for the speed of spatial spread of the disease, as well as the severity
of an epidemic reflected by the final size, and is thus of theoretical and practical
significance.

The method we use in this paper will be a combination of those in [9,19]: The
Schauder fixed point theorem, and the bilateral Laplace transform. By these meth-
ods, we can determine the basic reproduction number to be R := f’(03)P(0)So /v
and identify c. := 2,/d2(f(07)P(0)Sy —v) to be the minimal wave speed when
Ry > 1 in the sense stated in Theorem 2.1 and Theorem 2.4. Moreover, by con-
structing a suitable auxiliary function, we show that the I component of the trav-
eling wave, I(y) = I(x 4 ct), has an upper bound 2¢ (Sy — Sx) /(¢ + \/c? + 4d27)
that not only depends on the wave speed ¢ but also on other parameters in system
(8), such as the diffusion parameter do and the recovery rate v of infected indi-
viduals. This is a better estimate compared to the upper bound Sy — S, given
in [1,9,19]. Such a bound can help estimate the prevalence of the disease and un-
derstand how the the diffusion rate of I(t), recovery rate 7, and the wave speed
affect the magnitude of the epidemic.

Existence of the minimal speed wave (traveling wave with minimal wave speed
¢ = ¢,) is of particular importance because typically an infectious disease begins in a
spatially compact region and the corresponding solution evolves toward the traveling
wave with a minimal-speed wave. However, the proof of existence of the minimal-
speed wave turns out to be more challenging for (8). This is because although the
original infection force f(t) = f(I(t)) is non-decreasing in I, the non-parmaceuticaly
mediated new infection force function given by (5) can be non-monotone. Therefore,
the commonly-used limiting arguments used in [18,20,24] cannot be applied for (8).
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We will achieve this task by constructing an appropriate invariant convex set for
the traveling wave mapping.

The rest of this paper is organized as follows. In Section 2, we state the main
theorems on existence/non-existence of traveling wave solutions of (8). To prove
them, we introduce the related differential and integral operators and present some
of their important properties in Section 3. In Section 4, we transform the existence
problem of traveling wave solutions into an existence problem of a fixed point and
prove the existence for the case of ¢ > ¢, by applying the Schauder fixed point
theorem. We prove the existence of minimal speed wave in Section 5. In Section 6,
we prove the non-existence by contradiction in two cases. Combining the results in
Sections 4-6, we then complete the proof of the two main theorems. We also derive
estimates for the disease prevalence and an equation for the final size that indicate
how the final size is affected by the fraction function. In Section 7, we demonstrate
the main theorems by choosing f(I) = SI and some particular fraction functions
for P(L), as well as a special weight function w(f#). With these chosen functions, we
perform rich numerical simulations and shed more light on the disease dynamics;
particularly, we observe the occurrence of traveling waves with multiple peaks that
account for multiple outbreaks.

2. Main results. We are interested in traveling wave solutions of (8), specifically
those of the form (S(z + ct), I(z + ct)). Let y = = + ct, with ¢ > 0 representing the

wave speed. Then, the special solution (S(y), I(y)) of (8) satisfies
{ cS'(y) = di5"(y) — FI(W)P (L)) S(y), (9a)
cl'(y) = d21"(y) + f(L(y)) P (L(y) S(y) — ¥I(v), (9b)

where L(y) = [, w(0)I(y — cf)db.

Considering the biological background of the model, we expect that the sus-
ceptible individuals decrease from the initial population Sy to a smaller value
Soo € (0,50), and infected individuals which started with very small values will
also eventually die out. Naturally, we hope to find the special solution of (9) with
the form (S(y), I(y)) satisfying (9) and the following boundary conditions:

S(=00) = lim S(y) =S, S(c0):= lim S(y) = Seo < So, »
I(£o00) := ygrinoo I(y) =0.
We are now in the position to state our main results as follows.

Theorem 2.1. Assume that assumptions 1.1 and 1.3 hold. Let Ry = f'(07)P(0)
x So/y>1 and

¢ = 2¢/da(f'(0F)P(0)So — 7).
Then, for each ¢ > c., system (9)-(10) has a non-trivial and non-negative solution
(S(y),I(y)). Moreover, (S(y),I(y)) has the following properties:

(i) S(y) is non-increasing;
2 - Moo
(ii) 0 < I(y) < 2¢(S0 = 5)
c+ v/ + 4doy
(#ii) the final size S satisfies the integral equalities
+oo +o0 T
o[ rwar= [ raee ([ w@i - i) sty = s - 5.
o —oo 0
(11)

(< Sy) for all ye€R;
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Remark 2.2. The conclusion in Theorem 2.1-(iii) offers an equation relating the
final size S to the infection force function f(-), the precaution faction function P(-)
as well as the severity measurement reflected by the weight function w(#). This
together with the estimate in Theorem 2.1-(ii), provides a basis for numerically
computing the final size when the aforementioned three functions are given. Of
course, it can also help us analytically explore, to certain extent, the impact of
some model parameters. For example, one can see that anything that can increase
(decrease) the left-hand side in (11) will reduce (increase) the final size Soo.

Remark 2.3. Denote

. f(I), I€l0,S0];
ﬂ”:{ﬂ%x1>%.

If system (9) with f(I) replaced by f(I) has a non-trivial and non-negative traveling
wave solution (S(y), I(y)) satisfying (i) and (ii), then clearly this solution is also a
traveling wave solution of system (9) with the original f(I). Then, we can prove
Theorem 2.1 under the assumption f(I) = f(Sop) for I > Sy. Thus, by Assumption
1.1 we conclude that f(I) is non-decreasing and Lipschitz continuous for I > 0 and

f(I) < f(So), f(I) < f(0M)I, for any I > 0.

Theorem 2.4. Assume that Assumptions 1.1-1.3 hold. Then, system (9)-(10) has
no non-trivial and non-negative traveling wave solution (S(y),I(y)) satisfying the
boundary conditions (10) if Ry <1, or Ry > 1 but 0 < ¢ < ¢.

Clearly the above results show that whether or not such travelling wave solutions
for (8) exist totally depends on Ry and c.. Also, when f(I) = I and the fraction
function P(L) = 1, (8) reduces to (2), and hence the results in [7] is included in the
above main results as special cases. In Section 7, as examples, we will choose some
particular fraction functions and forms of the severity level function L(t) to further
illustrate the above main results.

3. Preliminaries. In this section we present some preliminary results, which will
be used to prove the existence theorem. Let p > 0 and

L,= {(p ‘R = R :sup|p(y)le v < oo} )
yER

&z{wecﬁxwmmwwwpm<aﬁ,wnzwmwmwmw
yeER yER

Then, it is not difficult to verify that (B,, |- |,) is a Banach space. Next, we intro-
duce the usual product space

By x By ={® = (¢,) : o, € By}, ||, = max {[o], ||, }

and (B, X B,,| - |,) is also a Banach space.
For any ¢; > 0 (i = 1,2), we define the second-order differential operator

Asp = —dip" + e’ + G, for p € C? (R,R).
Note that the equation —d; A% + cA + ¢; = 0 always has two real roots denoted by
)\j', A; with
c+ 02 +4dzg A — C — 02 +4dzCz

i

A=

Clearly, —\; < A\, i=1,2.
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Choose p > 0 such that 0 < p < min{f)\l_,f)\;} and define the integral
operator A; ' by

1 Voo
(ATe) (y) = S L0 </Oo et 8 p(g)de

+/ et (y‘%(ﬁ)dé‘), Vo &Ly i=12
Yy

Then, the asymptotical properties of ¢ € L, ensure that this integral operator is
well-defined. Furthermore, some calculations show that

/ 1 Yy _ 00 N
Ai_l = <)\Z_ e =8 dé + /\:" et (=9 d > ,
(Ae) (v) GOF ) /m p(§)dE /y p(&)ds

(12a)
(A7) (1) = ((Ai)2 /y N WO (¢)dg
di(A = A7) —oo
+ () / ) e*“y%@)ds) - (@) (12D)
y i
Also, it is easy to see that for any py < p, there holds
B,, C B, C L,.

