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ABSTRACT. In real analysis, the Darboux-Froda theorem states that all dis-
continuities of a real-valued monotone functions of a real variable are at most
countable. In this paper, we extend this theorem to a family of monotone real
vector-valued functions of a real variable arising from dynamical systems. To
this end, we explore some essential characteristics of countable and uncount-
able sets by the notions of strong cluster points, upper and lower strong cluster
points, and establish the existence of strong cluster point sets, upper and lower
strong cluster point sets for an uncountable set. With the help of these strong
cluster point sets, we establish a jump lemma that helps characterize the dis-
continuities of the family of monotone vector-functions. Then we introduce the
notion of distinction set and prove the existence of a distinction set. Making
use of the upper and lower strong cluster points of the distinction set and the
jump lemma, we prove the Darboux-Froda extension theorem. Moreover, we
also present two applications of the generalized Darboux-Froda theorem.

1. INTRODUCTION

In real analysis, there is a well-known result about the discontinuities of mono-
tone real-valued functions of a real variable, which states that all discontinuities of
a monotone function in a real interval are necessarily jump discontinuities and they
are at most countable. This result is important in real analysis as it helps char-
acterize monotone functions and is closely related to other important theorems in
real analysis. Although not explicitly stated, this result was included in the famous
French mathematician Darboux’s work in 1875 [3]; later in 1929, Froda gave an
explicit statement of this result and provided a clear proof in his dissertation [7].
Nowadays, this result as a theorem and its various versions of proof can be found
in many text books (e.g., [IL80L12]). Following Wikipedia [20], we also refer this
theorem as Darboux-Froda theorem.

For a real vector-valued function of a real variable ¢(s) = (¢1(s), -+, ¢n(s)7T,
note the ¢(s) is continuous at s if and only if ¢;(s) is continuous at s for all
i = 1,--- ,n; and hence, the set of discontinuities of such a vector-function is
nothing but the union of discontinuities of all ¢;(s), ¢ = 1,--- ,n. Thus, if each
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¢i(s) is monotone, then the set of discontinuities of ¢ : R — R is also at most
countable. For convenience, we call ¢(s) = (41(s), -, Pn(s)) a monotone vector-
function if each ¢;(s) is monotone. Thus, Darboux-Froda theorem also holds for
monotone vector-functions of a real variable.

Very often, one needs to consider a family of monotone vector-functions, denoted
by ¢(0,s) where s € R and the element/parameter 8 belongs to certain type of
set denoted by M. If ¢(6, s) is monotone in s for each 8 € M, then by the above
Darboux-Froda theorem, the set of discontinuities of ¢ (8, s), denoted by Xg is at
most countable, implying that ¢(,s) is continuous in s € R\ Xg. The set of

discontinuities of the family ¢(8, s) is then given by ¥ = |J Xg. This set is also
f6eM
at most countable if the set M is countable, but it may not be countable if M is

uncountable. Particularly, in the study of traveling waves for evolutionary systems
including nonlocal dispersal equations with time delay and reaction-diffusion equa-
tions in a cylinder and so forth, a family of monotone vector-functions associated
with traveling waves is still denoted by ¢ : M x R — R™ with M being [—7, 0] in
the case of the nonlocal diffusion equations with a time delay 7, or the projection
region of a cylinder in the base subspace in the case of reaction-diffusion equations
in a cylinder. A natural question is whether there are suitable conditions on ¢ such

that |J Xg is at most countable?
Oc M
In this paper, we will address this question. Indeed, we can prove (main theorem

of the paper) that if (i) for each 8 € M, ¢(8, s) is monotone in s € R and (ii) ¢(8, s)

is continuous in @ for each s, then |J X is at most countable.
0cM
To prove the above mentioned generalized Darboux-Froda theorem for ¢ (8, s),

