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38 Spectra

The approach to stable homotopy that follows was
introduced in a seminal paper of Bousfield and
Friedlander [2], which appeared in 1978.

A spectrum X consists of pointed (level) simpli-
cial sets X", n > 0, together with bonding maps

o:S'AX" — X"

A map of spectra f : X — Y consists of pointed
maps f : X" — Y" which respect structure, in that
the diagrams

gl A xn O, xntl

Sl/\fl if

gl A Yn?Yn—f—l
commute.

The category of spectra is denoted by Spt. This
category 1s complete and cocomplete.



Examples:

1) Suppose Y 1s a pointed simplicial set. The sus-
pension spectrum XY consists of the pointed sim-
plicial sets

Y, S'AY, S'ASIAY, .. STAY, ...
where
S"=S"A---AS!
(n-fold smash power).

The bonding maps of XY are the canonical iso-
morphisms

S'AS'AY = STIAY.
There is a natural bijection
hom (XY, X) = hom(X,Y").
The suspension spectrum functor is left adjoint to
the “level 0” functor X + XY,
2) S = XS is the sphere spectrum.

3) Suppose X is a spectrum and K is a pointed
simplicial set.

The spectrum X A K has level spaces
(XAK)"=X"AK,



and bonding maps
CAK:S'AX"ANK — X" AK.
There is a natural isomorphism
Y’K=SAK.

3) X A S! is the suspension of a spectrum X.
The fake suspension XX of X has level spaces
S' A X™ and bonding maps
S'Aho:STAS'AX" — STAXMT
Remark: There is a commutative diagram
SASTAX" SN gl p ]
S'AS'AX"
Sl/\rlg
S'AX"AS!

I
ﬂ

Xn+1 A Sl

oS!

where 7 flips adjacent smash factors:

T(xA\y) =yAx.
The dotted arrow (bonding map induced by o A S')
differs from S' A o by precomposition by 7 A X".
The flip 7: S'AS! — ST AS! is non-trivial: it is
multiplication by —1 in H,(S?).
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Recall some definitions and results from Section
15:

Suppose X is a simplicial set.

Write Z(X) for the kernel of the map Z(X) —
Z,(%).

Then H,(X,Z) = m,(Z(X),0) (see Theorem 15.4),
and H,(X,Z) = m,(Z(X),0) (reduced homology).

If X 1s pointed there is a natural isomorphism
L(X) = L(X)/Z(),
and there 1s a natural pointed map
h:X 5 7Z(X) = Z(X)
(the Hurewicz map).
If A 1s a simplicial abelian group, there is a natural
simplicial map
y:S'ANA = Z(SH ®A =:5'®A,
defined by x Na — x®a.

4) The Eilenberg-Mac Lane spectrum H(A) as-
sociated to a simplicial abelian group A consists of
the spaces

A, S'®A, S?RA, ...
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with bonding maps
S'A(S"®RA) D S'® (S"®A) =S @A.

5) Suppose X is a spectrum and K is a pointed
simplicial set.

The spectrum hom, (K, X) has
hom, (K,X)" = hom,(K,X"),
with bonding map
S' Ahom, (K, X") — hom, (K, X"

adjoint to the composite

ST Aev

S' Ahom, (K, X") NK =22 ST A X" 25 XL
There is a natural bijection

hom(X AK,Y) = hom(X,hom,(K,Y)).

Suppose X is a spectrum and n € Z.
The shifted spectrum X [r] has

" * m+n<Q
X [l’l] - m-+n
X m+n>0

Examples: X[—1]° = * and X[-1]" = X" ! for
n>1.



X[1]" = X" for all n > 0.

Remarks: 1) The bonding maps define a natural
map

X — X[1].
We’ll see later that this map is a stable equiva-

lence, and that there is a stable equivalence XX ~
X ASL

2) There 1s a natural bijection
hom(X|n],Y) = hom(X,Y[—n])

and a stable equivalence X [n|[—n] — X, so that all
shift operators are invertible in the stable category.

3) There is a natural bijection

hom(X”K[—n],Y) = hom(K,Y")
for n > 0, so that the n”* level functor Y — Y” has
a left adjoint.

4) The n'" layer L,X of a spectrum X consists of
the spaces

X0 X" STAXT SPAXT, L.
There are obvious maps L,X — L, ;X — X and a
natural isomorphism

lim L,X = X.
n
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The functor X — L,X is left adjoint to truncation
up to level n.