This, together with Lemma 3.1 in [9], immediately leads to the following lemma.

Lemma 3.1. For any 0 < py < p < min {—)\f7 —)\5}, there holds
(i) A7 : B, — B, is a bounded linear operator;
(ii) The operator A7' : B, — B, is compact.

Furthermore, applying Lemma 3.1 [19], we find the operators A; and A;l satisfy
the relations stated in the following lemma.

Lemma 3.2. For ¢ € B, with 0 < p < min {—=A],—A; }, one has

A (A7) =g, i=1,2. (13)
Moreover, if ¢ € C? (R,R) and ¢, ¢',¢" € B,, then there holds
AT (Aip) = . (14)

In fact, by a direct calculation, we can show that equality (13) is still true for
¢ € L,. This lemma implies that A;l is the inverse operator of A; in some sense.
In fact, the next lemma concludes more than what (14) were established in Lemma
3.2 [9] and Lemma 2.1 [8].

Lemma 3.3. Let 0 < p <min {—A7,—A; } and assume that ¢ € L, satisfies
(i) ¢',¢" € L, and " is continuous on R\ {yx}, where {yr} is a finite increasing
sequence;

(”)ﬁp(yk) @(y,;), ( ), and go’( 7) exist.
Then, A, (Acpe CR,R) (i=1,2) and

)
(A7 (Ai)] ()
— o(y) + Zy<y] (b; — A7 aj) e v=w) + sy, (05— X ay) M (W—us)
= ¢ly o

(15)
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foranyy ¢ {y;}, where a; = ¢ (yj') —p (yj_) and b; = ¢’ (yj') —¢ (yj_) Moreover,
if p € C(R,R), (15) becomes

H iy (s
Zy<y]- bjek’i (y y]) + Ey>yj b]'e)\t (?j y])

AT =

(AT (Ai)] () = o(y) +

The linearization of (9b) at (Sp,0) is
el (y) = d2I"(y) + f(07)P(0)SoI (y) — vI(y)
and the corresponding characteristic equation is
K(c,\) i= —doA? + eA+v — f/(07)P(0)Sy = 0, (17)
which is a quadratic equation of \ parameterized by c. Denoting
cv 1= 2/da(f'(07)P(0)Sy — ),
then the quadratic property of K(c, A) immediately lead to the following lemma.

(16)

Lemma 3.4. Assume that Ry > 1. Then,
(i) if 0 < ¢ < ¢, K(c, ) remains negative for all X > 0; and, at ¢ = ¢y, the
equation K(c,\) =0 has a unique but double positive root Ay;
(it) if ¢ > c«, the equation K(c,\) = 0 has two different positive roots A1, Ao
with A1 < Aa; moreover, K(c,A) > 0 if Ay < A < Ay, and K(c,\) < 0 for
A€ (O,)\l) U ()\2,+OO).

4. Existence of traveling waves with speed ¢ > c,. In this section, we always
assume that Ry > 1 and ¢ > ¢, to prove Theorem 2.1 using the Schauder fixed point
theorem. To this end, we first show that the traveling wave solution is actually a
fixed point of certain operator and prove the continuity and compactness of this
operator.

Define the functions

So(1— MyeY), y <&,
St(y) = S0, S-(y) := {0 y> 6 (18)
Ay (1 — Mae®2Y) 3
€ 2€ ’ Y 25
Ii(y) :=eMY, I (y):= {0 Y>> & (19)
where & = ilnMi1 and & = éln 1\/%7 and e1,e9, My, and M, are positive

constants to be determined later.
Now, we let ¢; > d;\? + c\; + 1 so that \; < —A
and p such that

7 7

1 =1,2. We also choose pg

A1 < po < p<min{-A], =) }.
Let
Q:={(S,I)eB,xB,:5_-<8<8;,I_<I<I},
which is bounded, closed, and convex in B, x B,. Define the operators F; and I
on ) by

Fi(S,1):=GS(y) — fU(y)P (L(y)) S(y),
Fy(S,1) - = GI(y) + f(I(y)P (L(y) S(y) — vI(y),

For F; and F3, one has the following lemma.

(S,I) € Q. (20)

Lemma 4.1. The operator F; : Q — B, is continuous for i = 1,2.



SPATIAL SPREADING WAVE IN A DIFFUSIVE SIR MODEL 367

Proof. First, for any (S,1) € 0, we see that
|FL(S, 1) < ¢1So + f/(07)P(0)See™,
|Fy (S, 1) < (G + f/(0T)P(0)Sy + ) e,

which implies that F;(S,I) € B, as A1 < p, and hence F; (Q) C B,,.
Next, we show the continuity of F;. For any (S1,11),(S2,I2) € £, there holds

(
|f(I1(y))g (P (L1(y)) S1(y)) — f(L2(y))g (P (L2(y)) S2(y))|
< f(S0)P(0) [S1(y) — S2(y)| + P(0)So [f (11 (y)) — f(12(y))]
+ f(S0)So I[P (L1(y)) — P (La(y))|
< f(So)P(0) |S1(y) — S2(y)| + P(0)SoL1 |11 (y) — L2(y)]
+ £(So) SOPM/ 0) |1 (y — c0) — Ln(y — c0)| db.
Then, we obtain
|F1 (51711) — Fl (SQ, 12)| Eiplyl
< (G + f(S0)P(0)) |S1(y) = Sa(y)| e #1¥l + P(0)So Ly |1 (y) — La(y)| 1!
+ £(S0)So Py, /T w(0) |11 (y — ) — Io(y — )| e~ Pv=lerly=cbli=lvD gp
0
< (G + f(S0)P(0)) [S1 — S,
+ (P(O)SOL1 + F(S0)SoPly /0 Tw(@)epcgcw) - D),

implying that Fy : Q@ — B, is continuous.
By a similar argument, we have

|Fy (S1,11) — F2 (Sa, I2)| e *1Y!
< f(S0)P(0) |51 = 52,
+ <C2 +7+ P(0)SoL1 + f(S0)So Py /OT w(9)6p09d9> | — I,
which shows Fy : 0 — B, is also continuous, and the proof is completed. O
Remark 4.2. If we replace p by pg, this conclusion still holds because A\; < pp.

Now, we define the operator G = (gl, G2): Q2 — B, x B, by

Gi(S,1) = A7 (Fy(S,1)) . (21)

From Lemma 4.1, it is known that F; (Q) C B,, and thus, G; () C B, by Lemma
3.1. Therefore, G; is well-defined in €2. Now, applying Lemmas 3.1 and 4.1, one has
the following lemma for G.

Lemma 4.3. The operator G = (G1,G2) : @ = B, x B, is continuous and compact.

Proof. From Lemmas 3.1 (i) and 4.1, it is easily seen that G; is continuous from 2
to B,. Meanwhile, G; : Q — B, is compact by Lemmas 3.1 (i7) and 4.1. The proof
is completed. O

If the operator G has a fixed point in Q, i.e., there exists (S, ) € Q satisfying

S == gl(s? I)7
{ I=Gy(S, 1),
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then from Lemma 13 we obtain that
A1S = Fi(S, 1),
{ Aol = Fy(S, 1),
implying that (S(y), I(y)) is a solution of system (9). Furthermore, if we can verify
that this solution also satisfies the boundary conditions (10), then it is a traveling
wave solution that we look for. In what follows, we proceed to prove the existence
of a fixed point for the mapping G that satisfies (10).

From Lemma 4.3, G = (G1,G2) : @ — B, x B, is continuous and compact.
In order to apply the Schauder fixed point theorem to G, it remains to show the
invariance of the set ) under the mapping G. To this end, we need to establish two
auxiliary results.