we develop a novel method with the key lying in describing the characteristic of
uncountable sets in M x R and establishing a jump lemma. Specifically, we wish
to find a subset of an uncountable set such that every point in it is a cluster point,
and yet, a cluster point is not necessarily a cluster point of the cluster point set.
For example, let Z = {0y} x ([-1,0]U{1+ %}) and J = {600} x ({1} U[-1,0]) with
0o € M, then the cluster point set of Z is J, but {0y} x {1} is not a cluster point
of J. In general, it is difficult to find the cluster point set without isolated points
if we are confined only to the cluster point set. Based on the essential difference
between countable and uncountable sets in M x R, we introduce the definitions of
strong cluster points as well as upper and lower strong cluster points. It is worth
noting that strong cluster points are special kinds of cluster points: each strong
cluster point is a strong cluster point in the whole set of strong cluster points (i.e.,
the strong cluster point set).

In the rest of this paper, we first introduce, in Section [2 the notions of strong
cluster points and as well as upper and lower strong cluster point, and use them
to describe the clustering features of uncountable sets. Section [3] deals with the
continuity/discontinuity of the family of monotone (in s) vector-functions ¢(0, s).
By establishing a jump lemma and confirming the existence of a distinction set,
we prove the aforementioned generalized Darboux-Froda theorem. In Section [ as
two direct applications of the generalized Darboux-Froda theorem, we present two
propositions, one of them describes the equivalence of functions in M x (R \ X),
and the other confirms the continuity of the translation operator associated to a
class of non-compact semiflows arising from the study of traveling wave solutions
to some dynamical systems in [2]. These two propositions are crucial in overcoming
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the lack of compactness in our forthcoming project on the existence of traveling
waves for some dynamical systems that are only point asymptotically smooth but
not necessarily asymptotically smooth.

2. STRONG CLUSTER POINT

In this section, we first introduce some notations. Let N, N, R, R, R" R?
be the sets of all natural numbers, positive integers, reals, nonnegative reals, n-
dimensional real vectors, and n-dimensional nonnegative real vectors, where n is
a positive integer. Let (M,d) be a compact metric space. For any given (0,0) €
M x (0,00), we use Us(0) to denote the open ball in M with center 6 and radius
0.

To characterize the clustering features of uncountable sets in M xR, we introduce
the notions of (upper or lower) strong cluster point and (upper or lower) strong
cluster point set, which are crucial for studying the continuity of the family of
monotone vector-functions.

Definition 2.1. Suppose Z C M x R is non-empty. A point p 2 (8, s) € Z is said
to be
(i) a strong cluster point w.r.t Z if for any 6 > 0, [Us(0) x (s —d,s+3J)|NT is
uncountable;
(ii) a upper (resp. lower) strong point w.r.t. Z if for any 6 > 0, [Us(0) x (s, s+
N NI (resp. [Us(0) x (s —4d,,s)]NZ ) is uncountable.
A subset 7 is called a (resp. upper or lower) strong cluster point set if each point
of Z is a (resp. upper or lower) strong cluster point w.r.t Z.

Remark 2.1. A strong cluster point must be a cluster point, but a cluster point
may not be a strong cluster point. An upper or lower strong cluster point (set)
must be a strong cluster point (set).

Next, we give the following properties according to the definitions of strong
cluster points, as well as upper and lower strong cluster points.

Proposition 2.1. Suppose that T C M x R is an uncountable subset, and J C T.
Then the following statements are valid:

(i) A (resp. upper or lower) strong cluster point w.r.t. to J must be a (resp.
upper or lower) strong cluster point w.r.t. I;

(ii) IfZ\ J is at most countable, then a (resp. upper or lower) strong cluster
point w.r.t. T must be a (resp. upper or lower) strong cluster point w.r.t.

J.

