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Some Applications of the Lambert
�

Function to Physics

S. R. Valluri, D. J. Jeffrey, R. M. Corless

Abstract: Two standardphysicsproblemsaresolved in termsof the Lambert � function,
in orderto show the applicability of this recentlydefinedfunction to physics.Other
applicationsof the function arecited, but not described.The problemssolved concernWien’s
displacementlaw andthe fringing fields of a capacitor, the latter problembeingrepresentative
of someproblemssolved usingconformaltransformations.The physicalcontentof the
solutionsremainsunchanged,but they gain a new eleganceandconvenience.

1. Introduction

Many physicistshaveexperienced,duringtheireducation,thesurpriseof seeingaknownmathematical
functionappearin a new physicalcontext. An examplein elementaryphysicsis onethatariseswhen
studentsarefirst taughtaboutsimpleharmonicmotion.Wehopethatsomereaderscanremembertheir
amazementon learningthat the motion of objectsbobbingon springs,or moving in circles,canbe
describedusingtrigonometricfunctions.At thetime, they might have wondered,“The functionssine
andcosineareusedfor all of thosetriangleproblemsin geometryclass;thereareno triangleshere”.A
recentexampleof thesamephenomenonis thediscoverythatafunctioncalledtheLambert� function
hasapplicationsin anumberof areasof physics,eventhoughit wasfirst definedby acomputerscientist
for thepurposeof countingsearchtrees.Severalwell-known problemsin electrostaticsandin quantum
mechanicscanbesolvedwith greaterfacility usingit. In additionto presentingtheseproblems,wegive
referencesto other, lesselementary, applications.

Mathematicalfunctionsdo not by themselvesuncovernew physics— ratherthey assistthephysi-
cistby facilitatingnumericalandalgebraiccomputations.A physicistthereforedemandsseveralthings
of any new functionbeforetaking the time to learnaboutit. Thefirst featureit shouldhave is that it
is likely to have somegeneralapplicability. Abramowitz & Stegun[1] is full of functionsthatmostof
uswould prefernot to know anythingabout;we only wantto know aboutfunctionsthatwill probably
proveuseful.Eachpersonwill draw theline betweenusefulandnotusefulatadifferentplace.Thesec-
ondfeatureis thatthereshouldbeconvenientaccessto numericalevaluationandto pertinentalgebraic
properties.A functionthatcannotbeworkedwith easilyis notmuchuse.Many readerswill befamiliar
with the conferencescenein which a colleagueasksyou whetheryou know of a computerprogram
to calculatevaluesof theChepookafunction1. You probablyreply thatyou yourselfneeda reference
on the asymptoticpropertiesof the Horrorshow function, at which point the two of you changethe
topic of conversation.Until the advent of the scientificcalculator, even trigonometricfunctionsand
logarithmswerenot soeasyto evaluate.

TheLambert � functionis a functionthatmeetsthecriteria just listed.It first receiveda namein

1 Thenamesof thesefictitious functionsareinspiredby thenovel A Clockwork Orange.
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theearly1980s,whentheprogramMaple defineda functionthatwasnamedsimply � . An historical
search,conductedwhile writing anaccountof this function[4], foundwork by theeighteenthcentury
scientistJ.H. Lambertthat foreshadowedthedefinitionof thefunction;eventhoughhis work did not
actuallydefinethefunction, � wasnamedin his honour. Thesamesearchuncovereda fortuitousrea-
sonfor calling thefunction � , in thatE. M. Wright, a mathematicianknown for his bookwith Hardy
onpuremathematics,studiedthecomplex valuesof thefunction,againwithoutnamingit. Thefunction
is notconnectedwith theLamberttransformof a function,whichhasbeendefinedindependently[13].