Lemma 4.4. For any €1 and My satisfying
, ¢ f'(07)P(0)
€1 € <0,m1n{/\1,dl}> and M1 Zmax{zhcgl_dl&_% , (22)
the function S_(y) defined in (18) satisfies
1 1
—d1S”(y) + eS8 (y) + ['(07)P(0)SoI07 (y) <0 for y <& = —Inom. (23)
1 1

Proof. Let &1 and M, satisfy (22). Then, cg; — d1e? > 0 and & < 0. Thus, for
Yy < 51 S 03
—d1S”(y) + cSL(y) + ' (07)P(0)Sol+(y)

= — (ce1 — die}) SoMyesV + f'(01)P(0)Sper?

< [~ (cer — die?) My + f/(0F)P(0)] Spe ¥

<0.
So, (23) holds and the proof is completed. O
Lemma 4.5. For any e and My satisfying
{52 € (0,min{eg, A1, (@ — 1)A1, A2 — A1}),

_ —g2lnb 10T Pl So [T w(9)e*1°0do+f'(01) P(0)So M1+P(0)Sok
MQZmaX{e 525176 o, 2 S0 Jg oMy 0 ,

K(C,)\l +62)
(24)
the function I_(y) defined in (19) satisfies
~ () e1”0) +21-) = S ([ w14ty - a0 5-0)
so,ysﬁ&:%lnM%. (25)

Proof. For any y > &, (25) clearly holds true because I_(y) = 0. For the case of
y < &, let g5 and My satisfy (24). Then, K (¢, \; +&2) > 0 and (by the definition
of £, and &2)

& < &, eMé2 < b.

Then, by the choice of €5 and My, there holds
I_(y) = eMy (1 — Mye®?Y) < MY < M2 < for y < &,
which together with Assumption 1.1 implies
FUI-(y) = fON)I-(y) — kIZ(y), for y < &.
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Thus, we can deduce that for all y < &3,
I (y) + eI’ (y) £ AT () — (I ()P ( [ woro- cew) S ()
0

= —dsy [)\% — ()\1 + 52)2 M2682y] 6/\1y +c [)\1 — ()\1 + 82) M2652y} e/\1y
(1= Mae®Y) MY — f(I_(y))P (/0 w(0) Iy (y — 60)d9) S—(y)
< —K (¢, M + e2) MaeM1 T2V o #/(01)P(0)SpeY — £/(01)P(0) Sy MaeP1He2)Y
(PO t) k%) P ( [ woro- c&)de) S ()
0
< -K (C, A1 +e2) Mge()\1+62)y
+ £ (P(O)SO P ( [ oo~ c&)de) S_<y>) A
— (0% [P(O)So -p ( / i w(0) Iy (y — c9)d9> S_ (y)} MoeM1Fe2)Y 4 p(0)Soke®™ 1Y
0

-
< —K(¢,\1 +¢€2) MyePMite2)v 4 fl(0+)P1/V[SO/ w(@)e_/\chdGe)‘lye/\ly
0

+ f1(0%)P(0)So MM TV 4 p(0)Soke M T2
< <—K<c,A1 +e2) My + f/(0%) Py So / w(0)e M do
0
+f (0T P(0)So M + P(O)Sok) ePate2)y
<o0.
This completes the proof. O

Now we take
¢1 = max{di\? + e\ + 1, f(So)P(0)}, ¢ = max{da)? + e\ + 1,7}
Then, we are ready to prove the invariance of the set €2 under the mapping G.
Lemma 4.6. The operator G maps Q to Q, i.e., for any (S,I) € Q, we have
S_<Gi(S,I) <S4, I_<Gyo(S, 1)< I4.
Proof. Since S_ and I_ satisfy all the conditions of Lemma 3.3 and
ST(&7) =0, SL(&) <0, I' (&) =0, I' (&) <0,
(16) indeed implies that
ATT(AL(S) > 5o, Ay (Ag(IL) > I
On the other hand, by Lemma 3.2, one has
ATH(AL(S1)) = Sy, AT (Ao(14)) = T4
Since A;l is a linear and positive operator, we can prove that
A1(S-) < Fi(S, 1) < Ai(S4), Aa(I-) < Fo(S,1) < Ay(1y), for any (S,1) € Q.
It is easy to see that

Fi(8,1) = QS = f(I)P(L)S < (154 = Ag(S4).
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Now we show that Fy(S,I) > Ay(S_). For any y > &, since ¢; > f(So)P(0), there
holds
F1(S, 1) = (G = f(50)P(0)) S(y) = 0= A1(S-(y))-

For y < &, observe that f(I)P(L)S < f'(07)P(0)SoI+(y). This together with (23)
implies F1(S,I) > A1(S_(y)). Hence, A1(S-) < F1(S,I) < Ay(Sy).

Noting that

Fy(8,1) = GoI + f(I)P(L)S —~I < (G — )4 + f/(07)P(0)So 1,

we can easily verify that —da2I" (y) + cI’, (y) + (v — f'(07)P(0)So)I+(y) > 0 by the
characteristic equation (17), and hence F»(S,I) < Ag(I).

Finally, we verify F5(S,I) > Ag(I_). This inequality obviously holds if y > &
because (2 > 7. For y < &, since

F(S.1) 2 (@ =) 1) + S0P ([ w1y~ e0)db ) 50,
by (25) in Lemma 4.5, we see that
—doI” (y) + I (y) +~vI-(y)

1P ([ w0 - o)) 5-) <0, ory < &
0
Thus, we conclude that F5(S,I) > Ag(I_) for all y € R. The proof is complete. O

With all the above preparations, we are now in the position to prove Theorem
2.1 for the case of ¢ > ¢, leaving the case of ¢ = ¢, for the next section.

Proof of Theorem 2.1 in the case of ¢ > c,. Note that Lemmas 4.3 and 4.6 show
that G is continuous and compact from the convex closed set € into €2. Then, by
the Schauder fixed point theorem, the map G has a fixed point (.5, I) in €2, which is
a solution of system (9). We are left to verify the boundary conditions (10) for this
solution.

Since S_ < S < S, I_ <I<I., by (18) and (19), we have

— — 1 — — = 1 = 1 _Aly:
S(-c0) = lim S(y) =5, I(-c0):= lim I(y)=0 lm I(y)e 1,

and the last limit implies that I(y) is non-trivial. In fact, we can further prove
that I(y) > 0 for all y € R. Suppose on the contrary that there exists yo such that
I(yo) = 0. Then, I(y) reaches its minimum value in an interval (a, ) that contains
yo and &. Note that (9b) implies that

—doI"(y) + cI'(y) + vI(y) = 0, for all y € R.

This together with the elliptic strong extremum principle implies that I(y) = 0 for
y € [a, b], which is a contradiction to the fact that I(y) > 0 for y € [a, &2).
Note that for a function h with lim,_, _ h(y) existing, by the L’'Hé6pital’s rule
and (12a), there holds
lim (A;7'h)'(y) =0.
Yy——00

From Lemma 4.1, we see that Fy (S, ), F5(S,I) € B,. On the other hand we have
that lim,_,_ o F1(S(y),I(y)) = (150 and lim,_, o F»(S(y),I(y)) = 0. Therefore,

§'(~00) = lim S'(y)= lim_ [A7!(F(S,1)] (v) =0,

I'(-00) := lim I'(y)= lim [Ay' (Fy(S,1))] (y) =0,

Y——00 Yy——00
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which together with (9) further lead to
S"(—o00) := lim S"(y)=0,1"(—00):= lim I"(y)=0.
y——00 Yy——©

Summarizing the above discussion, we obtain the asymptotic behavior of S and [
for y — —oo as stated below:
S(—o00) = Sp, §'(—00) =8"(~0) =0, I(—00) =I'(—00) = I"(—00) =0. (26)

In what follows, we study the asymptotic behavior when y tends to oco. First,
integrating (9a) from —oo to y gives

48'() —c(50) ~ So) = [ " HIW)P (L) Sw)dy. (27)

This implies the integral on the right-hand side of (27) is bounded. Otherwise,
S’(y) is unbounded as y tends to oo, thus S(y) — oo as y — o0, a contradiction.
Hence, it follows from (27) that S’(y) is bounded on R, and so is S”(y) on R by
(92) and the fact F(I(y))P (L(y)) S(y) < £(50)P(0)So.
On the other hand, we derive from (9a) that
efcy/dl

(/8 w)) = S FIW)P (L) S).