Proof. (i) is obvious, so we just need to prove (ii) below. We only give the proof for
the case of strong cluster point, and other cases can be proved by similar arguments.
If the conclusion does not hold, then there exist (g, s9) € J and &g > 0 such that
[Us, (80) % (so — o, S0 + d0)] N'JT is at most countable. Since (6o, sp) is a strong
cluster point with respect to Z, we see that [Us,(6o) X (so — 00,50 + 00)] N Z is
uncountable. Then, the set decomposition relation

[U50(00) X (So — dg, So + (50)] awA
= ([Us,(80) x (50 — do, 80 + 0)] N T)U([Us,(80) x (50 — b0, 50 + 60)|N(Z\ T))

implies that [Us,(00) x (So — 00, So + 00)] N (Z\ J) is uncountable, a contradiction,
which completes the proof of statement (ii) for the strong cluster point case. (Il
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Definition 2.2. If for any (0, s), (8, 3) € Z with (8, s) # (8, 5), we have 6 # 6 and
s # §, then we call Z a distinction set.

Remark 2.2. A strong cluster point of the distinction set must be an upper strong
cluster point or a lower strong cluster point.

Lemma 2.1. Suppose that T C M xR is an uncountable subset. Then there ezists
a strong cluster point w.r.t. T.

Proof. Otherwise, for any p := (8,s) € Z, there exists J, > 0 such that [Us,(8) x
(s — 0p,s + 0p)] NZ is at most countable. Since M is a compact metric space,
it follows from [10, Theorem 5.5-(d)] that M is a second countable space. This,
combined with the fact that R is a second countable space, implies that M x R
is a second countable space, and hence Z is a Lindelsff space by [10, Theorem
1.15]. Therefore, there are countable points p; := (0;,s;) € Z such that T C

U Us,, (8:) X (8; — 6p,, si + 0y, ). Since [Us, (8;) X (8; — 6p,, si + 0, )| N T is at most
i=1 ’

cBuntable, we see that 7 is at most countable, a contradiction. This completes the
proof. O

Lemma 2.2. Suppose that T C M x R is an uncountable subset and let J be the
set of all strong cluster points w.r.t. Z. Then T\ J is at most countable and every
point in J is indeed also a cluster point w.r.t. J.

Proof. By Lemma [2T], J is non-empty. We first show that Z \ J is at most count-
able. Otherwise, Z \ J is uncountable. This, combined with Lemma 2] implies
that there exists pg € Z \ J such that pg is a strong cluster point with respect
to Z\ J. Thus, in virtue of Proposition [Z}(i), po is a strong cluster point with
respect to Z. It follows from the definition of J that pg € J, a contradiction.
This proves the claim. The second conclusion follows from this statement and
Proposition 2T}(ii). O

Proposition 2.2. Suppose Z C M xR is a distinction subset. If T is uncountable,
then there exists a subset I C T such that K is an upper or lower strong cluster
point set.

Proof. Let Jy (resp. J- ) be the set of all upper (resp. lower) strong cluster
points with respect to J, where J is shown in Lemma 22l Since J C Z, J is also
a distinction set. It then follows from Remarks 2] and that J = J- U J,.
There are two cases to be considered below.

Case 1. J_ or J4 is at most countable. Without loss of generality, we assume J_
is at most countable. The conclusions can be proved by similar arguments if J
is at most countable. In this case, J \ J+ is at most countable. In virtue of the
definition of J; and Proposition 2.}(ii), we see that J4 is an upper strong cluster
point set. Hence, K := 7 is what is needed for this proposition.

Case 1I. Both J_ and J, are uncountable. We proceed with the two subcases
below.

Case (I1I-1). J4 \ J- is at most countable. Evidently, J\ J- = J4 \ J- is at most
countable from Remark Again, by Proposition 2-T}(ii), we find that J_ is a
lower strong cluster point set from the definition of J_. Thus K := J_ is what is
required for this proposition.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



A GENERALIZATION OF DARBOUX-FRODA THEORE 4679

Case (1I-2). J; \ J- is uncountable. Let J = J+ \ J-, and denote all the upper
(resp. lower) strong cluster points with respect to J by T4 (resp. j,) It then
follows from the contraposition of Proposition 2I}F(i) that J- = 0, and hence
J = j+. That is, J consists of upper strong cluster point; and therefore, I := J
is what is needed for this proposition.