Thedefinitionof � is thatit is thefunctionthatsolvestheequation�)(�*,+.-0/ (1)

where - is a complex number. This equationalwayshasaninfinite numberof solutions,mostof them
complex, andso � is amultivaluedfunction.Thedifferentpossiblesolutionsarelabelledby aninteger
variablecalledthebranchof � . Thustheproperway to talk aboutthesolutionsof (1) is to saythat
they are �2143�-65 , for any 78+:9;/=<0>?/=<A@;/ etc.Thereis alwaysspecialinterestin solutionsthatarepurely
real,andsowe noteimmediatelythatwhen - is a realnumber, equation(1) canhave eithertwo real
solutions,in which casethey are �CB63�-65 and �ED#F�3�-65 , or it canhave only onerealsolution,this being�CB63�-65 [with �GD�F�3�-65 now beingcomplex], or norealsolution.Evenif - is real,thebranchesotherthan7H+I9�/�JK> arealwayscomplex. Admittedly, � doesnot yet appearon any pocket calculator, but it is
known to thecomputingsystemsMaple, MacsymaandMathematica(in thecaseof Mathematica,the
function is called LNM4O6P?Q&R�SNT4O?U ). Therefore,assoonasa problemis solved in termsof � , numerical
values,plots,derivativesandintegralscanbeeasilyobtained.

The first physicsproblemto be solved explicitly in termsof � wasonein which the exchange
forcesbetweentwo nucleiwithin thehydrogenmolecularion ( VXWY ) werecalculated[11]; this,however,
is alonganddifficult calculation(andit hasalreadybeenpublished)soinsteadof describingit, wehave
takentwo muchsimplerproblemsfrom standardphysicstextbooks,problemsthatmany studentsmeet
in their physicseducation,andwe have expressedthesolutionsin termsof � . As mentionedabove,
thephysicalcontentdoesnot change,only theeaseof working. An additionalpoint of interestis the
factthattheelectrostaticapplicationhelpsto justify amathematicaldecisionconcerningthedefinition
of � thatwasoriginally takenentirelyon aesthetic(in a mathematicalsense)grounds.

2. Wien’s displacement law

Thespectraldistribution of blackbodyradiationis a functionof thewavelength Z andabsolutetem-
perature[ , andis describedby \]3�Z#/^[_5 , definedsuchthat \&3�Z`/a[_54bcZ is thepower emittedin a wave-
lengthinterval b�Z perunit areafrom a blackbodyat absolutetemperature[ . ThewavelengthZ�dfe^g at
which \ is a maximumobeys Wien’s displacementlaw Z�dfe^g
[h+ji , where i is Wien’s displacement
constant[3]. This law wasproposedby Wien in 1893from generalthermodynamicarguments.Once
Planck’sspectraldistribution law is known, Wien’s law canbededucedandthevalueof i determined.

ThePlanckSpectraldistribution law is\&3�Z`/a[_5k+ l�m`nco�p Z�qr�s4t 3 n�o	p Z]7N[_5uJv>xw
The valueof Z for which this function is a maximumcanbe obtainedby solving y]\ p y�ZE+j9 . After
simplification,this leadsto theequationJ{z r�s4tH| n�oZc7N[8}v~ z ~ r�s4tX| ncoZ]7N[8} n�oZc74[ +:9 w
which,on thesubstitution�x+ n�o�p Zc74[ , canbewrittenconciselyasthetranscendentalequation3$��JEz�5�(
��+�J{z w (2)
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This equationhasthetrivial solution �x+:9 andthenontrivial one�x+:z ~ � B 3�J{z�( D q 5 w
ThereforeWien’s law is obtainedwith anew expressionfor Wien’sdisplacementconstant:i�+ nco�p 7z ~ �CB?3aJ{z�( D q 5 +�@ w l��?��� >	9 D]���8� w (3)

In the past,one would have obtainedthe numericalvalue of the law by programminga Newton-
Raphsonor similar solver on equation(2); now onecanstartup a computerpackageandobtainthe
valuewithout programming.Time is savednot only becauseno programmingis needed,but alsobe-
causethesystemdevelopershave implementedthefastestandmostaccuratemethodof evaluation.