Now, integrating the above equation from y to oo yields

dy

so S'(y) < 0 and S’(y) # 0, ie., S(y) is non-increasing, and hence Soo =
limy o S(y) exists and Sy < Sp. Now, applying L’Hopital’s rule to (28) leads to
S’ (00) :=limy_, o S’ (y) = 0. It then follows from (9b) that S”(00) := limy_,c0 S”(y)
= 0. Letting y — oo in (27) yields

0o efcz/dl
sy = - | FI@)P (L(2)) S(a)de, (25)

| )P (L) Sy = ¢ (50 - 5c). (29)
Observe that (9b) can be rewritten as
—daI"(y) + cI'(y) +7I(y) = fF(L(y)) P (L(y)) S(y) = #(y), (30)

from which we obtain
I(y) = C1eM Y 4 Coet ¥

1 v ~ S o
Y H oo </meA ( %(S)d@r/ Ml 5><p(§)d5), (31)

y
where C7 and Cy are constants and

)\__c—\/02+4d27<0 )\+_c+\/02+4d27
B 2ds ’ - 2d>
Clearly, the integral in (31) is well-defined because

IS SR I AP S = -9 f(S0)P(0)So
ey ||t s [T Osgag < SO,

Note that C = 0 since lim,_,_ I(y) = 0, and C; = 0 since lim,_, I(y) = 0.
Consequently, (31) becomes

10 = o ([ oetone [

Yy

> 0.

h e”(y—%(ﬁ)dg) .
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Now integrating the above equation and applying Fubini’s theorem give that

/ " Iy)dy = L T HIW)P (L) Sw)dy.

This, together with (29) and (7), results in

+oo +o0 T
o [ rwar= [ saee ([ w@i - i) stids = s - 5w,
(32)
proving (11) in Theorem 2.1-(iii).
Next, we prove I(oo0) = 0. Note that

)= — Lt | [ e + [T o
B e = 1 AR L SR IR E T
_ AP,
_— /y .

This shows that I'(y) is bounded on R. On the other hand, I(y) is integrable on R,
and hence, I(00) := limy_, I(y) = 0. Now, integrating 30) from —oo to y leads to

—dsT'(y) + eI (y) + 7 / " 1= / £)de,

implying that I'(co) = lim,_,o I'(y) = 0 by (32). Also, it follows from (9b) that
I"(00) := limy_, 4 oo I"(y) — 0. Therefore, we conclude that

Seo < 8o, §'(00) = 85"(c0) =0, I(c0) =1"(0) =I"(c0) = 0. (33)
Finally, it remains to prove the estimate in Theorem 2.1-(ii). To this end, we
define )
1(€)dg, y € R.

2y /
+ -
c+ 2+ 4dey S
This function is well-defined since the function I is integrable on R. By some simple
calculations, we obtain

2y 2y
J () =I'(y) + ————x=I(y), J"(y) =I"(y) + ———=TI"(y). (34
(y) = I'(y) Ve i (v), J"(y) = 1"(y) Vo Ti (y). (34)
Then, it follows from (32) and (33) that
. 2’}/ /OO 26(50 - Soo)
J(oo) = lim J(y) = ———— I(z)dr = ——=,
(c0) y—oo ) c+ /2 +4dyy J - (@) c+ /% + 4day

Let a = (¢ + /2 + 4d3v) /2. From (30) and (34), it follows that
—d2J" (y) + o' (y) = f(I(y)) P (L(y)) S(v),

from which we deduce that
- / 1 —
— (T B) = TP (L) Sw)e .

Integrating this equation from y to co gives
1 o0

Jyle B = | e EEUE)P (L) S(€)dE = 0,
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which means the function J is non-decreasing, and, therefore,

2¢(So — Seo
I(y) < J(y) < J(o0) = 280 = 5o0) g gy y R,
c+ 02 + 4d2"}/
confirming the estimate in Theorem 2.1-(ii). The proof is completed. O

5. Traveling waves with minimal speed ¢ = c,. In this section, we aim to
prove Theorem 2.1 for the case of ¢ = ¢,. The commonly used method is the
limiting argument, which is usually applied to proving the existence of a traveling
wave with critical speed for monotone systems [18,20,24]. For our disease model, we
can also extract a sequence ¢, — ¢, such that the traveling wave solutions (S, I,,)
converges to (S,I) as n — oo and (S, ]) satisfies (9). The main difficulty in the
limiting process is to show the limit (S,I) satisfies the boundary condition (10)
at £0o. The monotonicity of S(y) infers that S(—oo) exists, however there is no
guarantee that S(—oo0) = Sy because the limiting process n — oo and the process
of y — 0o may not be commutable. Moreover, I(+00) do not necessarily exist, and
even if they do, they may not necessarily be equal to zero.

Instead of using the above mentioned approaches to prove the existence of travel-
ing waves with minimal speed, here we will follow [26] to still employ the Schauder
fixed theorem for the same operator G, but confined to a subset I' different from the
subset ) in Section 4. This subset is obtained by carefully constructing a pair of
upper-lower solutions for this critical case, which are suitable modifications of S_,
S+, I+, and I_ in Section 4 as below:

1
SO (1 - 6€5y) , Y < Y1,
0, Y=,

{ — Kiye™?, y <y, { <_K1y_K2(_y)%) MY,y <y,
M I (y):=
’ Yy Z Y2, 0, y 2 Y3,
(35)
Here, A, is the positive double root of K(c., ) = 0 as stated Lemma 3.4-(i), and
the other parameters are given by y1 = Ind/d, yo = =1/, K1 = eMA,, M =
F(S0)P(0)So/v, and ys = — (K5/K1)”, where § > 0 and K5 > 0 will be determined
in Lemma 5.1. Observe that the function g(y) := —K;ye*¥ has a unique maximum
point y = —1/\,, and ¢g(y) < M for all y € R. Then, I_(y) < I (y) < M for all
y € R. So, S;(y) and Iy (y) both are bounded on R. Thus, for any 0 < pg < p <
min {—A7, —A; }, the set

I:={(S,1)eB,xB,:S_<S<S8,, I <I<I}

S4(y) = So, S_(y) ==

I (y) ==

is clearly bounded, closed, and convex in B, x B,,.
Note that for any (S, I) € T, there hold

|F1(S,I)] < (180 + f(M)P(0)So,

|[Fo (S, T)| < (G +7) M + f(M)P(0)Sp.
So, F; (T') € B, (¢ = 1,2). Using a similar argument to that in Lemmas 4.1 and
4.3, we conclude that the operator G = (G1,G2) : I' = B, x B, is continuous and

compact (here F; and G, are given by (20) and (21) with ¢ = ¢,, respectively). The
key point of the existence proof now is to show the invariance of T', i.e., G (") C T.
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For this, we choose
G = f(S0)P(0), ¢2 =1
Then, we get the following result.
Lemma 5.1. The operator G maps I' to T, i.e., for any (S,I) € ', we have
S_ < gl(S7I) < S+a 1 < gQ(Svj) < I+~

Proof. Since S_ and I_ satisfy all conditions of Lemma 3.3 and

STy ) =0, SL(yr) <0, I} (y3) =0, I'i(yy) 20, I'(y3) =0, I (y5) <0,
then (16) implies that

AT (A(S2) 2 52, A (Ao(Ly) < Ly AT (Ap(1)) 2 I

On the other hand, applying Lemma 3.2 leads to AT' (A1(Sy)) = S.. From the
linearity and positivity of A;!, we just need to prove that for any (S, ) € T, there

hold
A1(S-) < Fi(S,1) < Ar(Sy), As(I-) < F2(S,1) < Aq(I4).