O

3. A GENERALIZED DARBOUX-FRODA THEOREM

Making use of the notions and properties of upper and lower strong cluster point
sets established in the preceding section, we now explore some crucial properties
for a family of monotone vector-functions in this section.

Let Y = C'(M, R™) be the set of all bounded and continuous functions from M
to R™ equipped with the usual supremum norm ||-||y, and Y} = C(M, R"}). Denote
2 ={¢ : M xR — R"|¢p(0,s) is continuous in @ and nonincreasing in s}. Here,
we adopt the standard partial order “<” in R™ when referring to the monotonicity
of ¢(-,s) in s. In particular, for any ¢ € 2, it can be regarded as a monotone
function from R to Y. If ¢ : M x R — R"™, and ¢(-, s) is nonincreasing in s, then
for any (0,s) € M x R, the left and right limits of ¢(0,s) at s exist, denoted by
@(0,57) and ¢(0, sT), respectively.

According to the monotonicity of ¢ in s, we can easily obtain the following
results.

Lemma 3.1. Suppose that ¢ : M x R — R"™, and ¢(-,s) is nonincreasing in s.
Then the following statements are valid:
(i) ¢(0,57) > @(8,57), ¥(0,5) € M xR.
(ii) For any fived (0,s) € M xR, ¢(0,57) > ¢(0,s1) if and only if $(0,") is
discontinuous at s.

The key to the proof of the generalized Darboux-Froda theorem is to establish
the following jump lemma from the monotonicity in s and the continuity in 6 of
¢(0, s) as well as the existence of strong cluster points of an uncountable set.

Lemma 3.2. Let kg € N; and ¢ € P be given. Suppose K C {(8,s) € M xR :
@(0,s_) — p(0,sT) > kl—o} and (09, s0) € K. Then the following statements are
valid:
(i) If K is a lower strong cluster point set, then there exists (0*,s*) € I such
that s* < so and $(8",s*) — P(o,50) > 5}
(i) If K is an upper strong cluster point set, then there exists (0", s*) € T such
that s* > so and (0, so) — P(07, s*) > ﬁ

Proof. According to the continuity of ¢(8, sg) at 8, we can find &g := (09, o) > 0

such that )

H¢(07 30) - ¢(00750)H < 3_I€07 Vo € U5o(00)'
Note that A := [Us,(60) % (so — o, S0)] N K is uncountable because K is a lower
strong cluster point set. For any (6, s) € A, by the continuity of ¢(-, s) at 8, there

exists dg s > 0 such that Us, (0) C Us,(6o), and

6(6,5) ~ $(0.5)]| < .-, VB € Us, ,(6).
0
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Let M = [0,80] x M and = {(6,0,5s) € M x R: (8,s) € Aand § = 6p..}. Then
Mis a compact metric space and Z is an uncountable subset of M x R. Due
to Lemma 211 we can find (g, s,,01,51) € Z such that (dg, s,,01,51) is a strong
cluster point with respect to Z. Thus, there exists (dg, s,,02,52) € Z such that
1662,55 — 0,51 | < 257, d(6:1,05) < 2251, S0 61,05 € Us, . (61) NUs,, . (62).
Without loss of generality, we assume that so > s;1. It follows from the monotonicity
of ¢ and the condition of K that

(02, 51) — d(02,50) > P(02,85) — p(02,55) > ki

0
Consequently,
®(01,51) — ¢(60,50) = P(01,51) — $(02,51) + P(02,51) — #(02, 50) + P62, 50)
— (6o, s0)
Y
3k ko 3ko

1
= 3%

Taking (0%, s*) = (01, s1), (i) is then proved.

The proof of (ii) is similar and is thus omitted here. O

By establishing the existence of the distinction set, we can obtain its upper and
lower strong cluster point sets. Then the following statement follows from the jump
lemma.

Proposition 3.1. Suppose ¢ € 2, and let S = {(6,s) € M xR : ¢(0,s7) >
@(0,57)} and ¥ = {s € R : there exists @ € M such that (0,s) € S}. Then ¥ is

at most countable.
Proof. We distinguish two cases to complete the proof.