The system of maps
X' =LoX - LiX — ...

is called the layer filtration of X.

Here’s an exercise: show that there are natural
pushout diagrams

>*(SIAXY[-n—1]—L,X

. |

YeX - —1] L, 1 X

39 Strict model structure

A map f:X — Y is a strict (levelwise) weak
equivalence (resp. strict (levelwise) fibration) if
all maps f : X" — Y are weak equivalences (resp.
fibrations) of pointed simplicial sets.

A cofibration is a map i : A — B such that

1) i: A — BYis a cofibration of (pointed) simpli-
cial sets, and

2) all maps
(Sl /\Bn) U(Sl/\An)An+l — Bn+l
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are cofibrations.

Exercise: Show that all cofibrations are levelwise
cofibrations.

Given spectra X, Y, the function complex hom(X,Y)
is a simplicial set with
hom(X,Y), =hom(X AA",Y).

Recall that A" = A" U {*} is the simplex with a
disjoint base point attached.

Proposition 39.1. With these definitions, the cate-
gory Spt of spectra satisfies the axioms for a proper
closed simplicial model category.

This model structure is also cofibrantly generated.

Proof. Suppose given a lifting problem
A-%-X

B

where i 1s a cofibration and p is a strict fibration
and strict weak equivalence.

The lifting 8" exists in the diagram

A? % X0
ii 60 7 lp

BO?YO
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and then 0! exists in the diagram

(69,a)

(S'ABY) Ugipp0) A ——=X!
ol .

cofl ll’

B! — Y!

B

Proceed inductively to show that the lifting prob-
lem can be solved.

The lifting problem is solved in a similar way if
i 1s a trivial cofibration and p is a strict fibration.
We have proved the lifting axiom CM4.

Suppose that f : X — Y is a map of spectra, and
find a factorization

XO 140> ZO

s

YO
in level 0, where iV is a cofibration and p° is a fi-

bration.

Form the diagram

StAXx? X!

I
SlAiO /

SIANZY— (ST AZ%)uX! f

SIApO
p T

SIAYY

Yl




and find a factorization
(S'AZ%)ux!-L-z!

N ipl

Yl
where j is a cofibration and p' is a trivial fibration.
Write i' = j - i,.

We have factorized f as a cofibration followed by
a trivial fibration up to level 1. Proceed inductively
to show that f = p-i where p is a trivial strict fi-
bration and i is a cofibration.

The other factorization statement has the same proof,
giving CMS.

The simplicial model structure is inherited from
pointed simplicial sets, as is properness (exercise).

The generating sets for the cofibrations and trivial
cofibrations, respectively are the maps

T2 (A) [—m] — E=A [—m]

and
X2(dA") L [—m] — Z7AL [—m]

respectively. []
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40 Stable equivalences

Suppose X is a pointed simplicial set, and recall
that the loop space QX is defined by

QX = hom, (S, X).

The construction only makes homotopy theoretic
sense (ie. preserves weak equivalences) if X is fi-
brant — in that case there are isomorphisms

i1 (X, %) = m(QX, %), i >0,

of simplicial homotopy groups (x is the base point
for X), by a standard long exact sequence argu-
ment (see Section 31).

If X 1s not fibrant, then QX is most properly a de-
rived functor:
QX = QX f

where j: X — X/ is a fibrant model for X in the
sense that j is a weak equivalence and X is fibrant.

This construction can be made functorial, since
sSet. has functorial fibrant replacements.

There is a natural bijection

hom(Z A S',X) = hom(Z,QX).
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so that every morphism f : ZAS! — X has a uniquely
determined adjoint f, : Z — QX.

We can say that a spectrum X consists of pointed
simplicial sets X", n > 0, and adjoint bonding maps
o, X" — QX"

Here are two constructions::

1) There is a natural (levelwise) fibrant model j :
Y — FY in the strict model structure for Spt.

2) Suppose X is a spectrum. Set
QX" = lim (X" 25 QX" 2% Q22 ),

The comparison diagram

X" O Qxntl Qo Q2yn+2 L
QXn—I—l Qan+2 Q3xn+3 ..
Qo Q?c,

determines a spectrum structure X and a natu-
ral map @ : X — Q%X.