3. Capacitor fields and conformal mapping

The equipotentiallines that areto be calculatedareshown in figure 1 in the top setof axes.We see
therethefringing field attheedgeof atwo-dimensionalparallel-platecapacitor. Theplatesareassumed
to be semi-infinite,and at potentials <A� . The coordinatesof any point in the planeare expressed
asa complex number: ��+�� ~:��� . The planeis thereforecalled the � -plane,andwhat is required
is a function ��3��?5 giving the electricpotentialat any point. This function is usuallyobtainedusing
conformal-mappingtechniques[12]. In general,conformaltechniquessolve a problemby relatingits
geometryto a simplergeometryin which the governingequationsareeasily solved. In the present
case,the simpler geometryis shown at the bottom of figure 1 and consistsof two parallel infinite
planes.Whatwe aregivenis a transformation��+���3$-N5 anda solution ��3$-N5 , valid in the - -plane.To
staywith generalitiesfor a moment,beforegiving thespecificdetailsof this problem,we noticethat
the transformationhasbeenwritten ��+,��3$-N5 . This meansthat the solution is obtainedasa pair of
equations:��3���5 + ��3$-N5k/� + ��3$-N5 w
In orderto obtainthedesired��3��?5 explicitly, onemustinvert thetransformation� to eliminate- . This
is usuallynot easyto do.

We now give thedetailsof theproblemathand.Theconformaltransformationthatis usedis [12]�¡+I> ~ - ~ (
¢ w (4)

This is a memberof the Schwarz-Christoffel family of transformations[8]; also �;3�-65 obeys a differ-
ential equationof Bernoulli type.The - -planeis shown in figure1, filled with horizontallines.Each
line hasthe(complex) equation-¡+�� ~��'£ , where� variesand £ is theconstantdescribingtheline.
Theplatesaregivenby £ +j< m . Theeffect of the transformationis to mapthe straightlines in the
bottomsetof axesto the curvesin the top setof axes.If -C+j� ~¤��¥ , the potentialin the - -planeis�E+¦� ¥�p
m +¦�0§¨- p
m , where §¨- meansimaginarypartof - . Therefore,givena point - betweenthe
infinite plates,wecanfind thecorresponding� coordinateandthenknow thepotentialthere.

As foreshadowed,theunsatisfactorypartof thesolutionis thefact thatwe do not get thesolution
asa functionof � . Givena point � , we mustsolve (4) to find - . In general,conformaltransformations
do not have simpleinverses,andthecomputationsmustbeprogrammedasa root-findingexercise.In
thepast,theproblemathandwasonemoreexampleof this,but now thedefinitionandimplementation
of Lambert � havemadeit possibleto invert (4) explicitly. During thesolution,anarbitraryinteger 7
is introducedto indicatetheexistenceof multiplesolutions.We proceed:�AJ©>ª+ - ~ ( ¢ /
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Physicalplane:
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Fig. 1. Thetopsetof axes(the ³ -plane)show theedgeof aparallel-platecapacitor. Theplatesaretheheavy lines.
Theequipotentiallinesof thefringing field areshown andarecalculatedasimagesof horizontalgrid linesin the´ -plane.Thebottomsetof axesshow the ´ -plane,which is mappedto the ³ -planeby ³¶µ©·�¸ ´ ¸º¹�» .
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¼ D#F + (
¢	(
½a¾{/( ¢ + �2143$( ¼ D�F 5k/�AJ©>�J�- + � 1 3$(
¼ D�F 5k/- + �AJ©>�JE� 1 3�( ¼ D#F 5 w (5)

Somefurtheranalysis(notgivenhere)showsthattherestriction J m2¿ §¨- ¿vm impliesthatthebranch
index 7 is alsospecified,once � is known; moreover, wecangiveananalyticformulafor this, in terms
of À , theunwindingnumber[5, 7]. Theexpressionis78+�À©3���5�+ÂÁ §Ã�KJ m@ m Ä w (6)

Here the symbol Å�Æ denotesthe ceiling function, which is the integer obtainedby roundingup (as
opposedto floor which is obtainedby roundingdown).