Case 1. ¢p(M x R) is a bounded subset of R™. Otherwise, ¥ is uncountable. We
claim that there exists an uncountable subset of S such that S is a distinction
set. Indeed, for any s € X, we can choose 8; € M such that (65,s) € S by
the definition of ¥. Set S = {(05,5) € M xR : s € X}. Then S C S, and S
is uncountable. Let M = {6, € M : s € ¥}, and for any 8 € M, we define

Yo ={se€R:(8,s) € S}. Clearly, |J Yo = %, and X is at most countable
0cM

from Lemma [B.T}(ii) and the monotonicity of ¢(8,-). This, combined with the fact
that ¥ is uncountable, implies that M is an uncountable set. It follows from the
definition of M that for any @ € M, there exists sg € R such that (8,sg) € S.
Denote S = {(0,s9) : @ € M}. Then S C S is uncountable, and S is a distinction
set. Thus, the claim holds true.

For any k € Ny, let S, = {(68,s) € S : ¢(0,57) — ¢(6,s7) > 1}. Then
S= U Sk. Hence, there is kg € N such that Z =: Sj, is uncountable. According

keN,

to Proposition[2.2] there exists an uncountable subset K C Z such that K is an upper
or lower strong cluster point set. Without loss of generality, we may assume that }C
is a lower strong cluster point set. Choose (6g, sg) € K. It then follows from Lemma
B2 (i) that there exists (01, s1) € K such that s; < sp and ¢(01, s1) — ¢(60, s0) >
ﬁ. Again, applying Lemma B2}(i) to (01, s1) € K, there exists (02, s2) € K such
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that so < s1, and ¢(02,s2) — P(01,81) > % In a similar way, we can choose the

sequence {(0;, ;) }ien C K such that s; < s;—1 and ¢(0;,;) — d(0;-1,8;—1) > ﬁ

with ¢ € N. Therefore, lim ¢(8;, s;) = oo, which contradicts the fact that (M xR)
1— 00
is a bounded subset of R™. This completes the proof.

Case 2. ¢p(M x R) is an unbounded subset of R™. For any m € N, define ¢,, :
M xR — R" by

d(0,m), V(0,s) € M x (—oo0,—m),
¢m(07 5) = ¢(0a 3)’ V(O, 3) € M x [_mvm]a
¢(0,—m), V(0,s) € M x (m,o0).

It is easy to see that ¢,, € Z and ¢,,(M X R) is a bounded subset of R™. Let

Y = {s € R : there exists 8 € M such that ¢,,(0,s~) > ¢,,(0,s7)}. Thus,

applying the statement of Case[llto ¢,,,, we obtain that X,, is at most countable.
o)

In view of the definitions of ¢,, and ¥, we have ¥ = |J %,,, and hence ¥ is at

m=1
most countable.

Combining Case [I] and Case 2] the proposition is proved. O

With Lemma[3T}(ii), and Proposition 3] we are now in the position to establish
the following generalized Darboux-Froda theorem for ¢ (0, s).

Theorem 3.1. Suppose ¢ € &. Then there exists a subset ¥ C R such that X is
at most countable, and R\ X > s — ¢(-,s) € Y is continuous. Therefore, ¢(0,s)
is continuous on M x (R\ ).

Proof. In virtue of Lemma [BI}(ii) and Proposition Bl we can know that there
exists a subset ¥ C R such that ¥ is at most countable, and for any 8 € M,
¢(0, s) is continuous with s € R\ X. For any given (0, s9) € M x (R\ X), ¢(0,s)
converges to ¢(0,sg) as s — sg. This, combined with the fact that ¢(-,s0) € Y
and Dini’s theorem, implies that ¢(-, s) converges to ¢(-, sg) in Y; that is, ¢(0,s)
converges to ¢(0,s¢) uniformly with respect to 8 as s — so. Thus, it follows
that the map R\ ¥ 3 s — ¢(-,s) € Y is continuous since sg is arbitrary. Again,
by the arbitrariness of sg and ¢ € 2, we conclude that ¢(0,s) is continuous on
M x (R\ X), completing the proof of the theorem. a

By slightly adapting the proofs of Lemma[3.2] Proposition [3.I], and Theorem [3.1],
we can obtain the same statements under weaker conditions, as stated in Theorem
with its proof omitted.