Step 1. Ay(S-) < F1(S,1) < Aq1(S4).
First, we have
Fi(S,1) = QS — fF(I)P(L)S < (1S4 = A1 (54).
Next, we show that Fy(S,I) > A;(S_). Since (1 > f(So)P(0), there holds, for any
Y=y,
Fi(8,1) = (G = f(S0)P(0)) S(y) = 0= A1(S-(y)) for all y > y.
For y < 1, it suffices to show
—d1S” (y) + ex8"(y) + f/(07) P(0)So L4 (y) <0
since Fl(S I) > (1.S-— f(07)P(0)SoI4(y). Clearly, there is a positive d, such that

1“6 = )\—* and 1n5 < —i for any § < §,, implying that y; < yo for any § < d,.

Takmg 6 <0, we then obtam
—d1S”(y) + c.S_(y) + f/(07)P(0)Sol+(y)
= d1500e% — ¢,50e?Y — f(0F)P(0)So K ye Y (36)

— [S0(d16 = ) — F/(0F)P(O)SuKrye®-—] e

which is negative for sufficiently small ¢ € (O7 min {Z—:, Ak (h}) because

lim  f/(0%)P(0)SoKryet™ =" =0, Jim So(d1d — c.) = —Soc,

Yy——00

o Ind
lim y3 = lim — = —o0.
5—0+ 50+ 0

Step 2. Ax(1_) < Fy(S,I) < Ay(I4).
Let us show F5(S,I) < Aq(Iy) first. Since (o >+, we infer that, for y > yo,
Fy(S, 1) — Ag(Iy) = GoI —~I + f(I)P(L)S — Ag(I4)
< (G =M+ + f(S0)P(0)So — Az (1)
= f(50)P(0)So — M
=0.
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For y < ys, there holds
Fp(S,1) — Do(I1) < (G = 7)1+ (y) + f/(07)P(0)Sol4(y) — Aa(L4(y))
= I (y) — e (y) — (v = [/(07)P(0)So) I+ (y)
= [=daA2 + A + (v — f/(01)P(0)So) ] Kyyet?
=+ (C* — 2d2/\*)K16)\*y
=0.
So, F5(S,I) < Ag(I1). Then, we verify F5(S,1) > Aqg(I_). Using (o > v again, we
deduce that
Fa(8.0) 2 (G =) 1)+ F- )P ([ w010 - e.0)a9) 5-(0)

So it follows that F5(S,I) > 0= Ay(I_) for y > y3. For y < ys, if there holds

oI () + e (y) + 7T (y) — F(T_(5))P ( | wor- c*em) S_(y) <0,

(37)
then F5(S,1) > Aqg(I_) for y < ys.
By virtue of limy_, o I_(y) = 0, there exists ¢; < 0such that /_(y) < min{b, Sp}
for y < (3. From Assumption 1.1, we have

O (y) — kI (y) < f(I-(y)) < f/(07)_(y), for any y < (1.

Moreover, it is easily seen that

P P Oy 0
v Jo w(O) I (y — c.0)do

= —P'(0).
Hence, there exist (o < —A% < 0 and A; > 0 such that

PO)—-P (/OT w(0) I (y — c*ﬁ)de) < Ay(—y + cor)eMY, for y < Co.

Now, choosing Ko > max{Kl —lg‘s,K“/—min{Cl,Cg}}, then

Y3 < y1, y3 < min{(r, (2} < yo.
Thus, we obtain that, for y < ys,

oI () + ot () 1)~ F-)P ([ wl®)st - c.0)d9) 5-(0)

= — 2Ky (—y)"2eMY 4 f1(07)P(0)Sol_(y)

< —2Ky(—y)"2eMY + P(0)So (F/(01)I_(y) — F(I-(y)))
A ()So (P(O) P ( / " w0,y c*e>d9))
()P ( / " w(O) Iy c*9>de) o e
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< =2 Ky(—y)2eMY 4 P(0)SokI® (y) + f'(0F)I- (1) So A1 (—y + car)e
+ O () PO)So5e™

d ;
<~ Ka(-y) 3NV 4 P0)SokKT (—y)"e ™

+ (0T K180 A1 (—y + c.T)(—y)e* Y

1
+ f’(o*)Klp(O)Sog(—y)e(A*M)y
= (—y —%ek*y _%Kb + P(0)SpkK® —y a+%e/\*(a—1)y
4 1
1/ (01) K1 Sg Ay (—y + ¢o7) (—y) T Y

SOV POS (1))

Define
h(y) =P (0)SokK{ (—y)* 2 DY 4 f/(07) K1 SoAr (—y + ) (—y) B e

IO ELPO)So3 (—p) e

In view of the fact that h(y) is continuous on (—o0,0], lim,_,_ h(y) = 0, and
h(0) = 0, there exists M}, > 0 independent of K5 such that h(y) < M), for y <0
and so —%Kg + h(y) <0 for all y <0 with Ky > %.

Now, letting

Inéd - 4 M,
ngmaX{Kl _T’Kl _mln{<1vc2}v h}a

do
we then see that (37) holds true for y < y3 from the above discussion, and hence

FQ(Sv I) 2 A2(I*)
Combining the above, the proof of this lemma is completed. O

From Lemma 5.1, G is continuous and compact from the convex closed set I" into
itself. Hence, applying the Schauder fixed point theorem again, we infer the map G
has a fixed point (S, I,) in T', which is a solution of system (9) with ¢ = ¢,. By a
similar argument to that at the end of Section 4, we conclude that (S, I.) satisfies
the boundary conditions

Si(—00) := yggloo S« (y) = So, Si(0) := ygrﬂm S(y) = Soo < So,

I.(£00) := yl}rfoo L.(y) = 0.
and there holds

[T eww= [ s ([ worrto-c.o0) 5.y

— 00 — 00
= ¢4 (Sg — S) - (38)
Moreover, S, (y) is non-increasing, and I, (y) is strictly positive and satisfies

2¢, (Sop — Seo
L(y) < (50 )
Cx + Cz + 4d27

for all y € R. (39)
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As a result, the existence of the traveling wave stated in Theorem 2.1 is also proved
for the case of ¢ = c,.

6. Non-existence of traveling waves. In this section, we will show that system
(8) has no traveling wave solution (S, I') connecting (Sp,0) and (Se,0) if Ry < 1 or
Ry >1,but 0 < c< .

Suppose on the contrary system (8) has a non-trivial and a non-negative traveling
wave solution (5, I) satisfying the boundary conditions (10). Then, (S, ) satisfies
(9). By the theory of the second-order linear ODEs, it follows from (9) that

1 Y e
SO = 35r o) (/_Oo e’ WO (S(€) — p(€))dé

+ [T 905 - ple)ac). (40)

W= 55 (f eroopte+ [Teioopeu),

where (&) = f(I(£))P (L(€)) S(£) and 5 are the roots of —d;6% + ¢d + = 0 with
55 >0,6 <o.
Differentiating (40) with respect to y gives

= (s [T o _
$0) = gar =iy (7 [ 90860 - et

L5t /OO eéf’(yfﬁ)(fys(g) — cp({))d§> )

which implies limy_, 1 S'(y) = 0. Similarly, we have limy,_, 4+ I'(y) = 0. So, it
follows from (9) that limy_, 4+ S”(y) = limy_, 4+ I”(y) = 0. That is,

. / _ . 11 _ . ! _ . 1 _

lim S(y)= lim S%(y)=0, lm I'(y)= lim I"(y)=0. (42)

y—Foo

Then, we can show that I(y) is non-trivial. In fact, if I(y) =0, (9a) and (42) imply
that Soc = So, and then (S(y),I(y)) = (So,0), which is a contradiction. Thus, we
can prove that I(y) > 0 for y € R by a similar discussion to that in Section 4.

Moreover, similar to the discussion in Section 4, we can also derive that S(y) is
non-increasing and

/ T FIW)P (L)) Swdy = ¢ (So — Sso).

So, from (41) and using Fubini’s theorem, we see that I is integrable on R, and

|t == [ awyp @) sway (4

With the above preparation, we can present the proof of Theorem 2.4 below.