The adjoint bonding map
QX" 25 Q(Q X"

1s an isomorphism (exercise).
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Write QY = Q¥FY and let 1 : Y — QY be the
composite

Y L Fy 2 Q°Fy = Q.
The spectrum QY is the stabilization of Y.
Say that amap f : X — Y is a stable equivalence
if the map f. : QX — QY is a strict equivalence.

Remarks:

1) All spaces QY" are fibrant (NB: this is a special
property of “ordinary” spectra), and the map o, :
QY" — QQY"*! is an isomorphism.
2) All QY" are H-spaces with groups myQY" of
path components. All induced maps f, : QX" —
QY™ are H-maps.
It follows that the maps f, : QX" — QY" are weak
equivalences (or that f is a stable equivalence) if
and only if all maps

T (QX", %) — m(QY", %)
based at the distinguished base point are 1SOmor-

phisms.

Define the stable homotopy groups 7Y, k € Z
by

mY = lim (= Tk FY" — Ty FY™ T —

n+k>0

13
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where the maps of homotopy groups are induced
by the maps o, : FY" — QFY" !

There are isomorphisms
Tck(QYn7 *) = n/i—nY7

so f : X — Y is a stable equivalence if and only if
f induces an isomorphism in all stable homotopy
groups.

The strict model structure on the category of spec-
tra Spt and the stablization functor Q fits into a
general framework.

Suppose M is a right proper closed model category
with a functor Q : M — M, and suppose there is a
natural map ny : X — 0X.

Say thatamap f: X — Y of M is a Q-equivalence
if the induced map Qf : OX — QY is a weak equiv-
alence of M.

Q-cofibrations are cofibrations of M.

A Q-fibration is a map which has the RLP wrt all
maps which are cofibrations and Q-equivalences.
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Here are some conditions:

A4 The functor Q preserves weak equivalences of
M.

AS The maps ngx,Q(nx) : OX — QOX are weak
equivalences of M.

A6’ Q-equivalences are stable under pullback along
Q-fibrations.

Theorem 40.1 (Bousfield-Friedlander). Suppose given
a right proper closed model category M with a
functor Q : M — M and natural map n : X — QX

as above. Suppose the Q-equivalences, cofibra-
tions and Q-fibrations satisfy the axioms A4, AS
and A6'.

Then M, together with these three classes of maps,
has the structure of a right proper closed model
category.

Proposition 40.2. The category Spt of spectra and
the stabilization functor Q satisfy the axioms A4,
A5 and AG'.

For the proof of Proposition 40.2, the condition
A4 is a consequence of the following:

Lemma 40.3. Suppose I is a filtered category, and
suppose given a natural transformation f : X —Y
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of functors X,Y : I — sSet such that each compo-
nent map f; : X; — Y; is a weak equivalence.

Then the map f, : @iXi — ligi Y; is a weak equiv-
alence.

Proof. Exercise. [

To verify condition AS, consider the diagram

X /. FX ©___Q<FX

! )

FX ) _FFX —f® _FQO~FX

of 4 o

Q°FX ——— Q°°F FX ——— Q°°F Q°FX

The indicated maps are strict weak equivalences,
so it suffices to show that Q*F @ and

W:FQFX — QFQYFX
are strict weak equivalences.

Here’s another picture:

FX @ Q~FX
K il Qa)
j Q°FX —— l Q=Q°FX
Q% j|~
FFX Fo  _ FO>FX ~ Q%;
e l e
Q°FFX Q°FQ~FX
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It’s an exercise to show that Q*® 1s an 1somor-
phism: actually

0w=0Q0%m: Q°FX — Q”QFX.

But then the required maps are strict equivalences.

To verify A6’, use the fact that every strict fibre se-
quence F' — X — Y induces a long exact sequence

d
o =M F - mX - mY > m F— -
(exercise). “Right properness” follows from an
exact sequence comparison.
This completes the proof of Proposition 40.2

The model structure on Spt arising from the Bousfield-
Friedlander Theorem via Proposition 40.2 and The-
orem 40.1 is called the stable model structure for

the category of spectra.

The homotopy category Ho(Spt) is the stable cat-
egory.

This is traditional usage, but also a misnomer, be-
cause there are many stable categories.
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The proof of Theorem 40.1 is accomplished with
a series of lemmas.

Recall that M is a right proper closed model cate-
gory with functor Q : M — M and natural transfor-
mation 1 : X — QX such that the following con-
ditions hold:

A4 The functor Q preserves weak equivalences of
M.