Theorem 3.2. Suppose for each @ € M, ¢(0,s) is nonincreasing in s € R. As-
sume that there is an at most countable subset > C R such that for any s €
R\ X, ¢(,s) € Y. Then there exists a subset 1 C R such that X1 is at most
countable, and ¢(0,s) is continuous on M x (R\ X1).

Remark 3.1. To conclude this section, we point out that if, in addition to the
condition ¢ € 2, ¢(-,s7) € Y for s € R, then the conclusion of Theorem B.1] can
be easily obtained by an alternative and simpler method. In fact, for any fixed
s € R, define J; = {0 € M : ¢p(0,57) > ¢(0,s7)} and & = {s € R: J, # 0}.
Note that for any s € R, J; is a non-empty open set by the hypothesis and the
definition of . It suffices to show that X is at most countable. Otherwise, X is
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uncountable. Since M is a compact metric space, it follows from [0, Theorem
1.14] that there exists a countable dense subset N := {0, : i € N, } of M such that

NNJg #0 for all s € R. Thus, ¥ = UZ“WhereZ ={s€eX:0; € J}. Since

3 is uncountable, one of ¥; is uncountable Without loss of generality, we assume
¥, is uncountable. Therefore for any s € X1, we have ¢(01,s7) > ¢(01,sT),
that is, the discontinuities of ¢(61,s) with s are uncountable. This contradicts
the Darboux-Froda theorem. This, together with Dini’s theorem, implies that the
conclusion of Theorem B holds. Additionally, we also note that the condition that
for any m € Ny, {&(-,s) : s € [-m,m]} is a precompact subset of Y is equivalent
to the hypothesis that for any s € R, ¢(-,s%) € Y from Dini’s theorem. Moreover,
we also note that the condition that for any m € Ny, {¢(-,s) : s € [-m,m]|}
is a precompact subset of Y is equivalent to the hypothesis that for any s € R,
¢(-,sT) € Y from Dini’s theorem.

4. APPLICATIONS

In this section, we will apply the generalized Darboux-Froda theorem proved in
the preceding section to characterize functions that are equal almost everywhere,
and the continuity of monotone mappings with translation invariance in 2.

4.1. Equivalence of elements in . The main purpose is to show that functions
that are equal almost everywhere in & are actually equal in R \ ¥, where ¥ is at
most countable. Such a result is stated in Proposition 1] which is useful in the
study of existence of traveling waves in monotone function space Chen et al [2].

Proposition 4.1. Let ¢, ¢ € P, and suppose that ¢(-, s) is equal to (-, s) almost
everywhere with s € R. Then there exists a subset ¥ C R such that ¥ is at most
countable, and for any (0,s) € M x (R\ X), we have ¢(0,s) = (0, s).

Proof. In view of ¢, ¥ € 2, it follows from Theorem BTl that we can find a subset
Y C R such that ¥ is at most countable, and for any 8 € M, both ¢(0,s) and
(0, s) are continuous with s € R\ X. Since ¢(,s) = ¥(-, s), a.e. s € R, there
exists a zero test set £o C R such that ¢(0, s) = ¥ (8, s) for all (0, s) € Mx(R\X).
Without loss of generality, we shall assume (0,s) € M x (R\ X). Take a sequence
{sk}ren C R\ (2 U Xy) satistying klirgo s = 8. Therefore, ¢(0,sr) = ¥ (0, sk).