Figure2 showshow theinversetransformationworks.Recallingthenotation,��+�� ~8��� , wedivide
the � -planeinto stripsof width @ m . The main strip betweenthe plates,andextendingto the right, isJ mÇ¿I�G¿�m andis shown containingsolid lines.The strips J ��m�¿��E¿ J m and mÇ¿��E¿È��m are
shown containingdashedlines.Eachstrip is transformedusinga differentbranchof � , theonewith
index 7v+ÉÀ83��?5 , onto a distinct portion of the strip J mÈ¿ §¨- ¿Êm . The portionsof the strip thus
mappedaresymmetric,in the sensethat �ED�1 and �Ë1 mapinto regionssymmetricaboutthe real -
axis.

In summary, wehavederivedthefollowing new analyticalformulafor thesolutionfor thefringing
fieldsof a semi-infinitecapacitor. Thepotentialat thepoint � is�©+�3�� p�m 5^§�ÌÍ�AJ©>�J��ËÎ�Ï ¼=Ð�Ñ ( ¼ D�F�ÒÔÓ w (7)

As statedin the introduction,for this formula to be actuallyuseful, it mustbe easilyevaluated.
Although the numberof computerpackagesthat contain � built-in is still small, the packagesare
amongthemostpopularonesat themoment.Thereforethis formulais genuinelycomputational.

Thisapplicationto conformalmappingsaddsaninterestingpostscriptto thehistoryof thedefinition
of � . Theequation(1) doesnot by itself completelydefinethebranchesof � [4, 6], asexplainedin
the next section.The definition finally chosenin [4] and implementedin the variousmathematical
packageswaschosenpurelyto obtainsimpleasymptoticexpansionsfor �h3$-N5 for large - . Thepresent
physicsapplicationconfirmsthe utility of the choicemade,becauseany other choicewould force
a more complicatedexpressionto be usedin placeof (7). Onceagain,as in the past,physicsand
mathematicsagreeon thebestdefinitions.

4. Further properties of Õ
Ratherthancontinuewith moredescriptionsof problems(morereferencesaregiven below), we as-
sumein this sectionthat the casefor knowing somethingabout � hasbeenmade,andamplify the
introductorydescriptionof its properties.An obviousstartingpoint is a graphof its real values.The
two realbranchesareshown in Figure3, theprincipalbranch� B 3$�]5 is thesolid line, andthebranch� D�F 3Ö�&5 is thedashedline. Somenumericalvaluesarealsogivenin table1.

Most readerswill notbesurprisedthat � canbedifferentiated:�)×c+:( D * p 3a> ~ �I5 , but maybe
surprisedthatfunctionscontainingit canbeintegrated.Ø �h3$�]54Ù?� + 3�� Y 3$�]5kJ��h3$�]5 ~ >	5a( * Ï � Ð ~vÚ (8)Ø �]�h3Ö�&54Ù?� + >l 3�@?�h3Ö�]5fJv>
5�3�@?� Y 3$�]5 ~ >	5a( Y * Ï � Ð ~�Ú w (9)
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Fig. 2. Thetop andbottomsetsof axesagainshow the ³ - and ´ -planes.Now thetransformationproceedsfrom
top to bottomusingtheinversemappinǵ µE³ÃãË·kãxä�å�æèç�éaêÖ¹ çìë]í^î .
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Fig. 3. Therealvaluesof theLambertW function.Thesolid line shows ��ï andthedashedline �ºð]ñ .
Many otheralgebraicpropertieshave beenfound [4], but we quoteonly onemorethat might be

usefulin physicalapplications:anasymptoticformulafor large(complex) - .� 1 3�-65kò.óÍô¶- ~ @ m�� 70J2óÍô`3$óÍô¶- ~ @ m�� 7�5f/ (10)

whereóÍô¶- is theprincipalbranchof the(complex) naturallogarithm(i.e., thefunctionimplementedin
softwarepackagesthatsupportcomplex functions).

Any physicistusing � alsobenefitsfrom lengthystudiesof thequickestway to evaluatethefunc-
tion accurately. Thebasicstrategy is to usetheasymptoticformulato obtaina startingestimatefor an
iterativeschemesimilar to Newton iteration.Mostphysicistswould jumpto aNewtonschemeif asked
to evaluatethefunctionwithouthelp,but thepackageshaveoptimizedthisstrategy to ensureaccuracy
(alwaysgettingthebranchcorrect,for example)andspeed.