Proof of Theorem 2.4. Assume that system (8) has a non-trivial and non-negative
traveling wave solution (S,I) satisfying the boundary conditions. Then, we can
derive contradictions in two cases as follows.
Case 1. Ry = f'(07)P(0)So/y < 1.
By a similar argument to that at the end of Section 4, we can deduce that
2¢(So — S
I(y) < C( 0 OO)

ﬁ<so_soogsof0raﬂyeﬂ{.
C c 2y
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Then, by Assumption 1.1, we infer that

FU@)P (L(y) S(y) < f'(07)P(0)Sol (y),
This together with (9b) implies that

- (I’(y)e’ﬁy)/ < (F'(0*)P(0)So — ) I(y)e” %Y <0,

when Ry < 1. So, I'(y)e” 32¢ is non-decreasing on R. Since I'(c0) = 0, it follows
that I'(y) < 0 for y € R. Then, combining I(+o0) = 0 yields I(y) = 0, which
contradicts with the fact I(y) is non-trival. Thus, (8) has no non-trivial non-negative
traveling wave solutions if Ry < 1.

Case 2. Ry = f'(07)P(0)So/y > 1, but 0 < ¢ < cs.

Since
Jim P (1) 50) 7 = 107 PO)S0 .
there exists £y < 0 such that, for y < &,
B p (1) st0) 7 > LDy

Then, from (9b),
—dxI"(y) +cl'(y) = nl(y) = 0, for y < &.

Integrating the above inequalities from —oo to y and letting 9(y) := [Y_ I(£)d¢,
we obtain that
—d2I'(y) + cI(y) = 19 (y) > 0, for y < &,

which implies
y

~dal(y) +t) 20 [ 920, ory < 6o
Therefore, we obtain that, for y < &,

do1"(y) < cI'(y), dol'(y) < cl(y), d21(y) < Y (y), (44)
and

v c
| 9@ < o)
Note that 4(y) is non-decreasing, so for any ¢ > 0,
Gy —8)5 < ~F(y), for y < &.
n

Take § > 7. Then, there is \g € (O, +In ”—f} such that

g(y - 6)6_)\0(y_6) < g<y)e—>\oy, for y < 507
which implies that

G(y)e Y < max  F(y)e MY, for y < &.
y€[€0—0,60]

Thus, by (43), we conclude that ¢ (y)e~*¥ is bounded on R. Therefore, I(y)e~*o¥,
I'(y)e=Y, and I"(y)e ¥ are all bounded on R from (44). Hence, for ¢ > 0
sufficiently small, there hold

G(y) = o (¢X=) | I(y) = o (Pom),
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I'(y)=o0 (e()‘ofé)y> , I"(y)=o0 (e()‘o_s)y) (45)

as y — —oo.

On the other hand, I(y) is bound on R, so B\ I) = [7 e MI(y)dy =
ffooo e~ *d%9 (y) converges on the strip 0 < Rel < Ag. Let A\, \p € R (Ag < N\p)
be the abscissas of convergence of B(A,I). Then, (0, o) C (Aq, Ap). Now we verify
that A,and), are finite. Differentiating (41) gives that

65 I(y) < I'(y) <65 1(y),

implying that (I(y)e %2 ¥)’ > 0 and (I(y)e"s;y)’ <0 for y € R. So, we have I(y) >
[(0)66;3; for all y < 0, and I(y) > I(0)e% ¥ for y > 0, which implies that B(\, )
will diverge for Rel < &, and ReX > 05 . Clearly, we have 6, < A\, < Ay < 5;‘.
Therefore, by applying Theorem 2.5a, 2.5b in [21], we see that B(A,I) is analytic
on the strip A, < ReX < Xy, and A = )\, is a singularity of B(\, I) because 4(y) is
non-decreasing.

Next, we show that A = ), is an analytic point of B(\,I) to achieve a contra-
diction. For any sufficiently small € > 0, B(X,I) converges for A = A\, — €. Then
utilizing Theorem 8.3a in [21], we conclude that

Y(y) = o (M), y— —cc,
which, from (44), implies that

I(y)=o (e(/\b_e)y) , I'(y) =0 (eo‘b_s)y> , I"(y)=o0 <e()‘b_5)y) , Y — —00.

Now, considering the fact that I(y)andI’(y) are both bounded on R, we then obtain

oo

/ e NI (y)dy = AB(, ), / e NI (y)dy = N2B(\, I)

— 00 — 00

for 0 < ReA < Ay by integration by parts. Observe that (9b) can be rewritten as

—doI"(y) + I’ (y) + (v = f(01)P(0)So) I(y)
= fI(y))P (L(y)) S(y) — f'(07)P(0)SoI(y).

Conducting the bilateral Laplace transform to this equation, we then obtain

K(c,\) /00 e MI(y)dy
(

= [ i) (ff(;y”P (L)) S(y) - f’(0+)P(0)So> dy.  (46)

)
Since 2 (y) := %P (L(y)) S(y) — f'(0%)P(0)Sy is continuous and

lim #(y) =0, lim 7#(y) = f'(07)P(0) (Sx — So),
Yy——00 Y—00
A (y) is bounded on R. Hence, the integrals on both sides of (46) are well-defined
on the strip 0 < ReA < Ap.
From the fact that I(—oo) = 0 and Assumption 1.1, there exists yo < 0 such that

f(y))
I

0< f'(0%) - y

< kI(y)*~*, fory < yo.
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Therefore, for y < yq, there holds
)< | K s0) (7 (1) - Poy)| + [ Poysi) (1522 - o)
+ 107 PO)15() - o
<SOSR L)+ PO+ 7RO IS0 - -
(47

Now, integrating (9) from —oo to y, we obtain

4S'(0) — e((0) -~ 50) = [ @) P(LE)S(e)de.

which implies that
(s - s) = e & [ swerLes©e
It then follows that
S~ 50 = (SO - s0)e?*+ - R / " HI©)PILE)S()dédr. (48)
0 0 dl 0 - .

Now, integrating (9b) from —oo to y yields that

/_ " FI©)PL©)S(©)E = —duT'(y) + eI (y) + 19 (y).

which together with (45) implies that for € > 0 very small, there holds

/ fa (L(£))S(&)dg = 0( (Ao— 6)y)

as y tends to —oo. Then, applying L’Hopital’s rule, we infer that, for 0 < § <
min{Ag, 7}, there holds

/ Ty@/ FUE)P(L(E))S(§)dEdx = o (V)

as y tends to —o0o. So, S(y)—So = o (e°) asy — —oo by (48), and (S(y) — So) e~V
is bounded on R.

On the other hand, we have known that I(y)e~*°¥ is bounded on R, which implies
that L(y)e ¥ = [ w(0)I(y—cf)dfe=*o¥ and I(y)*~ e~ (@=D2¥ are both bounded
on R. Letting

50 min{)\g,(a 1))\0, 9

then ' (y)e=%¥ is bounded on R by (47). It follows that [~ e~ I(y).# (y)dy
converges for any 0 < Re\ < A\, + dg, so it is analytic for 0 < ReX < A\, + dp by
Theorem 2.5a [21]. Observe that K(c,A) < 0 for all A > 0 when 0 < ¢ < ¢, and

b e NI (y) A (y)d
/ eiAyI(y)dy f— e (y)dy

— 00

min{Ao, 7} }

, for any 0 < A < Ap + do-

So, A = )\ is an analytic point of B(A,I), a contradiction. Consequently, system
(8) also has no traveling wave solutions that satisfies (10) in this case. The proof
of Theorem 2.4 is complete. O
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7. Demonstration with numerical simulations. In this section, we present
some examples and numerical simulations to demonstrate the obtained theoreti-
cal results, hoping to help us better understand spatial-temporal dynamics of an
infectious disease.

To begin with, we choose f(I) = I and L(x,t) = I(xz,t). Then, system (8)
becomes

asg;,t) _ 4 522(52, t BI(z,t)P (I(z,1)) S(z,1),
z (49)
(‘3](8xt7 t) —dy 8218’;:162, t) + BI(x, )P (I(z,t)) S(z,t) — vI(x,1).