Then we let k — oo to see that ¢(8,s) = (8, s) from the continuity of ¢(8, ) and
(0, -), which completes the proof. |

4.2. Continuity of monotone mappings with translation invariance. It is
well known that Weinberger [14] established a set of theories about spreading speeds
and traveling waves for recursive systems. By the properties of monotone functions
and Helly theorem, Yagisita [I7] specifically investigated spreading speeds and trav-
eling waves for noncompact and monotone semiflows on a subspace of nonnegative
monotone real functions. Fang and Zhao [5] extended the abstract dynamical meth-
ods to obtain the existence of traveling waves with weak compactness for monotone
semiflows. Subsequently, spreading speeds and travelling wave solutions have also
been deeply studied in [4[6]1TL[I5LT6L18,19]. Through the above works, we find a
class of mappings extracted from recursive systems play a crucial role in studying
the existence of traveling waves. In this section, we will discuss the continuity of
the relevant monotone mappings with translation invariance.
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Let 24 = {p € Z : (M x R) C R}, and for any 7w, € Int(Y,), define
Dn, ={u € 7 :0 < ¢ < i} In what follows, for any given t € R, we
define the translation operator T; on 2 by T;[¢](0,s) = ¢(0,s —t) for (¢,0,s) €
P x M xR, and assume that Q = (Q1,- -+ ,Qk) : D, — Pr satisfies the following
hypotheses:

(gi) (Translation invariance) Q[T:[u]] = T:[Q[u]],V(¢t, ¢) € Rx

S

(4.1) (ii) (Monotonicity) ¢ < 1 implies that Q[¢] < Q[v];
(iii) (Continuity) If ¢, ¢ € Z», and ¢, converges to ¢ in P,
as k — oo, then Q[o;](+,s) converges to Q[¢](-, s) almost every-
where with s e Rin Y.

In order to obtain the continuity of the mapping @, we firstly rely on the chain
convergence conclusions for multiple sequences to get the uniform convergence for
the sequence in Y as follows.

Lemma 4.1. Suppose the sequences {gn,k}n’keN’ {¥ 1 nkens {W¥tren,
{n, tnen, {Mutren €Y, andyp € Y with ﬁn,k <Y <Y, . If foranyn €N, gn,k
and Enk converge to m and 7, respectively in'Y as k — oo, and lim n (0) =

n—oo —n

lim 77,,(0) = ¥(0) for all 8 € M, then 1, converges to ¥ in'Y as k — co.
n—oo

Proof. First, we claim that for any @ € M, 1, (0) converges to 1(0) as k — oo, and
hencen <1 <m,. Clearly, ¢  (0) <1, (0) for all @ € M since 3, < 1p;,. We

let k — oo to see that i < likm inf 1,(0). Passing to the limit as n — oo, it follows
— —00
from the conditions of ¢  and m, that for any 8 € M, () < likminf 1,.(0).
—n, - — 00
Similarly, we can easily verify that for any 8 € M, 1(6) > limsup ¥, (0), and thus
k—o0
lim 16,,(6) = (6).
Next, we show that 1), converges to % in Y as k — oco. Otherwise, there exist

go > 0, {0k }reny € M, and a subsequence of {1, }ren, still denoted by {4}, }ren
such that

%4 (0k) — ¥ (0k)[| > <o
As M is a compact metric space, we shall assume klim 0;, = 6y. According to the
—00

above conditions and the claim, it is easy to see that
1%4(0%) — 1 (0x) || < max{|lsp,, . (Ok) —n, (O], |1, , (Or) — 7, (61|}
Using triangle inequality, we have

[%,1.(0) =1, Okl < ([, 1 (Ok) =0, (1) | +[170,, (O) =1 (O) ||+ |90 (8k) — (61 |
< [ 1 (0%) =70, (0k) |+ 177,, (0%) =70, (80) |+ 1177, (B0) (80|
+2[19(80) =9 (0x)l|+[Im,,(8x) =7, (80) | + [, (60) =2 (0]

Because of lim n (0y) = ¥(6p) and lim 7,,(69) = 1(0p), there exists Ny :=
n—oo —"n n—00
No(g,8¢) such that