AS The maps ngx, Q(Nx) : OX — QOX are weak
equivalences of M.

A6’ Q-equivalences are stable under pullback along
Q-fibrations.

Lemma 40.4. A map p : X — Y is a Q-fibration
and a Q-equivalence if and only if it is a trivial
fibration of M.

Proof. Every trivial fibration p has the RLP wrt all
cofibrations, and is therefore a Q-fibration. p is
also a Q-equivalence, by A4.

Suppose that p : X — Y is a Q-fibration and a Q-
equivalence.
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There 1s a factorization

X1z

N

Y

where j is a cofibration and 7 is a trivial fibration
of M.

7 is a Q-equivalence by A4, so jis a Q-equivalence.

There is a diagram

XX

jl ."wp

Z—Y
since j is a cofibration and a Q-equivalence and p
is a Q-fibration.

Then p is a retract of 7 and is therefore a trivial
fibration of M. []

Lemma 40.5. Suppose p : X — Y is a fibration of
M and the maps 11 : X — QX, n:Y — QY are
weak equivalences of M.

Then p is a Q-fibration.
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Proof. Consider the lifting problem
A-%-X

BT

There is a diagram

0A—2% —0x
Qil ﬁ“\Z%‘ lQp

I
P
where jq, jg are trivial cofibrations of M and pg, p

are fibrations.

There is an induced diagram

AHZXQ)(XHX
N
BHWXQyYHY

and the lifting problem is solved if we can show
that 7, 1s a weak equivalence.

But there is finally a diagram
QAL 7P 7 xox X

Qil ln lm

QBYW?W XQyY
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The maps Qi, j, and jg are weak equivalences of
M so that 7 is a weak equivalence.

The maps pr are weak equivalences by right proper-
ness of M and the assumptions on p.

It follows that 7, is a weak equivalence of M. []

Lemma 40.6. Every map f : QX — QY has a fac-
torization f = q- j, where j is a cofibration and
Q-equivalence and q is a Q-fibration.

Proof. f has a factorization f = g - j where j is a
trivial cofibration and ¢ is a fibration of M.

j 1s a Q-equivalence by A4, and ¢ is a Q-fibration
by Lemma 40.5.

In effect, there is a diagram

ox L -7z " oy

nl: : ni :ln

00X 507> 00Y

so 1 : Z — QZ is a weak equivalence of M. []

Lemma 40.7. Every map f : X — Y has a factor-
ization f = q- j, where j is a cofibration and Q-
equivalence and q is a Q-fibration.
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Proof. The map f, : QX — QY has a factorization

ox gy
ey

where p is a Q-fibration and i is a cofibration and
a Q-equivalence, by Lemma 40.6.

Form the diagram

X Zxor YLy

ni ln* in
OX ———Z———QY

The maps 1 are Q-equivalence by AS, so 7, is a
Q-equivalence by A6’. It follows that i, is a Q-
equivalence.

The map i, has a factorization

ZXQYy
\ /771

where j is a cofibration and 7 is a trivial strict fi-
bration.

Then 7 is a Q-equivalence and a Q-fibration by
Lemma 40.4, so j is a Q-equivalence, and the com-
posite p, - T is a Q-fibration. []

22



Proof of Theorem 40. 1. The non-trivial closed model
statements are the lifting axiom CM4 and the fac-
torization axiom CMS.

CMS is a consequence of Lemma 40.4 and Lemma
40.7. CM4 follows from Lemma 40.4.

The right properness of the model structure is the
statement A6'. O

Say that the model structure on M given by Theo-
rem 40.1 is the O-structure.

Lemma 40.8. Suppose that, in addition to the as-
sumptions of Theorem 40.1, that the model struc-
ture M is left proper.

Then the Q-structure on M is left proper.

Proof. Suppose given a pushout diagram

A—L ¢

I

B—BU,C

where f is a Q-equivalence and i is a cofibration.
We must show that f, is a Q-equivalence (see Def-
inition 17.4).
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Find a factorization

AL

N

C

where j is a cofibration and 7 is a trivial fibration
of M.

The map 7, : BUs D — BU4 C 1s a weak equiv-
alence of M by left properness for M, so 7, is a
(Q-equivalence by A4.

j 1s a Q-equivalence as well as a cofibration, so
that j, : B— BUy4 D is a cofibration and a Q-equiva-
lence.