It is not difficult to verify that f(I) = BI satisfies Assumption 1.1. For these
choices, in addition to the results stated in Theorems 2.1, we can further prove
that the profile of the I component I(y) of the traveling wave for (49) is actually
unimodal, as claimed in the following theorem.

Theorem 7.1. Assume that Assumption 1.3 holds and P(L) # 1. If Ry =
BP(0)So/y > 1 and ¢ > c. = 2,/d2(BP(0)So — ), system (49) has a non-trivial
and non-negative traveling wave solution (S(y),I(y)) satisfying the boundary con-
ditions (10). Moreover,

(i) S(y) is non-increasing on R;

2¢(Sp — Seo
(i) 0 < I(y) < 20 5]
c++/c? + 4day
(i) there holds the following integral equality:

for all y € R and I(y) is unimodal on R;

+oo “+o0
V[ Iwdy= [ BIGPUW) SWdy=c(So-52).  (0)
Proof. We just need to prove that I(y) is unimodal on R because the rest of the
results follow from Theorem 2.1. First, (S(y), I(y)) must satisfy

{ S'(y) = diS" (y) = BI(y) P(I(y))S(y), (51a)
cI'(y) = do1"(y) + BI(y) P(1(y))S(y) — vL(y), (51b)
Since I(y) is positive on R and I(+oo) = 0, I(y) must have at least one peak
(maximum). We just need to show the maximum is unique. Otherwise, assume
there are two maximum points y; < y2 with I(y2) < I(y1). Then, there will be a
minimum point y3 € (y1,y2) at which I’(y3) = 0 and I”(y3) > 0. So, (51b) implies

that
v

S(ys) < ==+
) = BRI G)
On the other hand, at the maximum point yo, I(y2) > I(ys), I'(y2) = 0 and
I"(y2) < 0. It follows from (51b) that

v g
S0 2 5P UG~ AP ) = P

which is a contradiction because S(y) is non-increasing. The proof is completed. [

When choosing f(I) = I and L(z,t) = I(x,t), Theorem 7.1 clearly indicates
that I(y) is unimodal, meaning that there is only a single outbreak. However, if the
disease severity level L(x,t) is measured involving disease surveillance of the past,

I(y) is not necessarily unimodal, and it may have multiple peaks, as is illustrated in
Figure 6. To show this, we adopt P(L) = 1/(1+aL?) and still choose f(I) = 31, but
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use L(z,t) = [ w(8)I(x,t—6)d6 to measure the severity. Assuming [ w(#)df =1,
this L(x t) is a Welghted total of infectious individuals in a past period of time (7
time units ago). Then, the model is reduced to the following specific one:

0S(x,t) _ , OS(xt) BI(z,t)S(,t)

ot o g a(f w0t - 0)de)” (52)
ol(z,t) :d2821(m,t) N Bl(z,t)S(z,1) — I(z,1).

o 0 U a(fg wO) (@ t—0)de)”

For this specific system, by Theorem 2.1, we still conclude that when Ry = 5Sp/v >
1 and ¢ > ¢, = 24/da(8So — ), (52) has a non-trivial and non-negative traveling
wave solution satisfying the boundary condition (10). It is obvious that

(a) ¢, is increasing with £;

(b) ¢, is proportional to v/da;

(¢) ¢4 is independent of dy, a, and 7.
Although 7, «, and k; do not affect Ry and c,, they can have an impact on the
profile of the traveling wave that accounts for the outbreak pattern, including the
number and magnitudes of outbreaks, as is illustrated numerically in Figures 5-9 in
what follows.

Below, for convenience of comparison, we perform some numerical simulations for

(52) for the cases of w(#) = 6(¢) (Dirac delta function) and some non-Dirac functions
for w(f). In all these cases, we will employ the numeric methods developed in [12].

Case 1. w(f) = §(0).
In this case, a traveling wave solution (S(y), I(y)) (y = z + ct) for (52) satisfies
)L

eS'(y) = d1S"(y) — ( (y)

3 G R,
T+al2(y)?
55()1() 9)
I (y) = doI” 1(y).
cI'(y) = d21"(y) + 7 alZ(y) —71(y)
and the boundary conditions (10). We fix the following parameter values:
di=1,dy=1, =005 a=4, v=03,5 = 10, (54)

which lead to Ry =~ 1.6667 > 1 and ¢, ~ 0.8944.

The population of susceptible individuals The population of infected individuals

L L L
0
000 -500 0 500 1000 -1000 -500 0 500 1000

FIGURE 1. The solution of (53) with parameters (54) and speed
c=3> c. ~0.8944.

Next, as in [12], we first truncate the domain of y to [—1000, 1000] and use the
algorithm in [12] to (53) in the truncated interval to generate the plots in Figure
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The ion of st ible indi The population of infected individuals

1
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0.15 -0.02
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FIGURE 2. The solution of (53) with parameters (54) and ¢ =
0.5 < ¢4 == 0.8944; there is no traveling wave solution with speed
¢ = 0.5: The infected I may take negative values.

1, which clearly shows the existence of a positive solution to (53) with (10) for
¢ =3 > ¢, =~ 0.8944. Further, we observe that S(y) decreases from the initial size
So to the final Sy, and I(y) is unimodal, which is consistent with Theorem 7.1.
When setting ¢ = 0.5 < ¢, = 0.8944, we can see from Figure 2 that there is no
positive traveling wave solution since the infected component I may take negative
values.

Note that the final size Sy, and the magnitude I,,,q, of the peak of I(y) reflect
how severe the epidemic is. Thus, it is meaningful to see how they are affected by
model parameters. When d; = 0, for the simple incidence rate function 8SI, a
simple and clear formula of the final size S, was deduced in [10,19]. When d; > 0,
however, although we have obtained an equation (11) that implicitly determines
Seo, it seems difficult to obtain a simple formula for S,,. Below, we numerically
demonstrate how the parameters [, 7y, and « affect the final size and the peak size
for the more specific model (53).

The population of susceptible individuals The population of infected i

= (=0.05
....... o1 | 1y
- =p=02 iy

0 I I 0 . .
-1000 -500 0 500 1000 -1000 -500 0 500 1000

FIGURE 3. Impact of 8 on the final size and peak size for (53): (a)
Soo decreases as 3 increases; (b) the peak size of I(y) increases as
B increases. Other parameters are as in (54) and ¢ = 3, which is
larger than c¢* for all three values of S.

First, we fix the parameters in (54), except the transmission rate 8, and choose
B to be 0.05, 0.1, and 0.2, respectively. The corresponding values of Ry are then
calculated to be 1.6667,3.3333, and 6.6667, and the minimal wave speed c, is cal-
culated to be 0.8944,1.6733, and 2.6077, respectively. Choosing the same speed
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The poy of I The population of infected individual

2

0 1 1 1 1 1 1 1 1 1 L
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y=x+ct

(a)

FIGURE 4. Impact of v on the final size and peak size in (53): (a)
Seo increases as 7 increases; (b) the peak size of I(y) decreases as
~ increases. Other parameters are as in (54) and ¢ = 1.5 which is
larger than c, for all three values of .

c = 3 that is larger than ¢, for all three values of 3, the numerical results in Figure
3 show that as § increases from 0.05 to 0.2, S, decreases and the peak size of I(y)
increases.

Next, we fix the parameters in (54), except for the recovery rate 7, and take three
different values of v as 0.1,0.2, and 0.3. In this case, the corresponding values of
Ry are 5,2.5, and 1.6667, and c, are 1.2649,1.0954, and 0.8944, respectively. The
numerical results are plotted in Figure 4, in which we find that S, increases and
the peak size of I(y) decreases as v increases from 0.1 to 0.3.