17,y (80) = (0) |l + [T, () — (80| < %0
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By the fact that i, , IR and ¥ € Y, there is Ky := Ko(eg, Ng) > 0 such that for
any k > K,
— _ €o
172, () = 1y, ()| + 713, (B%) — T, (B0)l| + 2[l56(B0) — (O] < -
Since ENO’k converges to My, in Y as k — oo, there exists K := Ki(go, No) such
that for any & > K,

1% g 1 (Ok) — T, (O1) ]| < 3
Hence, ”ENO,k(Ok) - QND(Ok)H < go if k > max{Ky, K1} is sufficiently large. Sim-
ilarly, we have HQNO 2 (0k) =Ty, (01)| < g0 for sufficiently large .

Consequently, ||, (0r) — ¥ (0k)|| < o for sufficiently large k, a contradiction,
which completes the proof. O

Let D = BC(M x R,R™) be the normed vector space of all bounded and contin-
uous functions from M x R to R™ with the norm |p|lp = > 2 ™ sup{[/¢(0, s)|| :

m=0
—-m < s <m, 8§ € M}. In what follows, we construct monotone and continuous

function sequences and apply the convergence criterion to get a special application
of Theorem 311

Proposition 4.2. Suppose that Q satisfies hypothesis 1)), and ¢y, ¢ € DPr, . If
& (-, ) converges to ¢(-,s) almost everywhere with s as k — oo, then Q[¢py](-,s)
converges to Q[@](, s) almost everywhere with s € R as k — 0.

Proof. By ¢ € P, and adapting the proof of [I7, Proposition 9], we can choose
the sequences ¢ and @,, € P, ND such that for any (s,m) € R x N,

(42) ¢(a 5+ 27m) < Qm('a S) < (b(',S) < am('a S) < ¢(7S - 2im)'

This, combined with the fact that ¢;(-,s) converges to ¢(:,s) almost everywhere
with s € R, implies that for any m € N, min{¢,(-,s), @ _(-,s)} convergesto (-,s)
almost everywhere with s € R. Further, by the continuity of (;5 (,s) with s and
B, Lemma 2.3-(ii)], min{¢p,, ¢ } converges to ¢ in Zr, as K — co. Similarly,

max{¢y, @,,} converges to ¢,, in Zp, as k — oo. Thus, it follows from the
continuity of @ that there exists a zero test set ¥y C R such that for any s € R\ Xy,

Jim Q@lmin{dy.9,, 1.9 = QI I(-5).

m
and

Tim Qlmax{dy, B, () = QB 5).
Due to the monotonicity and translation invariance of @, and ([@2]), we have

Qmin{g,, ¢ }1(-,s) < Qe,](,s) < Qmax{ey, ¢,,}](:, 5),

and
Q[el(s+27™) =Qlo(-+27)](-,s)
(4.3) <Qlg,1(5) < Qld,](s)
SQ[¢( =27 m)](’s) :Q[¢]('7S_2im)'
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In view of Q[¢] € Z», and Theorem B.1] there exists a subset ¥ C R such that ¥
is at most countable and for any 8 € M, Q[¢](0, s) is continuous in s € R\ ¥, and
hence for any (6,s) € M x (R\ X), we have

lim Q[g](6,5+27™) = Q#](6.5) = lim Q[g](6,5—27).

m— o0

This, combined with (@3)), implies that for any (0, s) € Mx(R\X), ligl Qe 100,s)

= li_I>n Qlo,,](0,s5) = Q[p](0,s). Thus, applying Lemma [£]] it follows that for

any s € R\ (X UZXy), Q[¢,](-,s) converges to Q[¢](-,s) in Y as k — oo. In other
words, Q[¢;](-,s) converges to Q[@](-,s) almost everywhere with s € R, which
completes the proof. O

In the succeeding work [2], we make use of the conclusions in the above proposi-
tions to obtain the existence of traveling waves for monotone mappings with trans-
lation invariance under the point asymptotically smooth hypothesis.
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