Then the composite f, = 7, - j, 1s a Q-equivalence.
[]

Here’s the other major abstract result in this game,
again from [2]:

Theorem 40.9. Suppose the model category M and
the functor Q satisfy the conditions for Theorem
40.1

Thenamap p: X — Y of M is a stable fibration if
and only if the following conditions hold.:

1) pis a fibration of M, and
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2) the diagram
X -1 ox
o
is homotopy cartesian in M.
Corollary 40.10. 1) Anobject X of M is Q-fibrant

if and only if it is fibrant and the map 1 : X —
QX is a weak equivalence of M.

2) A spectrum X is stably fibrant if and only if it
is strictly fibrant and all adjoint bonding maps
0. : X" — QX" are weak equivalences of pointed
simplicial sets.

Fibrant spectra are often called Q2-spectra.

Corollary 40.11. Suppose given a diagram
X=X

pl ip/

Y?Y/

in which p, p' are fibrations and the horizontal maps
are weak equivalences of M.

Then p is a Q-fibration if and only if p' is a Q-
fibration.
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Proof of Theorem 40.9. Suppose p: X — Y is a fi-
bration of M, and that the diagram

) L 0X

e
i1s homotopy cartesian in M.

Then Qp has a factorization

oX -7

o

QY
where i 1s a trivial cofibration and ¢ is a fibration.
Then ¢ is a Q-fibration by Lemma 40.5.

Factorize the weak equivalence 60 : X — Y Xgy Z
(the square 1s homotopy cartesian) as

b

Y ><QYZ

where 7 1s a trivial fibration of M and i is a trivial
cofibration.

Then g, - 7 is a Q-fibration (Lemma 40.4), and the
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lifting exists in the diagram

XX

)

W_——Y

q«T

Thus, p 1s a retract of a Q-fibration, and is there-
fore a Q-fibration.

Conversely, suppose that p : X — Y is a Q-fibration,
and factorize Qp = g - i as above.

The map n. : Y Xoy Z — Z 1s a Q-equivalence by
A6', so 0 is a Q-equivalence.

The picture
Xy xoyz

o

is a weak equivalence of fibrant objects in the cat-
egory M/Y of objects fibred over Y, for the Q-
structure on M.

The usual category of fibrant objects trick (see Sec-
tion 13) implies that 8 has a factorization

X .v

Ny

Y ><QYZ
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in Spt/Y, where 7 is a Q-fibration and a Q-equivalence,
and i 1s a section of a map V — X which is a Q-
fibration and a Q-equivalence.

Thus, 7 and i are weak equivalences of M by Lemma
40.4, so that 0 is a weak equivalence of M. []
Write

A ® K — A /\ K_|_,

for a spectrum A and a simplicial set K.

Lemma 40.12. Suppose i: A — B is a stably trivial
cofibration of spectra.

Then all induced maps
(BRIA)UARA") = BRA"
are stably trivial cofibrations.

Quillen’s axiom SM7 for the stable model struc-
ture on Spt follows easily: if j : K — Lis a cofibra-
tion of simplicial sets and i : A — B is a cofibration
of spectra, then the induced map

(BRK)U(A®L) C BRL

is a cofibration which is a stable equivalence if ei-
ther i is a stable equivalence (Lemma 40.12) or j
i1s a weak equivalence of simplicial sets (use the
simplicial model axiom for the strict structure).
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Proof of Lemma 40.12. 1t suffices to show that
I®IAN": AR IA" — BRIA"
is a stable equivalence.

There is a pushout diagram

AQIAN" 1 — AR A}

| |

AQAT! ——A®JIA"
There is also a corresponding diagram for B and
an obvious comparison.

The simplicial sets A7 and A"~ are both weakly
equivalent to a point, so it suffices to show that the
comparison

iRIAN" ' A®RJIA" - BRIAM!
is a stable equivalence.

This is the inductive step in an argument that starts
with the case

i®dA :A®IA' = BRJIA!
and this map is isomorphic to the map
iINi:ANA — BAB.

Finally, a wedge (coproduct) of stably trivial cofi-
brations is stably trivial. []
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Note: Bousfield gives a different proof of the Lemma
40.12 1in [1]. The result is also mentioned in Re-
mark X.4.7 (on p.496) of [3], without proof.
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