Finally, we look at the effect of @ on S,,. To this end, we fix the parameter
values as (54) except for o, which we will alter as o = 4,10,20. Since a does not
affect the values of Ry and c,, we still have Ry ~ 1.6667 > 1 and c, ~ 0.8944. The
numerical results are presented in Figure 5 from which we can see that S, increases
as « increases, while the peak size of I(y) decreases as « increases. Noting that « in
the adopted fraction function form 1/(1 + «aL?) accounts for the precaution level of
susceptible population, the above observed effect of « is not surprising: The more
precautious the susceptible individuals are, the less disastrous the epidemic will be.

The population of susceptible individuals The population of infected individuals

R

S(y)

S

4 I I I 0 Q .
-1000 -500 0 500 1000 -1000 -500 0 500 1000

FIGURE 5. Impact of a on the final size and peak size for (53) with
c=15> ¢, ~0.8944: (a) S increases as « increases; (b) the
peak size of I(y) decreases as « increases. Other parameters are as
in (54).

Case 2. w(f) = kod(0) + k10(0 — 7) with ko + k1 = 1.
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For this weight function, the disease severity level L(x,t) = kol (x,t)+kiI(z,t—7)
also depends on disease surveillance of the past time ¢t — 7, and the traveling wave
solution (S(y),I(y)) of (52) satisfies

BS(y)I(y)

14+ a(kol(y) + kiI(y — cT))
pSW)I(y)

1+ alkol(y) + kil(y —c7))?

and the boundary conditions (10).

We are interested in the effect of 7 on (S(y), I(y)). Note that the influence of
T in (55) is related to the values of « and the weight k;. So, we will numerically
explore the impact of 7 in conjunction with the different values of weight parameter
k1, and the precaution level parameter . To this end, we fix other parameters in
(56) as

cS'(y) = 15" (y) - 5y €R,

(55)

cI'(y) = doT" (y) + —1(y),

di =1, do=1, B =0.05, y=0.05 Sy =10. (56)
With these values, we can calculate Ry = 10 > 1 and ¢, ~ 1.3416.

The ion of st ible indi The population of infected individuals

(
Iy)

0
-1000 500 o 500 1000 1000 500 o 500 1000

FIGURE 6. The solution of (55) when speed ¢ = 1.5 > ¢, ~ 1.3416
— I(y) is not unimodal, and multiple outbreaks occur.

Recall that 7, a, and k; do not affect Ry and c,. Now take ¢ = 1.5 > ¢,
a = 40, 7 = 20, and k; = 0.8. Numerical simulation of (55) shows that the
I(t) component of the traveling wave is no longer unimodal, it has multiple peaks
representing multiple outbreaks, see Figure 6. Interestingly, if we fix all other
parameters as above but increase the value of 7 (e.g., as 2,8,20,26,40, and 70,
respectively), we find that I(y) is unimodal when 0 < 7 < 6, but as 7 increases, the
number of peaks firstly increases and then decreases and eventually it returns to be
unimodal; see Figure 7. Unfortunately, we are not able to explain this phenomenon
analytically, at least at the present. Hence, 7 may alter the pattern of the waveform
of I(y) and lead to multiple outbreaks of disease.

The discrete weights k; and kg = 1 — k; reflect how much weight is put in the
past surveillance at previous time ¢ — 7 in measuring the severity L(t). Next, by
numerical exploration, we show that outbreak pattern can also be affected by these
weights. To this end, we use the same parameter values as above and a = 40 and
T = 20. We saw earlier that when k; = 0, I(y) is unimodal. Now, for four different
values of k1, we plot the I(y) component of the numerical solutions of (55) in Figure
8, from which we find that as k; increases in [0, 1], the number of peaks of I(y) and
their sizes increase.
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The population of infected individuals The population of infected individuals
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FIGURE 7. The solution of (55) for different 7 when speed ¢ =
1.5 > ¢, ~ 1.3416. (a) I(y) is unimodal when 7 = 2 is small;
(b)-(e) I(y) appears to have multiple peaks as 7 increases and then
converges to 0; (f) I(y) will be unimodal again when 7 increases to
70.

Finally, we explore the impact of « on the pattern of outbreaks for (55). We
take the parameter values given in (56) and k1 = 0.8 and 7 = 20, and we set « to
four different values: 2, 20, 40, and 80. Then, for ¢ = 1.5 > ¢,, the I(y) component
of the numerical solution to (55) is plotted in Figure 9 for these four values of a,
clearly showing that the number of outbreaks increases with «.

Case 3. Some other continuous forms of the weight function w(6).

The above two forms of the weight function w(f) are discontinuous, which lead
to special cases of the model that either has no delay or has a single discrete delay.
As far as numerical simulations go, we can also consider various forms of the contin-
uous weight function w(6) which account for true distributed delays with different
emphases. For such a general continuous function w(), traveling wave solutions
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(S(y),I(y)) of (52) are governed by
BSW)1(y)
L+o[fy w@)(y— 09)}2
BS(y)1(y) I
Ltalflw®Iy— )] W

and the boundary conditions (10).
For the purpose of demonstration, we consider the following forms:

(8) wl6) = 1/75 (B) w(®) = 5-sin ()

cS'(y) = d1S" (y) —

y € R, (57)
cI'(y) = doI" (y) +

p
1 _e-w? T T
and (C) w(H)zme 207 (u:§,a=6), 0 € [0,7].

All these functions satisfy that [ w(#)dé = 1 for all 7 > 0. Now we choose the
following parameter values:

di =1, do =1, =0.05 v=0.05, Sp =10, o =40, 7 = 20, (58)
which lead to the same Ry = 10 > 1 and ¢, ~ 1.3416. Then, we can numerically
solve (57) to generate the plots in Figure 10 for the above choices (A)-(C) of w(#).
These numerical results seem to suggest that, while different forms of the weight
functions w(#) do not affect the final size S, they do influence the outbreak pattern
of the epidemics reflected by the shape of I(y) in Figure 10.

The population of susceptible individuals

Sly)
N W A O N ® © O

o 0
-1000 -500 o 500 1000 -1000 -500 o 500 1000

FIGURE 10. The solutions of (57) for different distributed delay
weight functions w(f) when ¢ = 1.5 > ¢* =~ 1.3416 and other
parameters are as in (58).

8. Conclusions and discussion. In this paper, we have proposed a new diffusive
SIR infectious disease model with an general incidence rate function in which we
incorporate behavior change of the host reflected by a fraction function P(L(t))
where L(t) is a measurement of the severity of the epidemic. The main concern is
the spatial spreading represented by non-trivial positive traveling wave solutions.
‘We have identifed the basic reproduction number Ry and derived the minimal wave
speed c, by proving that when Ry > 1, then for every ¢ > c,, the model has a
traveling wave solution with speed ¢, while when Ry < 1 or ¢ € (0,c,), there is
no such traveling wave solution. We have also obtained an equation that implicitly
determines the final size S, which serves as a base for numerically computing S..
Our theoretical results generalize some exiting results in literature.
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The explicit formulas for Ry and ¢, clearly show how they are affected by some
model parameters as presented in Sections 2-6. Moreover, by the numerical simula-
tions presented in Section 7, we have explored the impacts of some model parameters
on the final size, the number of outbreaks, and their magnitudes. Particularly, and
more interestingly, we have found that those parameters involved in the behavior
change term (o, k1 and 7) in the model can cause multiple outbreaks. For example,
the simulation results show that

(i) higher level of precaution (i.e., larger ) may increase the final size, reduce
the infection peak size, and cause multiple outbreaks;
(ii) relatively larger weight ki on the past surveillance data in measuring the
severity of epidemics may cause multiple outbreaks;
(iii) using too old of data (large 7) in measuring the severity of epidemics may
cause multiple outbreaks.

Such novel results/observations have their practical significance because they can
help us better understand the role and importance of some non-pharmaceutical
interventions in control measures. Mathematically, it is interesting to analytically
determine the thresholds for these parameters for the occurrence of multiple peaks
of the I(y) component of a traveling wave solution. But, this seems to be very
challenging, if not impossible, and we leave it for a future work.
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