The liberty in assigningthebranchesof � thatwasreferredto above canbeillustratedusingthe
valuesof � givenin table1.Thereadercannoticethatalthough Fõ ~A� and Fõ J � arecomplex conjugates,
it is not thecasethat � F 3 Fõ ~x� 5 and � F 3 Fõ J � 5 arecorrespondinglycomplex conjugates.Thebranches
of � could be assignedso that this relation becametrue, and indeed,an early versionof Maple
did assignbranchesthat way. Sucha definition, however, would not satisfy the simple asymptotic
relation(10).Our physicsapplicationhasconfirmedthat thesymmetriesasdisplayedin thetableare
thebestonesto have.

5. Concluding remarks

We have discussedtwo standardproblemsof physicsin which theLambert � functioncanbeused.
They arenot the only two problemsin which � arises.For example,Adler andPiran [2] used �
in their work on effective actionmodelsfor a systemof heavy antiquarkandlight scalarquark;they
wereworking aboutthetime whenthefunctionwasnamedandbeforeits propertieshadbeensetout,
andso they did not benefitfrom theconveniencethey would now have. In their model,aswell asin
nonlinearquantumelectrodynamics,the nonlineardielectric constanthasa logarithmicdependence
on theappliedelectricfield, which meantthat � couldbeusedto describetheelectricdisplacement.
MannandOhta[9, 10] haveused� to elucidatethephysicsinvolvedin theirstudyof Lagrangiansfor
two-dimensionalgravity.
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8 Can. J. Phys. Vol. ,ö ��ï	÷ ö;ø �ºð]ñÔ÷ ö4ø �XñÔ÷ ö;øù ú û�ü�ý þ�ÿ���ú�û���ý þ����	� û�ü�ý þ�ÿ���ú�
���ý þ�����ú ü�ý þ����ú û�ú	ý þ�ÿ��¶û���ý ÿ��	þ	� û�ú	ý þ�ÿ��
���ý ÿ��	þ	�ü ü complex infinity complex infinityû�ú���ù û�ú û�ú û�ÿ�ý ü�����
���ý �����	�û�ú��� û�ü�ý ÿ	þ��� û���ýèúÔþ�ÿ û�ÿ�ý ����ü�
���ý ��ú����û�ú����
�� ü�ý ÿ�ú�����
Cü�ý ���	ü���� û�ü�ý �������Ãû���ý þ�ÿ��	� û�ú	ý ���	ÿ�
���ý ���?ú��û�ú����û�� ü�ý ÿ�ú�����ûHü�ý ���	ü���� û�ú	ý ��
ÿ�û���ý ���?ú�� û�ü�ý ��������
���ý þ�ÿ����
Table 1. Someexactandapproximatevaluesfor theLambertW function.Of theinfinite numberof branches�� ,
we tabulate3 branches.Theentries‘complex infinity’ meanthat thevaluesof �ºð]ñÔ÷ ü	ø and �ºñÔ÷ ü
ø have infinite
realpart,but their imaginarypartsdependuponthedirectionin which ü is approached.

The LambertW function hasa rich variety of applicationsrangingfrom physicsandcomputer
science,to statisticsandbiology. Examplesinclude the calculationsof partitionsin numbertheory,
water-wave heightsin oceanography, enumerationof treesin combinatoricsanddistribution of cycles
in randommappings,thethrustspecificconsumptionin aeronautics,enzymekinetics,exchangeforces
betweentwo nucleiwithin thehydrogenmolecularion VXWY , movementof waterin soil, detailedstudy
of Newton’s apsidalprecessiontheorem,relativistic theoriesof gravity, andstatisticaldistributions.
Thereis a varietyof otherproblemswherethis function is applicableandwhereit clarifiesaspectsof
thephysics.Many moresuchusesarebeingidentifiedin physicsandalsootherfieldsof endeavour.
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